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ABSTRACT. Let M be a hypersurface in R**1, and let H, R denote the mean
curvature and the scalar curvature of M respectively. We show that if M is
compact and R > H2 then M is diffeomorphic to S™. Also we prove that

if M is complete, H is constant and R > Z_?H2, then M is R™ or S™ or
Sn—l x RL.

1. INTRODUCTION AND PRELIMINARIES

If M is a hypersurface in Euclidean space, then its sectional curvature, Ricci
curvature, scalar curvature, mean curvature, and principal curvatures are defined at
each point, are related to each other, and are important ingredients of the structure
of M.

S. Y. Cheng and S. T. Yau showed in [3] that a complete hypersurface in R"*!
with constant mean curvature and nonnegative sectional curvature is a generalized
cylinder S"~* x R*. On the other hand, Q. M. Cheng and H. Nakagawa showed the
following in [2]: Let M be a complete hypersurface with constant mean curvature
of an (n + 1)-dimensional space form M"*1(c),c > 0. If the length S of the second
fundamental form satisfies

sup S? < [n{2(n — 1)e+ H?} — (n — 2)|H|{H? 4 4(n — 1)c}'/?]/2(n — 1)

where H is the trace of the second fundamental form, then M is totally umbilical.
This theorem says, in case of ¢ = 0, the following:

Proposition. If M is a complete hypersurface with constant mean curvature em-
n—2

bedded in R"*' and if the scalar curvature R satisfies R > —1H2, then M s
n—

totally umbilical.
-2

In this paper, we prove that if M is a compact hypersurface and R

)

then M is diffeomorphic to S™ , using a lemma by K. R. Cai. We also prove that
_ 2H2

n—1
then M is the plane R™ or the sphere S™ or the cylinder S"~! x R!, which gives

n—2
another simple proof of the above proposition when R > —1H 2.

if M is a complete hypersurface with constant mean curvature and R 2

)
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Throughout this paper, M™ or M denotes an n-dimensional connected hyper-
surface embedded in R"*1. We denote the mean curvature (the trace of the second
fundamental form) by H. We summarize the results in [4] used in this paper.

Fix p € M. Let {e;}i1<i<n,{Ai}1<i<n be the principal vectors and the corre-
sponding principal curvatures, respectively, at p. Let z,y be unit vectors with
rlyandz =3 ae,y= 2?21 bjej. Then the sectional curvature K deter-
mined by x,y is given by

K(z,y) = (A(z,z), Ay, y)) — (A(z,y), Az, y))
(1.1) = a2 = O aibin)?
i=1 j=1 i=1

= Z(aibj — ajbi)2)\i)\j,
i<j
where A is the second fundamental form of M. Since {x, y} are orthonormal vectors,
we have

L=(af+-+a2)®} +---+b2) — (arby + - + anby,)?

= Z afb? — QZaibiajbj

i£j i<j
(12) = Z(aibj)Q -2 Z aibjajbi + Z(ajbi)Q
1<j 1<j i<j
= Z(aibj — ajbi)Q.
1<j
Hence we have
(1.3) min A\ < K(z,y) < maxA\;.
i#j i#£]

2. MAIN THEOREMS

K. R. Cai gives the following in [1]. We present its proof for the reader’s conve-
nience.

Lemma 2.1. Let A = (ai;) be a symmetric n X n matriz. Put A1 = trA and
Ay =37, (aiy)?. Then we have

Z(ain)2 - Alann

%

< [n(n ~ 1Az + (n— 2)[As[y/ (n— 1) (nAz — A2) — 2(n — 1) 43 | /n®.

Proof. Since it holds trivially if n = 2, we assume that n > 2. Using the Lagrange
multiplier method, we find an upper bound of the function —A x,, + Zl(xm)Q
under the conditions

g xy = A, E (zi:)? +2 E (zij)? = As.
i i i<j
Consider the function

f= Z(iﬂm)Q — Ann + /\(Z zii = A1)+ pl) (i) +2) ()7 — Az,

% 1<j
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where A, u are Lagrange multipliers. By differentiating with respect to {z;;}, we
obtain the following system of equations for critical points:

(2.1) A2uzxj; =0, j=1,---,n—1,
(2.2) A— A1+ 21+ p)xn, =0,
(2.3) dux;; =0, i<j<n,

(2.4) 1+2w)zjn =0, j<n.

Then we obtain after some computation

(2.5) —A1Tnn + 2 (win)? = —(AA1 + 2p4y).

Without loss of generality, we may assume that p # 0. Then by (2.1) and (2.2),
(2.6) 2u(xpn — A1) = (n— 1)\
By (2.2) and (2.6), we have 2u(xp, — A1+ (n— Dxpy) = (n—1)(A1 — 224,). Hence

(2.7) = (n ;(il(il__jf)”"), % == 3 7 (@nn — A1),

1
Suppose u # -3 then by (2.4), zj, = 0,1 < j < n. Then by (2.5), we have

Znn (A1 = 20nn) _ A

(2.8) = —A; + 24,.
[ u
Then we have, by (2.7) and (2.8), zpn(n@pn — A1) = (Xnn — A1)A1 + A2(n — 1).
A -1 A?
Hence z,,, = 71 + \/n (Ag — 71) Then since z;, = 0,5 < n, we have two
critical values of f = — A1z, + >, (Tin)*:

[n(n ~ D As + (0 - 2)| A1y (n — D)(nAy — 43) 20 — 1) 43| /.

1 A 2
Ifp= bt then by (1), A = z;; = 0 and z,,, = A;. Hence f = — 71 Therefore

22
2
the assertion follows. O

Using this lemma, we prove a sphere theorem for a hypersurface.

Theorem 2.2. Let M be a compact hypersurface of R"!. If the mean curvature

H and the scalar curvature R satisfy R > ”__1sz then M is diffeomorphic to
n—

Sm.

Proof. Let p € M. Let {e1,---,e,} be the principal vectors and let {A1, -+, A}

be the principal curvatures at p. Then we have

Ric(en, en) = An(H — An) = thn - Z(hln)27
where (h;;) is the second fundamental form of M. Then at p we have

ha ZZ(hijV:Zh?i:Z/\? =H? - R.

)
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According to Lemma 2.1, at p we have

Ric(en, en)

> % [—n(n — Dhy — (n — 2)|H|\/(n — 1)(nhy — H2) +2(n — 1)H2]

_ [—n(HQ—R)—(n—2)\/H2(Hz—%R)+2H2}

- {(n—2)H2—nR+(n—2)\/H2(H2— "-R) }

n—1

-2
Since R > n—1H2, nR — (n —2)H? > 0. Moreover,
n—

{(n - 2)\/H2(H2 - n’j 1R)J2 — (nR — (n — 2)H?)?

_9\2
= (n—2)2H* - %H’ZR —n?R% + 2n(n — 2)RH? — (n — 2)2H*
_ 2
=R [—MHQ —n2R+ 2n(n — 2)H2]
—
_ |:n2(n _12)H2 _ n2R:|
o1
<.

Hence we have Ric(ey, e,) > 0. By changing the order of {e;}, we can show that
Ric(e;, ;) > 0 for all 1 <4 < n. So we have \;(H — ;) > 0 for all i. If H > 0, then
all {\;} are positive (if A\; < 0 for some ¢, then \;(H — \;) < 0, a contradiction).
Similarly, if H < 0, then all {)\;} are negative. Hence the sectional curvature is
positive at p by (1.3). Since M is compact and the second fundamental form of M
is definite everywhere, the Gauss map M — S™ is a diffeomorphism [5]. O

Remark. Let M be any hypersurface in R™!. With the same notation as in the
preliminaries, we have A2 + -+ + A2 > H?/n by the Schwartz inequality. Hence

n—1

R=> AN =H>—(A\f+--+ X)) < H.

i#£]

"2pr o< lpe
n—1 n

n—2
Hence the condition R > —1H 2 means actually that
n—

-2
Corollary 2.3. Let M be any hypersurface in R**' and R > ”_1sz where R

n—
is the scalar curvature and H is the mean curvature. Then the sectional curvature
s monnegative.

Proof. 1t is clear by the proof of the above theorem. O

Next, we prove a theorem on a complete hypersurface with constant mean cur-
vature.

Theorem 2.4. Let M be a complete hypersurface in R" 1 with constant mean
-2
curvature H and R > ”_1sz where R is the scalar curvature. Then M is a
n—

hyperplane or a sphere or a cylinder, that is, R™ or S™ or S"~! x R!.
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-2
Proof. If R > n—lH 2 then by Corollary 2.3, the sectional curvature is nonnega-
”—

tive. Since M has constant mean curvature , by Theorem 5 of [3], M is a generalized
cylinder, that is, M = S* x R"* for some 0 < k < n. Hence we may assume that

if {\1, -+, \n} are the principal curvatures, then
N A, for 1 <i <k,
L 0, fork+1<i<n,

2 Hy k-1,
everywhere on M. Hence R =3, \i\j = k(k—1)\* = k(k— 1)(?) = TH .

-1 —
So we have R = nTH 2 everywhere or R = %H 2 everywhere on M. In the
first case, M = R™"(if H = 0) or M = S™ (if H # 0) and in the second case,
M=5""1xRL O
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