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TENSOR PRODUCT OF HOPF BIMODULES OVER A GROUP

CLAUDE CIBILS

(Communicated by Ken Goodearl)

Abstract. We describe the monoidal structure of the category of Hopf bimod-
ules of a finite group and we derive a surjective ring map from the Grothendieck
ring of the category of Hopf bimodules to the center of the integral group ring.
We consider analogous results for the multiplicative structure of the Hochschild
cohomology.

1. Introduction

Hopf bimodules are natural representations of a Hopf algebra H . They form
an abelian category B(H) provided with a tensor product; their definition is given
below. M. Rosso proved in [16] that B(H) is equivalent – as a monoidal category
– to the category of modules over the Drinfeld double of H ; therefore B(H) is
a braided category (see [2, 7, 9, 11]). M. Rosso and S.L. Woronowicz ([15, 18])
have considered those structures in relation to differential calculus on quantum
groups; Hopf bimodules over a group algebra provides the classification of quantum
structures on path algebras obtained in [4].

The main purpose of this paper is to describe the tensor product of Hopf bimod-
ules over an arbitrary group G with coefficients in a ring k, which are k-projective
and finitely generated. Alternatively, if G is finite the result concerns Hopf bi-
modules without restrictions on their k-structure. Notice that the computation
of the monoidal structure of Hopf bimodules is perhaps related with the work of
Wasserman concerning the computation of Conne’s fusion for SU(2), see [17] and
[10].

The quoted structure result is performed by constructing an explicit monoi-
dal category in terms of conjugacy classes and representations of the centralizers
provided with a tensor product defined in terms of induced modules. We prove that
the resulting category is equivalent – as a monoidal category – to the one formed
by the Hopf bimodules. As a consequence, we obtain that the Grothendieck ring
of Hopf bimodules surjects on the center of the integral group ring.

These results are related with the study of the Hochschild cohomology algebra
of a group algebra. Indeed, we recall that the algebra structure of the latter is
unknown and that a link between the tensor product of Hopf bimodules and the
cup product of Hochschild cocycles seems to exist; in the abelian group case, such
a relation is clear since both structures are graduations over the group of products
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of more usual structures (respectively left modules and usual cocycles), see [5]. We
consider this point at the last section.

We know from [4] that the category of kG-Hopf bimodules is equivalent – just as
an abelian category – to the product of categories of usual modules∏
C∈C mod kZC where C is the set of conjugacy classes and ZC is the central-

izer of one of the elements of C ∈ C. Objects of this product are possibly infinite
families of right modules over the centralizers. W.D. Nichols ([14]) has initiated
this classification for a finite abelian group and a field of characteristic not dividing
the order of G. D. Dijkgraaf, V. Pasquier and P. Roche in [8] considered the case
of a finite group with complex coefficients and modules over the Drinfeld double of
the group algebra, using Lusztig’s results ([12]) for studying its semisimplicity.

We begin this paper with an account of Hopf bimodules and their monoidal struc-
ture, including the proof of the additive structure result obtained in [4] presented
here in a simplified version. This enables us to obtain the complete multiplicative
structure Theorem in section 3.

2. Hopf bimodules

A Hopf bimodule B over a Hopf algebra H is an H-bimodule which is si-
multaneously an H-bicomodule; moreover, it is required that the structure maps
δL : B → H ⊗ B and δR : B → B ⊗H are H-bimodule maps for the H-bimodule
structure of the tensor products obtained through the comultiplication of H . For
more details concerning this definition, see for instance [5].

The tensor product of Hopf bimodules B and B′ is the bimodule B ⊗H B′

equipped with the bicomodule structure given by the maps

B⊗HB
′ δL⊗δL→ (H⊗B) ⊗H (H⊗B′) 1⊗τ⊗1→ H⊗HH ⊗ B⊗HB

′ m⊗1⊗1→ H⊗B⊗HB
′,

B⊗HB
′ δR⊗δR→ (B⊗H) ⊗H (B′⊗H)

1⊗τ⊗1→ B⊗HB
′ ⊗ H⊗HH

1⊗1⊗m→ B⊗HB
′⊗H,

where τ is the flip map and m is the multiplication map of H . There is no difficulty
in checking that 1⊗τ⊗1 is a well defined H-bimodule map; both compositions give
H-bimodule maps and define an Hopf bimodule structure on the bimodule B⊗HB

′.

Theorem 2.1 ([4]). Let k be a ring and G be a group. The category B(kG) of
kG-Hopf bimodules is equivalent to

∏
C∈C mod kZC.

Proof. Let M = (MC)C∈C be a possibly infinite family of right kZu(C)-modules,
where Zu(C) is the centralizer of a chosen element u(C) in each conjugacy class

C. Let VM be the kG-bimodule
∏
C∈C kG ⊗MC ↑GZC where the right structure

of MC↑GZC is the induced one – recall that MC↑GZC= MC ⊗kZC kG – and the left
structure is the trivial one. The k-module kG is provided with the regular left and
right actions and each tensor product is equipped with the resulting diagonal left
and right actions.

Concerning the bicomodule structure, it is useful to know (see [13]) that any
Hopf bimodule is bigraded by G : we have B =

⊕
x,y∈G

yBx where yBx is the

isotypic cocomponent of type (y, x), i.e.

yBx = {b ∈ B | δL(b) = y ⊗ b and δR(b) = b⊗ x}.
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Notice that if G is finite (kG)∗ is a product of copies of k provided by the com-
plete set of orthogonal idempotents given by the Dirac maps; results about kG-
bicomodules are duals of results about (kG)∗-bimodules and the latter ones are
G-bigraded by the isotypic components.

The isotypic cocomponents of VM are defined as follows:

x⊗MC ⊗K = xK−1u(C)K(VM)x

where K is a left class of Zu(C)\G. It is easily checked that this data provides VM
with a Hopf bimodule structure.

The reverse functor W associates to a Hopf bimodule B the collection of isotypic
cocomponents

{
u(C)B1

}
C∈C. Notice that u(C)B1 is a right kZu(C)-module through

“conjugation” of actions: b.z = z−1bz. Indeed, the right action takes u(C)B1 to
u(C)zBz and the left action returns it to z−1u(C)zB1. Since z ∈ Zu(C), the latter is

exactly u(C)B1 as required.

Remark 2.2. Let Bk(kG) be the full subcategory of B(kG) of Hopf bimodules with
underlying k-module projective and finitely generated, and let ×C∈C mod k kZC
be the category of finite families of right kZC-modules which are k-projective and
finitely generated. The functors of the preceding proof restrict to equivalences
between these sub-categories.

3. Monoidal structure

We define first the monoidal categoryM(kG) mentioned in the introduction for k
a commutative ring and G any group. Objects are formal finite sums

∑
C∈C [MC ]C

where MC is a right module over the centralizer Zu(C) of a chosen element u(C) of
each conjugacy class C, such that the underlying k-structure of MC is projective
and finitely generated. Morphisms and direct sums are the natural ones.

In order to define the monoidal structure of M(kG), recall that M ↑GZ is the
induced module M ⊗kZ kG of a right kZ-module M where Z is a sub-group of a
group G. The tensor product is defined on elementary objects,

[M ]A⊗ [N ]B =
∑
C∈C

[
XC
A,B

]
C,

where XC
A,B is a sub kZu(C)-module of

(
M↑GZu(A)

⊗N↑GZu(B)

)
↓Zu(C)

. Letting

EC
A,B = {(K,L) ∈ Zu(A)\G × Zu(B)\G | K−1u(A)KL−1u(B)L = u(C)},

we define

XC
A,B =

⊕
(K,L)∈ECA,B

M⊗K ⊗k N⊗L.

Notice that EC
A,B is actually preserved by right multiplication by elements of

G. We are able to extend this product to the full category since objects are finite
formal sums. It is not clear a priori that this product is associative; once the next
Theorem is proved the associativity will follow since the tensor product of Hopf
bimodules is clearly associative.

Theorem 3.1. Let k be a ring and G be any group. The categories Bk(kG) and
M(kG) are equivalent through functors which preserve tensor products.
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Proof. We refer to the proof of the previous Theorem 2.1 for notations and defini-
tions. Let I and I ′ be Hopf bimodules constructed via the functor V by means of
elementary objects [M ]A and [N ]B, and consider their tensor product I ⊗kG I

′ =
V ( [M ]A ) ⊗kG V ( [N ]B ) . We need to prove that W of this tensor product is the
announced object of Bk(kG); in other words we have to show that

u(C)(I ⊗kG I
′)1 = XC

A,B

as right kZu(C)-modules, for each C ∈ C.
First we collect the following easy equality:

dIc ⊗kG
xaI ′xb = dcIcx ⊗kG

aI ′b ⊂ dxa(I ⊗kG I
′)cxb .

In particular this means that a normalization can be performed as follows:

I ⊗kG I
′ =

⊕
z,y,x∈G

zIy ⊗k
xI ′1

and the isotypic cocomponent v(I ⊗kG I
′)u is given in this normalization by⊕

yx=v
yIu ⊗k

xI ′1. Hence

u(C)(I ⊗kG I
′)1 =

⊕
xy=u(C)

yI1 ⊗k
xI ′1.

Now we have I = V ( [M ]A ) = kG ⊗k M↑GZu(A)
, and by definition of the isotypic

cocomponents

z ⊗M ⊗K = zK−1u(C)KIz

for each z ∈ G and K ∈ Zu(A)\G. Consequently the isotypic cocomponents of type
yI1 are of the form K−1u(C)KI1 for all K ∈ Zu(A)\G and we derive

u(C)(I ⊗kG I
′)1 =

⊕
(K,L)∈ECA,B

K−1uA)KI1 ⊗k
L−1u(B)LI ′1

=
⊕

(K,L)∈ECA,B
(1⊗M ⊗K) ⊗ (1⊗N ⊗ L).

The identification with the described k-module XC
A,B is now clear. To end the

proof it is enough to record that the right action of Zu(C) on this direct sum coincides

with the one described on XC
A,B. Indeed, the action is given by “conjugation” of the

actions (cf. the proof of 2.1) and the left structure on the right induced modules is
the trivial one.

We consider now the Grothendieck ring K0Bk(kG) of the category of k-projective
and finitely generated Hopf bimodules over kG, namely the free abelian group
on the set of isomorphism classes of objects of Bk(kG) divided by the subgroup
generated by the relations Y − Y ′ − Y ′′ associated to each split exact sequence
0 → Y ′ → Y → Y ′′ → 0 of the category. In case the category is a Krull-Schmidt
one; this quotient is free with basis the set of isomorphism classes of indecomposable
objects. If k is a field, the monoidal structure of the category induces a product on
the Grothendieck group which provides a ring structure with unit (notice that the
Hopf algebra is the unit object for the tensor product of Hopf bimodules).
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Corollary 3.2. Let k be a field and G a finite group. There is a ring surjection

φ : K0B(kG) −→ Z(ZG)

where Z(ZG) is the center of the group algebra ZG.

Proof. Recall first that Z(ZG) is free with basis
{
C
}
C∈C where C is the sum in

ZG of all the elements of the conjugacy class C, see for instance [6]. The structure
constants of this ring are non negative integers given by AB =

∑
C∈C e

C
A,BC. It is

elementary to prove that eC
A,B is the cardinal of the set EC

A,B considered before.

Next we identify K0B(kG) and K0M(kG) through the functors V and W and
we define

φ

(∑
C∈C

[MC ]C

)
=
∑
C∈C

dimk [MC ] C.

This gives a ring homomorphism since from one side

φ ([M ]A ⊗ [N ]B) = φ

(∑
C∈C

[
XC
A,B

]
C

)
=
∑
C∈C

dimkX
C
A,B C

=
∑
C∈C

dimkm dimkN |EC
A,B | C

and from the other side we have

φ ([M ]A)φ ([N ]B) =
(
dimkMA

) (
dimkNB

)
= dimkM dimkN

∑
C∈C

eC

A,BC.

Each basis element C of Z(ZG) is reached through φ, using the elementary object
having the trivial representation of the centralizer of C as coefficient of C.

Remark 3.3. It would be interesting to know if a suitable version of the preceding
surjection still exists from the Grothendieck ring of Hopf bimodules over a finite
dimensional Hopf algebra H to the center of an integral form of H .

4. Hochschild cohomology

The behavior of the cup product for the Hochschild cohomology classes of a finite
group is probably similar to the behavior of the tensor product of Hopf bimodules
as described in Theorem 3.1. Indeed, we have at first that the underground addi-
tive structures agree through analogous descriptions with respect to centralizers of
conjugacy classes, since it is well known that

HH∗(kG, kG) =
⊕
C∈C

H∗(ZC , k)

where HH∗ denotes Hochschild cohomology and H∗ usual group cohomology; see
for instance [3] or [1] and compare with Theorem 2.1. Moreover in [5] we have ob-
tained that for a finite abelian group the similarity holds since there is an algebra
isomorphism between HH∗(kG, kG) and kG⊗H∗(G, k), while for Hopf bimodules
the category Bk(kG) is equivalent to [mod kG]G: for abelian finite groups both mul-
tiplicative structures – cup product in Hochschild cohomology and tensor product of
Hopf bimodules – are obtained by grading over G simpler multiplicative structures
(cup product in usual cohomology and tensor product of usual representations).
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In order to state a precise conjecture for the Hochschild cohomology algebra of
a finite group, it is necessary to understand differently the modules XC

A,B of the
preceding section. I am indebted to J. Thévenaz for pointing out the following

Lemma 4.1. Let G be a finite group and let k be a ring. Let A and B be conjugacy
classes and let a and b be chosen elements in A and B. Let M and N be right kZa
and kZb-modules, and let C be a conjugacy class with chosen element c. The kZC-
module

XC
A,B =

⊕
(K,L)∈ECA,B

(M ⊗K) ⊗ (N ⊗ L) ⊂ (
M↑GZa ⊗N ↑GZb

)↓ZC
is isomorphic to ⊕

ECA,B/Zc

(
MK↓ZKa ∩ZLb ⊗NL↓ZKa ∩ZLb

)
↑Zc
ZKa ∩ZLb

.

Recall that EC
A,B = {(K,L) ∈ Za \ G × Zb \G | K−1aKL−1bL = c} and that

ZC acts on the right on this set. The latter direct sum is obtained by choosing one
element in each orbit of EC

A,B under this action. The module MK denotes the same

underlying k-module as M , equipped with the right action of ZKa = K−1ZaK =
ZK−1aK defined by (K−1aK)M = am.

Proof. The module XC
A,B decomposes along the orbits of the action of ZC on EC

A,B.
Each resulting piece corresponds to the criteria of being an induced module – see
for instance [6] – since its direct summands are transitively permuted by ZC and
the stabilizer of (K,L) is ZKa ∩ ZLb .

We construct now an algebra based on the usual cohomology algebras of the
centralizers of conjugacy classes in a way very similar to how we have defined the
category M(kG).

Let M(kG) =
⊕

C∈CH
∗ (Zu(C), k

)
C; that is, M(kG) is the k-module of formal

linear combinations of conjugacy classes with coefficients in the respective cohomol-
ogy group (recall that u is a choice of an element in each conjugacy class). Let mA
and nB be elementary elements in M(kG), with m ∈ H∗(Za, k) and n ∈ H∗(Zb, k).
The product mA · nB =

∑
C∈C x

C
A,B
C is defined by

xC

A,B =
∑

ECA,B/Zc

IndZc
ZKa ∩ZLb

(
Res

ZKa
ZKa ∩ZLb

mK ^ Res
ZLa
ZLa ∩ZLb

nL
)

where mK and nL denotes elements corresponding to m and n in H∗(ZKa , k) and
H∗(ZLb , k) obtained through conjugation, Ind and Res are the induction and restric-
tion maps defined in cohomology, and ^ is the cup product in the corresponding
cohomology algebra.

Conjecture. The Hochschild cohomology algebra HH∗(kG, kG) is isomorphic to
M(kG).
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