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ABSTRACT. Let G be a finite group with a faithful rational valued character of
degree n. A theorem of I. Schur gives a bound for the order of G in terms of n,
generalizing an earlier result of H. Minkowski who showed that the same bound
holds if G C GL(n,Q). This note contains strengthened versions of these
results which in particular show that a 2-subgroup of GL(n, Q) of maximum
possible order contains a reflection.

§1. STATEMENTS OF RESULTS

If ¢ is a natural number, let Q(2¢) denote the cyclotomic field which contains
exactly 2¢ roots of 1, thus Q(2) = Q. For natural numbers ¢ and m, let M (m,{)
denote the group of all monomial matrices whose non-zero entries are £th roots of
1. Then |M(m,£)| = £™(m!).

Let p be a prime. For a natural number u let u, denote the p-part of u. If
l, = p*, let P(m,p*) be a Sylow p-group of M(m,£). As

|M(m7 f)lp = pkm(m!)p = |M(m7pk)|177

it may be assumed that P(m,p*) C M (m,p*). Furthermore, |P(m, p*)| = p/Ne(m»"),

with
(L.1) Np(m,p*) = mk +> " [m/p'].

i>1

Theorem A. Let p be a prime. If p =2 let £ = 2, otherwise let { = 2p. Let P be
a finite p-group contained in GL(m,Q(¢)). Then P is conjugate in GL(m,Q(£))
to a subgroup of M(m,p).

In case p = 2 Theorem A becomes

Theorem B. Let P be a finite 2-group contained in GL(n,Q). Then P is conju-
gate in GL(n, Q) to a subgroup of M(n,?2).

An immediate consequence of Theorem B is
Theorem C. If G is a finite group contained in GL(n, Q) with |G|z = |M(n,2)|s,

then G contains a reflection.
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For general p, we will prove

Theorem D. If P is a finite p-group contained in GL(n,Q), then P is isomorphic
to a subgroup of P([n/(p —1)],p).

If p is odd, Theorem D is known, see [B]. (I am indebted to J.-P. Serre for
drawing my attention to this reference). A proof is included here as the methods
of this paper are quite different from those in [B]. If p = 2, Theorem D is a weak
form of Theorem B, however Theorem B does not appear to be in the literature.

We will also prove

Theorem E. Let P be a finite p-group which has a faithful irreducible Q-valued
character of degree n and let m = [n/(p — 1)]. Then |P| < |P(m,p)| = pNe(mP),

Theorem E and (1.1) imply the following result of Schur, [S, vol.1, p.129].

Theorem F. IfG is a finite group which has a faithful Q-valued character of degree
n, then |G| divides [ p™»™), with
P

My (n) = Ny([n/(p—D],p) = >_[n/('(p = 1))].
i>0

Theorem F generalizes an earlier result of Minkowski, who reached the same
conclusion under the assumption that G C GL(n, Q).

Theorem F occurs in one of Schur’s earliest papers, it is the 6" in his collected
works. The methods of this note are based on ideas that were introduced by Schur
in later work. The starting point is Theorem 2.1 below. This is closely related to
L. Solomon’s thesis, which involves a natural continuation of ideas that go back to
Schur and R. Brauer.

§2. PROOFS

Let 6 be a character of G of degree n. Suppose that § = \“ for a linear character
X of some subgroup of G. If \* = 1 for some ¢, then a representation f which affords
6 can be chosen so that f(G) C M(n,£). This observation will be used frequently
below.

The following result is a special case of [F, (14.3)].

Theorem 2.1. Let p be a prime and let P be a p-group. Let K be a number field
and let x be a faithful irreducible nonlinear character of P with values in K. Assume
that one of the following holds:

(i) p is odd,

(i) p =2 and P does not contain a cyclic subgroup of index 2.
Then there exists Py <0 P with [P : Py] = p and an irreducible character ¢ of Py
with values in K such that (¥ = x.

As a consequence, we get

Theorem 2.2. Let p be a prime and let P be a p-group. Let K be a number field
and let x be an irreducible character of P with values in K. Let S be a subgroup
of P of minimum order such that x = n* for an irreducible character n of S with
values in K. Then one of the following holds:

(i) n is linear and x is afforded by a K[P] module (i.e. the Schur index of x
over K is 1).

(ii) p = 2 and n(1) = 2. Furthermore, if Sy is the kernel of n, then S = S/Sy
has a cyclic subgroup C of index 2.
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Proof. If n is linear, (i) holds. Suppose that 7 is not linear. By Theorem 2.1 the
minimality of |S| implies that p = 2 and S contains a cyclic subgroup C' with
[S: C] = 2. Hence, n(1) = 2 as required. O

Theorem 2.3. Let T be a nonabelian 2-group which has a cyclic subgroup C = (x)
of indexr 2. Let |T| = 2¥1. Then T = (z,y) with y~'zy = 2™ and m? = 1
( mod 2F), m # 1 ( mod 2F). Let n be a faithful irreducible character of T.

(i) Then n(1) =2 and [Q(n) : Q] = 2~F~2.

(i1) Either T has a noncyclic subgroup H of order 4 or T is a generalized quater-
nion group and contains a quaternion subgroup H of order 8.

(111) Suppose that T contains a noncyclic subgroup H of order 4. Then there is a
Q-valued linear character X of H with A\T = Y"1, where o ranges over the Galois
group of Q(n)/Q.

(iv) Suppose that T is a generalized quaternion group. Let H be a quaternion
subgroup of T of order 8. Let p be the unique irreducible character of H of degree
2. Then n is real valued but is not afforded by an R[T| module (i.e. the Schur
index over R is 2). Furthermore S.n° = pT and 23 n° = AT, where X is the
nonprincipal character of the center of H.

Proof. (i) nc = p+ i/, where p and p/ are faithful linear characters of C. As
p =™, [Qu) : Q(n)] = 2. Hence [Q(n) : Q] = 2572 as Q(u) = Q(|C]) = Q(2%).

(ii) It is well known that a noncyclic 2-group which contains only one involution
is a generalized quaternion group and contains a quaternion subgroup of order 8.
If T contains an involution outside the center, then it clearly contains a noncyclic
group of order 4.

(iii) As H is not cyclic, ng = A+ X, with A # X and X necessarily Q-valued.
Since 7 has 2*~2 algebraic conjugates, the result follows from Frobenius reciprocity
as AT(1) = 2k—1.

(iv) ng = p for every algebraic conjugate n” of n. As n has algebraic
conjugates, pT = 3" n° by Frobenius reciprocity. Since m = —1,p € R. As is well
known, p is not afforded by an R[H] module. Therefore, p has Schur index 2 over
R as it is R-valued, in fact Q-valued. The remaining statement is a consequence
of the fact that 2p = A\, O

2k—2

Theorem 2.4. Let p be a prime. If p =2 let £ = 2, otherwise let { = 2p. Let K =
Q(¢) and let P be a p-group. Let f be a faithful irreducible K[P]-representation.
Then f can be chosen to be an isomorphism of P into M(n,p).

Proof. Tt may be assumed that |P| > 1. Let ¢ be the character afforded by f. Then
¢ = mgr(x)>. x%, where x is a faithful irreducible character of P, o ranges over
the Galois group of K(x)/K and mg (x) is the Schur index of x over K.

Suppose that Theorem 2.2 (i) holds for y. Let S; be the subgroup of order p of
S and let s, = A. Then A¥ = ¢ and the result follows.

Suppose that Theorem 2.2 (ii) holds. Then p =2 and K = Q. Let T'= S in
Theorem 2.2, and apply Theorem 2.3.

If |[H| = 4, Theorem 2.3 (iii) implies that mx(x) = mx(n) = 1, and so ¢ = AT
for a Q-valued linear character A of H.

If H is a quaternion group, then mq(x) = 2, and so by Theorem 2.3 (iv), ¢ = Af
for a Q-valued linear character A of the center of H. O
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Observe that if ¥n; = n, then for all ¢

(2.5) M(ny,€) x M(n2,£) x ... C M(n,¥£).
Hence also
(2.6) [T (s, )] | [M(n, ).

Note also that since a p-group P # (1) has a nontrivial center, Q(2¢) C Q(x)
for any nonprincipal irreducible character x of P.

Proof of Theorem A. Let ((z) = trace(z) for x € P; then ( is a character of the
group P, which is afforded by a Q(¢)[P] module. Thus ¢ = tlp 4+ > (;, where
each (; is afforded by a nontrivial irreducible Q(¢)-module. The result follows from
Theorem 2.4 and (2.5). O

As remarked in the introduction, Theorems B and C follow from Theorem A.

Proof of Theorem D. By Theorem B, it may be assumed that p is odd. Let 0(x) =
trace(x) for © € P. Then § = t1p+6' with 8’ = > 6;, where each 0; is afforded by a
nontrivial irreducible Q[P] module. By Theorem 2.2 each 6; = > x7, where x; is a
nontrivial irreducible character of P, Q(x;) = Q(2p®) for some s; > 0 and o ranges
over the Galois group of Q(x;)/Q. Therefore 8, = > (7, where Q(¢;) = Q(2p) and
7 ranges over the Galois group of Q(¢;)/Q. Thus ¢; = Y x7, where o ranges over
the Galois group of Q(x;)/Q(&). If f; is a Q(¢;)[P]-representation of P afforded by
¢i, then by Theorem 2.2 f; = f can be chosen so that f;(P) C M(¢;(1),p). Hence
by (2.5), P is isomorphic to a subgroup of P(¢’(1)/(p—1),p). The result follows as

0'(1)/(p—1)=[0"(1)/(p— D] < [n/(p—1)].
O

As Theorem E and (1.1) imply Theorem F, it remains only to prove Theorem E.

Proof of Theorem E. Let 6 be a Q-valued character of P. Then § = > (; where
for each i, ¢; = > x7, with x; an irreducible character of P and o ranging over
the Galois group of Q(x;)/Q. In view of (2.5) and (2.6) it suffices to prove the
result in case § = ¢ = > x7, with x a faithful irreducible character of P. If x has
Schur index mq(x) = 1 over Q then a representation of P which affords x maps P
isomorphically into GL(n, Q) and (i) holds by Theorem D.

Suppose that mg(x) > 1. By Theorem 2.2, p = 2. By Theorem 2.3, P contains
a quaternion group H of order 8 and # = p®, where p is the unique irreducible
character of H of degree 2. This implies that |P| < 8'(¢!), where n = 2¢t. Thus
|P| = 2%, with

k<3t+) [t/2]=n+n/2+ Y [n/2] = Ny(n,2)
i>1 i>2

as required. O
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