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ABSTRACT. It is known that the expected number of zeros in the interval
(—=1,1) of the sum ag¥o(t) + a1¥1(t) + -+ + ann(t), in which g (t) is the
normalized Legendre polynomial of degree k£ and the coefficients aj are inde-
pendent normally distributed random variables with mean 0 and variance 1, is
asymptotic to 3~1/2p for large n. We improve this result and show that this
expected number is 371/2n + o(n®) for any positive 8.

1. INTRODUCTION

Let k be a nonnegative integer, Py (t) be the Legendre polynomial of degree k,
and 1y (t) be the normalised Legendre polynomial (k-+ %)%Pk (t). Let n be a positive
integer, and consider the random sum

F(t) = artn(b),
k=0

in which the coefficients aj, are independent normally distributed random variables
with mean 0 and variance 1. If v, is the expected value of the number of zeros of
F(t) on the interval (—1,1), then Das [1] has shown that v, ~ 372n for large n.
(In fact, his analysis indicates that v,, = 3~ 2n[1 + O{(logn)3}].) In this paper we
will prove the somewhat better result that

(1) Vp = 3_%n+o(n5)

for any positive §. Our analysis is similar to that of Das, but requires a more
detailed treatment of the asymptotic expansion for P, (t) when n is large.

2. PRELIMINARY ANALYSIS

Let vy, (a,b) be the expected number of zeros of F(t) on the subinterval (a,b) of
(—1,1). We know ([1] or [2, p. 111]) that

(2) vn(a,b) = 77" /b{An(t)Cn (1) = Ba()}2 AL (1) d,

3) An(t) = Py (1) Pu(t) = Pp(t) Py (1),
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(4) 2B, (t) = P11 (8) Pa(t) — Py (1) Py (1),

Cn(t) = 3{P 1 ()P, (t) = Py (0) Py (O} + { P ()P (t) — P (1) Paga (8)}-
Stieltjes [3, 4] (or see [5, p. 195, Th. 8.21.5]) has shown that, if 0 < o < 7 and
(6) (nsina)™! = o(1),
then

(7)
B 2 3 [md ~vsn! cos B ) m
Fu(cosa) = {(Wsina)} lz Gsna)yT(nts 13/ s}

in which v, = {I'(s + 3)}?/(7s!), Bns = Bns(a) = (n+ s+ 3)a — (s + 1)m, and
m is any positive 1nteger Moreover, the upper bound implicit in the O symbol
depends only on m, not only in (7), but in the later identities (9), (10), (11), (14),
(16), (18), (21), (22), (23) and (24). If we define Gy () so that

k

(8) Grn(a ZysDk s(1,5+3/2)(2sin @)% cos Bs,
s=0

in which the coefficients Dy, (z,y) are those that appear in the asymptotic expansion
[6, p. 119, Eq. 5.02]

n' " I'(n+x)/Tn+y) = ZDh z,y)n~ "+ 0(n7?),

then G, = Gipn(«) is uniformly bounded in n and «, and we deduce from (7) that

m—1
(9) P,(cosa) = {m} Z (2nsina) " *Gp, + O(n~™sin™™ a)] .
k=0

Because Dy(x,y) =1, we see that G,,(«) = cos B,,. Moreover,
-1

(10) Ppi1(cosa) = {m}i [ (2nsina)~* Hy, + O(n~"sin™™ a)] ,

=

=0

(1) Pp(cosa) = {(mrsma }_

m—1
Z 2nsina)F Jp, + O(n~™sin™™ 04)1 ,

=0
k
(12) Hy, = Z_S_le S(2sma)k *Gsn+tis
s=0
k
(13) Tin =Y o1 Chs(=28in ) G0,
s=0

in which (C; =T'(j +1)/{T'(¢+ 1)I'(j — ¢ + 1)}. The functions Hy, and Jj, are
uniformly bounded in n and o, and Hyp, = €08 Bn41,05 Jon = €08 Bn_1,0-
We use the identity [7, p. 309, eq. V]

(1 —t3)P.(t) = n{P,_1(t) — tP,(t)}
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in conjunction with (9) and (11) to see that

1 -1

2 2

el o
k=0

(15) Kin = (Jgn — Gin cos @)/ sin a..

It is now convenient to define a congruence relation = between two functions X
and Y of n and « so that X =Y in case (X —Y)/sin« is uniformly bounded in
n and a. This relation is an equivalence relation that is preserved under addition
and under multiplication by uniformly bounded functions. It follows from (13)
that Ji, = Gk,n—1 and from (8) that Gy, = vk cos Bni. Hence Jnp — Grpcosa =
i (€08 Br—1 K — COS Bk COS ) = 7y, sin B sin o, so that the function Ky, defined in
(15) is uniformly bounded in n and «. In particular, K,, = sin 3,,. Moreover,

(7 sin P

(16) P q(cosar) = {2—7130[)}5 [2 (2nsina) ¥ Ly, + O(n~™sin"™"! a)] ,

k
(17) Lin =Y 1-,Chs(2sin )" Ky
s=0
Therefore, Ly, is uniformly bounded in n and «, and Ly, = sin Bp+1 .
It now follows from (3), (9), (10), (14) and (16) that, if ¢t = cos a,

(18) Ap(t) = {Z—n} lmz_: (2nsin@) ™% My, + O(n~™sin~™ "2 oz)] ,

(7 sin @) pors
k
(19) M = (LanGrsin — KenHy—sn)/sin .
s=0

We deduce from (17), (8) and (12) that
LonGr—sin — KsnHy—sn = Yi—s (K g1 €08 B k—s — Kon €08 Bri1,k—s)
= Vs (Ks,nt1 — Kon cosa) cos By, —s.
We infer from (15), (13) and (8) that K, = U.,, + U, in which

s—1
U.;n = (an - Gs,n—l)/Sina = Z —k—% s-k(—2SiHO¢)S_1_ka,n—l
k=0
= — (5 — %) Gs—l,n—l = — (S — %) COS ﬂn—l,s—la

Ui = (Gsjnm1 — Gspcosa) /sina

— Z%Ds_k(l, k+3/2)(2sin a)s_k sin Bnr = s sin Bys.
k=0
We next observe that

Ul pyr — Ul cosa = —(s — §)(cos fns—1 — €os 1,51 COS )

=(s— %) sin Bp—1,s—1sina =0,

<1 — Ug cosa = 7, (sin B 41,5 — sin 3,5 cos a)

= ¥4 cos Bps sina = 0.
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It follows from (19) that Mj,, is uniformly bounded in n and «, and M,,, = 1.
It is a consequence of the differential equation [7, p. 304]
(20) (1 —t*)P!(t) — 2tP,(t) + n(n+ 1)P,(t) = 0,
satisfied by P, (t), and the definitions (3) and (4) that
(1 —t)B,(t) = tA,(t) — (n+ 1) Py(t) Poy1 (2).
It then follows from (18), (9) and (10) that
9 m—1
(21) Bp(t) = {—3} > (@2nsina) ™ Niy + O(n~"sin™" % a) |,
(msin®a) J | =

in which N, is a function, uniformly bounded in n and «, whose explicit expression
is not needed.

An additional consequence of (20) is that (it is convenient to suppress the de-
pendence on t of the Legendre polynomials and their derivatives)

(1= ) (Pl Py — PUPhyy) = (n+ 1) (nAy — 2Pui1 PL).

If we differentiate (20) and use the definitions (3) and (4), we find that

(1 =) (P 1Py — P Puy1) = n*A, + 8By, + (n — 2)P1 P, — 3nP P,
It then follows from (5) and the last two equations that

6(1 —t*)Cy, = (2n® + 3n)A,, + 8tB,, — (5n + 8)Pyy1 P, — 3nP, 1 Py.
An appeal to (18), (21), (10), (14), (16) and (7) shows that
2n? .

@) - {5 [Z (2nsina)™*Qun + O(n™™ sin " aﬂ ,

in which Qg is a function, uniformly bounded in n and «, whose explicit expression
is not needed, except for the case Q,, = 1.
With the help of (18), (21) and (22), we now find that

{Aa(t)Co(t) — B2()}2 A1 (1)
m—1

(23) <?;1n207j> lz (2nsin @) “* Rin + O(n—™ sin~ ™2 oc)] ,
k=0

in which Ry, is a function, uniformly bounded in n and «, whose explicit expression
is not needed, except for the case R,, = 1.

3. ProoF OF (1)
Suppose that e = n=2m/(m+4) and that || < 1 —e. Then nsina = n(1 —t2)z >
nez = n*/(m+4)  Hence (6) is true. We conclude from (2) and (23) that

Un(—1+¢e,1—¢)=21,(0,1—¢)

m—1

- {(2_”)} /01_6[(1 — )4 ; Ofn=k(1 — 12)=(+1/2)

327

+O{n~™(1 — t3)~(m+/2) gy
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We observe that

/1_6(1 —#2)72dt = (1/2) — cos (1 — &) = (7/2) + O(e?),
0
/1_6(1 —t3)7'dt = Llog{(2 — )/} = O(loge™"),
0

/1—6(1 B tz)—3/2dt =(1—e)(2 — 62)—% _ 0(5_%).
0

Because 1 —t? > ¢ when 0 < t < 1 — ¢, we see that

1—¢ 1—¢
/ (1 —t )( h—_)dt < 5 1 h)/ (1 _ t2)—3/2dt — O(€_h+%)
0 0
when h > 1. Therefore,
vp(—14e,1—¢)=3" zn[1+0(8%) O(n~'loge™)
N m—
2

1

5 k}_|_0( —-m —(m+3)/2)]
k=2
(24) Va(—1+e,1—¢) =37 2n[l + Of{n~™/(m+D}),

Let p(e) be the number of complex zeros of F(t) in the circle |t — 1| < . Then
vn(1 —g,1) does not exceed the expected value of u(e). It follows from Jensen’s
Theorem [8, p. 187, Eq. 25]

2
(25) ule) < (27r)_1/0 log, |F(1 + 2e¢™)/F(1)|d0.

We next use the identity [7, p. 312],

/ {z+ (-1 %cosnp}kdgo,
to see that
|Pe(1+2e€)| < {1426 +2(c + %) }F < (1 + Ae?)F,
in which A = 2(1 + 22) < 5. Therefore, when 0 < k < n,
(26) |P(1 + 2e¢)| < exp{nlog(l + 5e2)} < exp(hne?).

The Chebyshev inequality [9, p. 219, Eq. 61] shows that Prob(|lax| <n) > 1-n"2
for each k, such that

(27) Prob(jax| <nwhen 0<k<n)>1-(n+1)n"2>1-2n"".

Because the Schwarz inequality implies that

- 1\ - 1 ’ 3/913 3/2
k=0 k=0
when n > 4, it follows from (26) and (27) that
(28) Prob{|F(1 + 2e¢'%)| < n®/? eXp(SnE%)} >1-—2n""



1536 J. ERNEST WILKINS, JR.

Moreover, F'(1) is a normally distributed random variable with mean 0 and
variance (2 = (n + 1)2/2. Therefore,

(29)

1

Prob{|F(1)| < 1} = (2x¢?)~2 /_11 exp(—u?/2¢%)du < 2172 /(n+ 1) < 2n~*

We infer from (25), (28) and (29) that () < log,{n®/? exp(5nez)} with probability
greater than 1—4n~1. Because u(e) < n for all F(t), we see that the expected value
of pu(e) is, and so also v, (1—¢, 1) and v, (—1, —14-¢) are, O(logn)+O0(ne2 )+0(1) =
O(n*(m+4) When this result is combined with (24), we find that v,, = v,,(—1,1) =
37an + O{n*/(m+OY If § is any positive number and we choose the integer m so
large that m+4 > 4/6, we can finally conclude that (1) is true, in the sense that for
any positive 7 and § there exists an integer n(n, §) such that |y, — 3~ 2n|n=% < g
when n > n(n, ).
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