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ABSTRACT. This work is directed towards the open question of the faithfulness
of the reduced Gassner representation of the pure braid group, P,(n > 3).
Long and Paton proved that if a Burau matrix M has ones on the diagonal
and zeros below the diagonal then M is the identity matrix. In this paper, a
generalization of Long and Paton’s result will be proved. Our main theorem
is that if the trace of the image of an element of P, under the reduced
Gassner representation is n — 1, then this element lies in the kernel
of this representation. Then, as a corollary, we prove that an analogue of
the main theorem holds true for the Burau representation of the braid group.

1. INTRODUCTION

The problem of whether or not the reduced Gassner representation of P,, the
pure braid group on n strings, is faithful has not yet been solved. In the case of the
Burau representation of By, the braid group on n strings, it has been shown that
this representation is not faithful for n > 6 [6].

In section 2 of this paper, we will define, up to equivalence, the Gassner repre-
sentation of P, and derive the reduced Gassner representation. The details can be
found in [1, pp.23-31] and [2, p.119]. In section 3, we will show that the reduced
Gassner representation is unitary relative to an explicitly defined Hermitian form
(Theorem 2). N. Stoltzfus discussed the existence of such a form at several confer-
ences [8]. It was also observed by D. Long using representation variety methods [5].
Finding this form in this paper will be a tool to prove our main theorem in section
4, which provides us with a necessary and sufficient condition for an element of P,
to be in the kernel of the reduced Gassner representation. As a corollary of the
main theorem, we prove a similar result for the braid group in section 5.

Main Theorem. An element of P, lies in the kernel of the reduced Gassner repre-
sentation if and only if the trace of its image is equal to that of the identity matrix.
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2. THE REDUCED (GASSNER REPRESENTATION OF P,
Let B, be the braid group on n strings. As an abstract group, it has generators:
01,02,...,0np—1.

The pure braid group,P,, is the kernel of the homomorphism B,, — S,,, defined by
o; — (4,1 + 1)7 1 <7 <n—1.Its generators are

Ajj =0j-105-2. ..Ui+10'i20'i_+11 . ..aj__lzaj__ll ;1 <i< g <n.
For more details about the presentations of B,, and P, as abstract groups with
generators and relations, see [4, pp.19-25].

The Gassner representation of P, is defined as follows: Let F), be a free group
with z7,29,...,x, as generators and let ¢ : ZF, — Z[yfl, oo,y where
Z[yfl, ...,y is a Laurent polynomial ring in independent variables y1, ... , yn. ¢
is defined by: ¢(x;) = y; *. Hence, via the Magnus representation of P, we obtain
(A H? = [Dj((2:)A; L)), where Dj = ¢d; and d; are the Fox derivatives defined in
[2, p.104]. More precisely,

Di((z1)Ar) .. Dal(z1)AR))
(A7 = : :

Di((#) A7) - Dul(za) A7)

This matrix is referred to as the Jacobian matrix of the endomorphism A}, and
is denoted by J(A;}!). Up to equivalence, we can get a representation of P, by
conjugating J(Ai_jl) by the matrix D, where

L—y;t 0 0
D = 0
0
0 0 1—y;!t
In this way, we get
0 0 O
D JAND=1- [0 S; 0], where
0 0 O
(L —yj) 0 0 (—1+y;)
QI=w)d-y) 0 ... 0 (=14w)(1—y;)
Sij = : :
(1—w)(1—y;) 0 0 (=1+w)(1—y)
(I—wi)(-y;) O 0 (=1+wi)(~y;)

Such a representation of P,, denoted by 7y, : P, — GL,(Z[yE,... ,yF']), is a
group homomorphism, where yn(Ai_jl) =D71J (Ai_jl)D. More details can be found
in [1, p.16]. Notice that in this equivalent representation Ai_j1 — D_lJ(Ai_jl)D,
the only indices appearing in the image of Ai_j1 are ¢ and j. This is why the
image of Aifjl was computed and not that of A;;. This makes it easier to consider
them as our candidates in studying this representation further. Hence, I will deal
with this particular representation throughout the text, and call it the Gassner
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representation of P,. Denote the image of Ai_j1 under the Gassner representation
of P, in GL,(Z[yf", ... ,yF']) by Xyj, ie.

Xij = Yn (Az_jl)

It is then clear that X;; = I — P;;Q;;, where P;; is the column vector defined
by

(0.0 9—1 (y-DA-y)er. wi-DA-y) -y 0...0)"

i—1 n—j
and

Qi;=(0...0 =1 0... 0 1 0...0).

i—1 n—j

Here T is the transpose.

The Gassner representation of P, into GL,(Q[yi?,... ,yF!]) is reducible, and
is the direct sum of a trivial representation and an irreducible representation of
degree n — 1, called the reduced Gassner representation of P, and denoted by 7,.
For more details, see [1, p.25] or [2, p.119].

Notice that for j # n, the last row of X;; is (0,...,0,1). Delete the last row
and column to obtain an (n — 1) x (n — 1) matrix Yj;, where Yi; = I — Pi; Q.
Here P;; and Q;; are the same as P;; and Q;; after deleting one zero from the last
row of P;;, and one zero from the last column of @;;, respectively. For j = n, put
Yin =1 — P_mm, where

- T
]Din:((l—yi)t...(l—yi)t 1—yit 1—yi...1—yi)
| S ——

i—1 n—1—1

and

Qin=1(0...0 1 0...0),

i—1 n—1—1

where ¢ = y,,. This is a choice for Pi,, and Q;,, for which the matrix given by the
inner product (Qin Pjn) is equal to the matrix (QinPjn). The details are found in
[3, p.6]. Here Y;; is the image of Ai_j1 under the reduced Gassner representation 7.

3. THE REDUCED (GASSNER REPRESENTATION IS UNITARY
RELATIVE TO A HERMITIAN FORM

Let () : M,(Q[yf!, ..., y=!]) be an involution defined as follows:
(fij(yla s 7yn))* = fji(yl_la s 7y7:1)7

where fi;(y1,...,yn) € Q[ylﬂ, TSI

Definition 1. Let X and U be elements of GL, (Q[yi!,... ,yF']). U is called
a unitary element (relative to X) if UXU* = X. Put y, = t and define an
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(n—1) x (n — 1) matrix as follows:

t—1
1;/11__1 f 1 e t
ot —
1wl t
(1) M = :
t
Yn—1t—1
1 1 T

That is, t is above the main diagonal and 1 is below that diagonal. It is then easy
to prove that

1 1

det(M) = T

(1 - t)n_2(1 —Y1... yn—lt)-
Theorem 2. The image of the generators of P, under the reduced Gassner repre-
sentation are unitary relative to M, that is, for 1 <i<j<mn
YijMY;; = M.
Proof. 1 will treat the cases where j # n and j = n separately.
For j # n we have
yiy; (—1+1) —
1, k)
(yi =Dy —1) "
1—t
S —
(yi =Dy —1) "

*

QM =

MQ,;; =

(=1+D)(wiy; — 1)
(yi = D(y; = 1)

QuMQy;~ =

So,

Yy MY;; = (I - Py Qi )M(I — Py Qi)

P QM — MQi; Py +P; Qi;MQy; Py

*{yiyj(—l +t)+ (1 —t) = (=1+)(yy; — 1)
(yi —1)(y; — 1)

)
|

)

)

M —
M — }
M.

For j = n,

yi — 1
So,

Vi MY} = M.
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Based on Theorem 2, one can easily prove that M is unique up to scalar multi-
plication. This directly follows from Schur’s Lemma and the fact that the reduced
Cassner representation of P, into GL, 1(Q[yf!,...,yF']) is irreducible. More
precisely, if there exists a matrix M’ such that Y;; M'Y;; = M’ then we get

(Vi MY) (V5™ M YY) = MM
and so

Yi; (MM~ = (MM’ ™YY,
Since Y;; is the image of Ai_j under the reduced Gassner representation which was

proved to be irreducible, it follows that MM’ -l = ¢, where c is some constant.
That is

M =cM'.
Now view Q[yiit,... '] as a subring of Qyif',... ,y=1,,u*'], where u? =
Yn = t. Over Q[yfl, e ,yfﬁl, u*1], a change of basis and multiplying M by some

constant replaces M by a matrix K which is Hermitian: K = K*. Thus, in the
new basis, the reduced Gassner representation is unitary relative to the Hermitian
form K.

More precisely, let u? =t and K = u~!M. Then, by substituting in (1), we get

y1u2—1

m ’LzL X u
-1 Yyou” —
v u(y2—1) u
K =
U
—1 1 Yn—1u®-1
U U =
It is clear that K is Hermitian and YinYij =K.
2
Letzi=% for i=1,...,n—1; then z; = 2.

Our objective is to show that a certain specialization K of K is equivalent to
the identity matrix in some extension field, i.e. UKU* = I for some matrix U. In
other words, we need to show that for some matrix V', we have

K=VV*

All the principal minors of K are of the form det(Dy), where 1 < k < n — 1 and
Dy, is the k x k matrix defined as follows:

21 u ... U
ul Z9 ... U

Dk = .
U

w b ul 2k

Now we state the following lemma.

Lemma 3. Set y1 = y2 = .

= Yn = u® and w = 1. Then, under this
specialization, we have that for <k S
det(Dy,
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Proof. Fory; =ys=...=y, =t=u?and u =1, we have that fori =1,... ,n—1
ut—1 1
e =2
Z W@ = 1) u—+u
Then
det(Dy,) = (1 —u”h). . (2 — u‘;)u2 —(z1—u) ... (zx —u)
us —1
u2/€+2_1
)
—uF+uF 24 Rk
=k+1.

Hence, the following theorem easily follows.

Theorem 4. The matrix obtained from K , under the specialization y; = yo =
o=y, =t=1u? and u =1, is positive definite.

Notice that the substitution y,, = t = u? was necessary in defining our hermitian

form K; the u is exactly the s used by Squier in his substitution t = s2 [7].

Our next step is to present a technical argument that will be needed in the
proof of the main theorem. We will construct a homomorphism that specializes
the indeterminates to complex numbers on the unit circle which are transcenden-
tally independent over Q and located in the neighborhood of 1. (The size of this
neighborhood will depend on n and the homomorphism will then have a trivial

kernel.)

Let f,, be the homomorphism f, : Q[yfl, e ,yfil, u1] — C defined as follows:
fw(u) = Wn, f’w(yl) =w; for i= 17 ,Tl—l and f’u}(q) =4q for qc Qa
where w = (wi,...,wy—1,w,) and w; are complex numbers on the unit circle.

Let f,, also denote the group homomorphism of the respective GL,,_1’s. Then we
immediately have the following lemma.

Lemma 5. The following diagram commutes.

GLo1(Qlyi - gty ™)) —— GLuoa(Qlyi™s - syt w™'))

“| [

*

GLn_l((C) E— GLn_l((C)

Let w;j =a?, i=1,...,n—1, and w, =a, where ais a complex number on

the unit circle. For a = 1, Theorem 4 shows that f,,(K) is positive definite. Indeed,
a can be chosen as a complex number on the unit circle located in a neighborhood
of 1, where the size of the neighborhood depends on n. More precisely, we will
determine for each n the corresponding neighborhood that makes f,,(K) positive
definite. Then we have the following lemma.

Lemma 6. Let a be a compler number on the unit circle. Then % s a
positive real number foi all k = 1,’_2, ...,n—1,14f and only if a lies in the open arc
around 1 bounded by e = and e’ .
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Proof. Writing a as polar coordinates (1, 6), we get

5 a2 -1 (2sin(k+1)0,a)  (2sin(k + 1), a)
) ak(a2 —1)  (1,k0)(2sin6,3)  (2sin6, kO + B)

where o = (k + 1) + 5 +mamand 8 =0+ 5 + mam . Here m; and mq are even
integers and o — k@ — 3 = (m1 — ma)w, where m; — mq is even. It is then easy to
see that S0~ 0 for | < n — 1 if and only if 6 € (==, Z). Hence the proof is

sin 6 n'n

complete. O

Since we have, by Theorem 4, that f,,(det(Dy)) > 0 for a equals to 1, it follows
that there are arcs I and J around a?, a respectively such that f,(det(Dy)) is
positive. According to Lemma 6, I can be chosen as the arc around 1 bounded by

i

e+ and e and J as the arc bounded by e and e . In other words, f,,(K)
is positive definite for w = (w1, ... ,wy), where wy, ... ,wy,—1 € I, w, € Jand I, J
are arcs around a?, a respectively. We can choose wy, . .. ,w, to be transcendentally
independent over Q. It is then easy to see that ker(f,) = 1.

So I have made a choice for w = (w1, ... ,w,) such that

fuw(K) =VV*,
for some nonsingular matrix V' € M,,_1(C) . Consider now the composition map:

Py T GLoa Q... yty u®)
[
GLy-1(C)
Recall that v_n(Ai_jl) =Yj;, where Al-_j1 is the inverse of a generator of P,.

Theorem 7. The complex representation of Py, fu,07,, is conjugate to an ordinary
unitary representation, where %, is the reduced Gassner representation of Py.

Proof. We have shown in Theorem 2 that Y;; MY;; = M, or, Y;; KY;; = K. That
is,

Fu(Yi) fu(K) fu (Y55) = fu ().
Since we have f,(K) = VV*, it follows that
(V™ (V) V)(V ™ fu(Yig)V) " = 1.
If we set
U=V"fu(Yi)V,
then
Uvu* =1.

Hence U*U = I and so U is unitary. O
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4. PROOF OF MAIN THEOREM

Since trace(Y;;) = n — 1, it follows that trace(U) =n — 1, where U is defined in
Theorem 7. U is unitary, then there exists a matrix P such that
P~lUP =D,
where D is a diagonal matrix with the eigenvalues of U as the diagonal entries.
Hence,
n—1
(3) > hi=n—1,
i=1
where the )\;’s are the eigenvalues of U. Being unitary, it has its eigenvalues on the

unit circle. Based on this fact, (3) implies that for i = 1,... ,n — 1, we get

A= 1
It follows that D is the identity matrix and so is U. This immediately implies that
Jw(Yij) = In—1 and so Yj; = I,,_;. O

In the light of the main theorem, we conclude that if we find a nontrivial element
g whose trace under the reduced Gassner representation is n — 1, then g is in the
kernel of this representation. In this case, the reduced Gassner representation of
P,, will not be faithful.

5. THE ANALOGUE OF THE MAIN THEOREM FOR B,

In [7], C. Squier showed that the Burau representation is unitary relative to an
explicitly defined Hermitian form. In other words, there exists a hermitian matrix
J such that UJU* = U, where U is the image of an element of the braid group
under the reduced Burau representation.

A similar argument to that done for the pure braid group shows that special-
izations of the reduced Burau representation are conjugate to ordinary unitary
representations, provided that ¢ is specialized to 1. Then an analogue of the theo-
rem for the pure braid group becomes true for the braid group itself. That is, an
element of the braid group lies in the kernel of the reduced Burau representation if
and only if the trace of its image equals the trace of the identity matrix.

We will show that the hermitian matrix J in [7] is indeed positive definite under
the specialization s = 1, where s% = ¢.

In [7], J is defined as follows:

k
J = (S —+ S_l)I — Z (ea—la + ea-‘,—la)u

a=1

where e;; denotes the matrix whose (4, j) entry is 1 and all of whose other entries
are 0 and s2 =t. (epy1r = 0 and eg; = 0.) Here k is the size of the matrix J.
Namely, for the braid group By, we have that

s+s71 -1 0
J = -1 s+ st -1
0 -1 s+ st

Lemma 8. Let J be the k X k matriz defined as above. Then
52k+2 -1

det(J)=s" 4+ sF72 4 b=t 4 pstTh 2R TR = FED)
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Proof. This can be easily proved by induction on k. O

It is then easy to see that J is positive definite for s = 1. It is also positive
definite for a specialization of the variable s to a complex number on the unit circle
located in the neighborhood of 1, where the size of this neighborhood depends on
n.

Based on Lemma 6 and Lemma 8, we get the following lemma:

Lemma 9. The (n — 1) x (n — 1) matriz J is positive definite if and only if t is
specialized to a complex number z on the unit circle such that z lies in the open arc

- 27

around 1 bounded by e ™= and e ™ .

Proof. Consider s as a complex number on the unit circle whose polar coordinates
are (1,6). It suffices to show that % >0fork=1,2,... , n—1.

By Lemma 6, we get that the above fraction is positive if and only if 6 € (=%, 7).
Since szv =t, it follows that the specialization of ¢ to z lies in the open arc bounded

= i 2mi

by e7» and e . O

Using the same argument done for the pure braid group, we now state our final
conclusion as a corollary of the main theorem. This corollary will be a generalization
of Long and Paton’s result [6].

Corollary 10. An element of the braid group lies in the kernel of the reduced
Burau representation if and only if the trace of its image is equal to that of the
(n—1) x (n — 1) identity matriz.
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