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ABSTRACT. We prove an equivariant version of the Reeb-Thurston stability
theorem for foliations invariant under an action of a discrete group.

Let G be a discrete group and g : M x G — M a right C'-action of G on
a connected C'-manifold M of dimension n without boundary. Let F be a C'-
foliation of codimension k& on M which is invariant under the action of G, i.e. for
any g € G the diffeomorphism § = pu(-,g) of M maps leaves into leaves. We will
write p(z,g9) =z - g.

If L is a leaf of F, the isotropy group of L is the subgroup of G

Gr={geG|L-gCL}.

The action of G restricts to a Cl-action of G on L. The immersion of L into M
induces a continuous injection of the orbit space L/G[, into the orbit space M/G.
If L’ is another leaf of F, the orbit spaces L/Gy and L'/Gp, are either disjoint or
isomorphic over M /G, so F induces a partition of the space M/G. If the action of
G is free and properly discontinuous, the orbit space M/G is a Cl-manifold and
the induced partition is the induced C!-foliation F/G on M/G. In general, the
induced partition of M/G may be seen as a generalized foliation.

The aim of this paper is to prove a version of the Reeb-Thurston stability theorem
[11, 12] for such a generalized foliation. But before we can state the theorem, we
have to formalize the intuitive notion of the transversal part of the action of G.

Let L be a leaf of F and 29 € L. Denote by 7§ (L;xo) the set of pairs (g, 0)
with ¢ € G, and ¢ a homotopy class (with fixed end-points) of a path in L which
starts at xo and ends at g - g. Define an operation in 7 (L;zq) by

(9',0")(g,0) = (9'9.9+(0") 0) |
where §.(0”) o is the concatenation of the homotopy classes o and g.(o’). With this
operation 7§’ (L; o) becomes a group, called the equivariant fundamental group of
L. There is a canonical inclusion incy, : 71 (L; ) — 7§ (L; o) given by incr (o) =
(1,0), and a canonical projection pr; : 7 (L;z0) — G given by pr;(g,0) = g.
The sequence of homomorphisms of groups

7 T
(1) 1 — m(Liwo) =% 78 (Lizo) 25 G — 1
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1562 JANEZ MRCUN

is exact. Note that if xf, is another point of L, then a path in L between z¢ and z,
induces an isomorphism 7 (L; z¢) = 7 (L; z})). Therefore we will write 7 (L) for
the isomorphism class of the equivariant fundamental group of L.

Note that 7{(L) is naturally isomorphic to the fundamental group of the Borel
construction L xg, EGL, where EG[, is a universal G-bundle. This follows from
the facts that the action of Gy on L x EGp, is free and properly discontinuous
and that EG, is contractible. In particular, if G, acts freely and properly discon-
tinuously on L, then the covering projection L — L/Gj, induces an isomorphism
7G(L) = m(L/Gy).

Choose a transversal section T : R¥ — M of (M, F) with T(0) = zo, and let
(g,0) be an element of 7§ (L; z0). Now §. T is a transversal section with (§.7)(0) =
o - g. The holonomy of o relative to the sections 7" and Go.T defines a germ
Hol;, 7,7(c), which is an element of the group Diffo(R*) of germs at 0 € R¥ of
diffeomorphisms f between open neighbourhoods of 0 in R¥ with f(0) = 0. We
define the equivariant holonomy homomorphism of the leaf L with respect to the
transversal section T’

Hol§ : ¥ (L; T(0)) — Diffo(R*)

by Hol$(g,0) = Hol; ,77(c). Note that the restriction of Hol$ on the fundamen-
tal group m1(L; T'(0)) is the usual holonomy homomorphism Holr of L with respect
to T. If T’ is another transversal section with 77(0) € L and ¢ : 7 (L; T(0)) —
7 (L; T7(0)) is the isomorphism induced by a path in L between T'(0) and 77(0),
then the homomorphisms Holg and Holg, ot differ by the conjugation by a canon-
ically determined element of Diffg(RF), i.e. we have a canonical isomorphism
Hol$ 2 Hol$, 1. Therefore we will write

Hol¢ : 7&(L) — Diffo(R¥)

for the isomorphism class of the equivariant holonomy homomorphism of L. The
group Holf (7§ (L)) is called the equivariant holonomy group of L.

Remark. Intuitively, for any g € G the germ Holg (g,0) is the transversal part of
the diffeomorphism ¢ around L, but determined up to the choice of a homotopy
class o of a path from zy to zg - g. In fact, it is only the holonomy class of o
which matters. The geometric picture is particularly clear if the group G has a
fixed point in L, so we can choose zy to be that fixed point. In this case there is a
splitting
5: G — 7(L; o)

of the sequence (1) given by s(g) = (g,1), and 7 (L; z) is a semi-direct product
of Gr and m1(L;x0). In particular, the transversal part of § may be seen as the
germ Hol% (s(g)). In general, since w1 (L; xo) is a normal subgroup of 7€ (L; xo), it
follows that the holonomy group Holy (71 (L;xg)) of L is a normal subgroup of the
equivariant holonomy group Hol$ (7% (L; z)) of L. The quotient

Hol% (& (L; o))/ Holp (1 (L; 20))
is thus the contribution of the action of G to the equivariant holonomy of L.

The subgroup
GﬁL = pr(Ker Hol¥)
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ON THE STABILITY OF EQUIVARIANT FOLIATIONS 1563

of G, does not depend on the choice of a transversal section through the leaf L.
An element g € G, belongs to GﬁL if and only if there exists a homotopy class o of
a path in L from a point x to x - g such that

Hol%(g,0) =1.

With z fixed, the class o is determined uniquely up to holonomy. According to
the previous remark, GnL may be regarded as the subgroup of those elements of G,
which act transversely trivially around L.

The important fact about the group GﬁL is that it canonically acts on the holo-
nomy covering space of the leaf L, i.e. on a covering space of L which corresponds
to the kernel of the holonomy homomorphism of L. Explicitly, if x : L — L is a
holonomy covering projection, we define for any g € GﬁL and y € LF

y-g=o(1),
where ¢ is a path in L with ¢(0) = x(y), ¢(1) = ¢(0) - g such that Hol% (g, [¢]) = 1,
and @ is the unique lift of ¢ in L* with $(0) = y. Here [p] denotes the homotopy
class of the path ¢. Since such a path is uniquely determined up to holonomy,
the definition makes sense. It gives a right C'-action of GﬁL on L such that y is
equivariant. Hence x induces a continuous map x¢ : L /G4 — L/Gy.

We say that the action of G is leafwise separated if the orbit space Lﬁ/GﬁL is
Hausdorff, for any leaf L of F.

The action of G is equivariantly transversely orientable around a leaf L of F
if all the germs in Hol§ (x& (L)) preserve the orientation of R¥. Note that if F
is transversely orientable and g € G, then all the germs in Hol¥ (pr;'(g)) either
preserve or invert the orientation of RF.

Example 1. (1) Let p : M — N be a submersion between connected (not neces-
sarily Hausdorff) C''-manifolds without boundary, and let F be the foliation on M
induced by p. Further assume that we have a C'-action of a discrete group G on
M such that
p(z-g) = p(x)

for any x € M and g € G. Since the leaves of F are the connected components
of the fibers of p, the foliation F is invariant under the action of G. If L is a leaf
of F, it is clear that both the holonomy group and also the equivariant holonomy
group of L are trivial. Thus L! = L and GﬁL = (1. In particular, the action of G is
leafwise separated if and only if the orbit spaces of the leaves of F are Hausdorff.

Denote by ¢ : M — M/G the quotient projection. The submersion p induces a
continuous map pg : M/G — N with p = pgoq. Let y € p(M). The restriction

dlp-1(p) P (y) — p5' (¥)

is an open surjection. Since p is a submersion, the fiber p~!(y) is locally connected,
and hence so is the fiber p;'(y). This implies that if L is a leaf of F then ¢(L) is
a connected component of the corresponding fiber of pg. Moreover, the restriction
qlr : L — ¢(L) is open, hence ¢(L) = L/Gr. In other words, the orbit spaces of
the leaves of F are isomorphic with the connected components of the fibers of p¢.

(2) Let M = R?\ {0} and let F be given by the submersion p = pr, : M — R.
Take G = Z and define a properly discontinuous free action of G on M by

(z,y) - g = (e?2,e%)
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1564 JANEZ MRCUN

for any (z,y) € M and g € G. The foliation F is invariant under this action.
The induced foliation F/G on the orbit space M/G = T? has exactly two compact
leaves. Any other leaf of /G has both the compact leaves in its closure.

Any leaf of F has trivial fundamental group and trivial holonomy. Also, any
leaf L of F with 0 ¢ p(L) has trivial isotropy group, therefore trivial equivariant
fundamental group and trivial equivariant holonomy group. Now let L be the
leaf {(x,0)|z > 0} of F. The isotropy group of L is clearly all G, and also
the equivariant fundamental group and the equivariant holonomy group of L are
isomorphic with Z.

This example shows that we cannot expect a stability theorem without assuming
that the equivariant holonomy group of a leaf with compact orbit space is finite.

Let us now state our first theorem which expresses an equivariant version of the
Reeb stability [11]:

Theorem 2. Let F be a C'-foliation on a connected C'-manifold M without
boundary, invariant under a leafwise separated C'-action of a discrete group G
on M. Let L be a leaf of F such that

(i) the orbit space of L is compact, and
(ii) the equivariant holonomy group of L is finite.

Then for any G-saturated open neighbourhood of L there exists a smaller G-saturated
open neighbourhood of L which is a union of leaves of F with compact orbit spaces.

Remark. In the case G = 1 this theorem expresses the simplest version of the Reeb
stability theorem: a compact leaf with finite holonomy group has a neighbourhood
of compact leaves. The Reeb stability theorem also says that the foliation around
a compact leaf L with finite holonomy group is that of a foliated bundle with the
holonomy group of L as the structure group. However, the equivariant analog of
this fact is not true: see Example 6 (1).

For the proof, one may try to use a suspension M X¢g (2, where Q would be a
manifold with a properly discontinuous free G-action. If the equivariant holonomy
group of a leaf L of F is finite, the holonomy group of the corresponding leaf of
the foliation on M Xg € would be finite. Yet, the corresponding leaf would in
general not be compact, so one cannot apply the classical Reeb stability theorem
to this case. Instead, we shall rather use the principal bundle associated to F. The
starting point of the proof is an observation that the action of G on M lifts to an
action on the principal bundle such that the bundle becomes equivariant. With
this, we will be able to reduce the proof to the special case where the foliation is
given by a submersion as in Example 1 (1). We shall thus first prove the theorem
for this special case:

Lemma 3. Let p : M — N be a submersion between connected (not necessarily
Hausdorff) C*-manifolds without boundary, and let F be the foliation on M induced
by p. Let M be equipped with a C'-action of a discrete group G such that

p(z-g) =p(x)

for any x € M and g € G. Then F is invariant under this action, the equivariant
holonomy group of any leaf of F is trivial, and the action of G is leafwise separated
if and only if the orbit spaces of the leaves of F are Hausdorff.
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ON THE STABILITY OF EQUIVARIANT FOLIATIONS 1565

If the action of G is leafwise separated and L is a leaf of F with compact orbit
space, then for any G-invariant open neighbourhood of L there exists a smaller G-
invariant open neighbourhood of L which is a union of leaves of F with compact
orbit spaces.

Proof. The first part of the lemma is just a restatement of Example 1 (1).

For the second part, we can assume without loss of generality that N = R*. Let
L be a leaf with compact orbit space and V' an open G-invariant neighbourhood of
L. Denote by q : M — M/G the quotient projection and by pg : M/G — RF the
map induced by p as in Example 1 (1). Let » € R¥ be the point with L € p~!(r).
Since the map q is open and the fiber pal(r) is locally connected, we can choose an
open neighbourhood W of ¢(L) such that W C ¢(V)) and W N pg;'(r) = q(L). By
Example 1 (1) we have ¢(L) = L/Gp, hence ¢(L) is compact. Since M is locally
compact, so is M/G, therefore we can choose a compact neighbourhood K of the
compact ¢(L) in M/G with K C W.

Now R = K \ Int(K) is compact and RN q(L) = 0, thus pg(R) is closed and
r & pc(R). Then S = p;' (N \ pe(R)) NInt(K) is an open neighbourhood of ¢(L)
and U = ¢~ 1(S) C V is an open G-invariant neighbourhood of L.

Let L’ be a leaf of F which intersects U. Therefore ¢(L’) intersects Int(K) but
not R. Denote

D=ql')ynInt(K)=q(L'YNK #0 .

Observe first that D is open in ¢(L'). By Example 1 (1), ¢(L’) is closed in M/G
and therefore D is closed in the compact K. Thus D is compact. But since the
action is leafwise separated, the space ¢(L') =2 L'/G, is Hausdorff, so D is closed
in ¢(L'). Finally, since ¢(L') is connected, we have D = ¢(L’), or in other words,
L'cU. O

Remark. The condition that the action is leafwise separated is a necessary one. For
example, take M = R?\ {0}, and let p be the second projection. Define an action
of Z on M along the fibers of p to be generated by the C!-diffeomorphism

1(z,y) = (z + sin2(;y)’ ).

The orbit spaces of the leaves in p~1(0) are S!, but all the other leaves have non-
compact non-Hausdorff orbit spaces.

Proof of Theorem 2. Let n be the dimension of M and k& the codimension of F.
Denote by I'* the Haefliger C''-groupoid [6] of germs of C'!-diffeomorphisms between
open subsets of R*. The space of objects of I'* is R¥, the space of morphisms
(denoted also by T'*) is a non-Hausdorff C''-manifold and the domain and the
codomain maps dom, cod : I'* — R* are local diffeomorphisms. Let (U;, ¢;)ics be
the maximal atlas for F. For any i € I and g € G, the pair (§(U;), ¢; - g~ 1) is also
a chart for F, hence there exists a unique i - g € I such that

(G(U:), i 09 ") = (Usng, big) -

For any i € I write ¢; = (a;,b;) : U; — R"* @ RF. For any = € U; N U; there
exists an open neighbourhood W C U; NU; of x for which the diffeomorphism
Oi o gbj_1|¢,j(w) projects to a diffeomorphism h; ; : b;(W) — b;(W). The germ

Cij (ZE) = germy, (o) h@j S rk
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does not depend on the choice of W. The maps b; and ¢; ; form a I'k-cocycle on
the open cover (U;);er of M which represents F [2, 6, §].

Let E = (E,p,w) be the principal T'*-bundle over M associated to this cocycle
[2, 6, 8]. We will give the construction of F explicitly to fix the notation and for
convenience of the reader. The space F is the quotient of the subspace

52{(7,x,i)|76f‘k,iELxEUi, dom~y = b;(z) }

of Tk x M x I by identifying (v, x,i) with (yoc; j(x),2,5) for any v € TF i, j € T
and z € U; N U; with dom~y = b;(z). Denote by [, x, ] the equivalence class of an
element (v, z,4) of £ The structure maps w : £ — M and p : E — R* are given
by w([ry, z,i]) =  and p([ry, z,i]) = cody. The left action of I'* on E with respect
to p is given by
’7/ : ['77 €, Z] = [7/0 Y5 X, 7’]
for any 4/ € T* and [y, z,4] € E with dom~’ = p([y, ,i]). This bundle is principal,
so in particular for any e, e’ € E with w(e) = w(e’) there exists a unique v € I'*
such that dom~y = p(e) and - e = €¢’. The space E is a C'-manifold so that w is a
surjective local diffeomorphism and p is a submersion.
The action of G on M lifts to a right C'-action of G on E by

v,z -g=[v,2-g,i9g]
for any [v,z,i] € E and g € G. Note that v- (e-g) = (v-e) - g and p(e - g) = p(e)
for any v € T¥, e € E and g € G with dom~y = p(e). The local diffeomorphism w
is equivariant and thus induces a continuous map wg : E/G — M/G.

Since p is a submersion, it induces a foliation F* on E. Let L' be a leaf of F.
By construction of E it follows that the set w(L’*) is the underlying set of a leaf L’
of F, and the restriction x’' = w|s : L'* — L’ is a holonomy covering projection.
Let e € L'* and z = xX'(e) € L'. We can choose i € I with x € U;, ¢;(x) = 0 and
#:(U;) = R*. Then e = [y, z,1i] for a unique v € I'*. The map T : R¥ — U; ¢ M
given by T(r) = ¢; '(0,7) is a transversal section of (M, F) with T(0) = x. Now
let g € Gr/, let ¢ be a path in L’ from x to x - g, and let ¢ be the unique lift of ¢
in L'* such that 3(0) = e. By construction of E it follows that

G(1) = [yoHoly !y r([¢]), 2 - g, - g] = [y o Holy !y p([]) 2,d] - g

and therefore, by the definition of the equivariant holonomy homomorphism, we

get

(2) (voHolF (g, [¢]) e7v™") - p(1) =€ g.

This equation is the key to our result. First we will show that it implies
(3) GﬁLl = GL/ﬁ .

Ifge GﬂL,, there exists a path ¢ in L’ from z to « - g such that Hol% (g, [¢]) = 1.
Therefore by the equation (2) we have e- g € L'ﬁ, so g € Gr.i. Conversely, if
g € G there exists a path ¢ in L' from e to e - ¢ and thus the equation (2) gives
(voHol$ (g, [wo@]) ey~ !) - e = e. Since E is principal, we have Hol$ (g, [wo@]) =1
and hence g € GﬁL,.

The equation (2) shows also that the action of G+ on L'* is precisely the
canonical action of GﬂL, = G+ on the holonomy covering space L’  of L'. Since

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON THE STABILITY OF EQUIVARIANT FOLIATIONS 1567

the equation (3) yields L’ﬁ/GnL, = L'*/G.:, the assumption that the action of G
on M is leafwise separated implies that the action of G on F is leafwise separated.
Now choose zg € L and ey € w™ (), and let L* be the leaf of F* with eq € L.
Hence w(L!) is the underlying set of L and x = w|.s : L! — L is a holonomy
covering projection. As before, choose ig € I with zg € U, ¢i,(z0) = 0 and
i, (Us,) = R¥, write eg = [0, %0, 0] and define T': R* — M by T(r) = ¢;.' (0, ).
The subspace L* - G of E is topologically a disjoint union of |G : G| copies
of L!. Denote by x - G : L - G — L the restriction of w on L* - G. The
group G, acts on Lf - G and L, and the map x - G is an equivariant covering
projection. The equation (2) now implies that the left action of the finite group
Yo - HolG (7§ (L; 20)) 075 * on L¥ - Gy, is transitive along the fibers of the covering
projection x - G. Since x - G is equivariant, it induces an open surjection

x¢: LG =2 L - GL/G, — L/GL .

The action of vg » HolS (75 (L; 0)) o7 * on Lf-Gp, induces an action on L/Gy, which
is transitive along the fibers of x&. Since the group 7 - Hol% (78 (L;20)) oo ' is
finite and the orbit space L /G, is compact, this implies that the orbit space L*/G
of the leaf Lf of F* is compact as well.

Let V be an open G-invariant neighbourhood of L in M. Then w=!(V) is an
open G-invariant neighbourhood of L# in E. We can now apply Lemma 3 to find
an open G-invariant neighbourhood U* C w™(V) of L* in E which is a union of
leaves of F# with compact orbit spaces. Now U = w(U*) C V is an open G-invariant
neighbourhood of L in M which is a union of leaves of F since w maps the leaves
of F! into the leaves of F. If L’ C U is a leaf of F, there is a leaf L'"* c Ut of Ft
such that w(L'?) is the underlying set of L’. The restriction X' = w|, s : L'* — L’
is equivariant and induces an open surjection

XIG : L/ﬁ/GL/u — LI/GL/ .

Since any leaf of F* has compact orbit space, L’ ! /G is compact and hence the
orbit space L'/Gp, of L' is compact as well. |

Remark. The proof works also in the C%-case. Note that the proof also shows that
for any foliation F of codimension k on M which is invariant under a C*-action of
a group G on M there exists a (possibly non-Hausdorff) C''-manifold E equipped
with a C'-action G along the fibers of a submersion p : £ — R* (i.e. E has a
“simple” equivariant foliation of the form described in Lemma 3), and a surjective
G-equivariant local diffeomorphism w : E — M which maps the leaves of p to the
leaves of F. Moreover, the map w restricted to a leaf of p is the holonomy cover of
the corresponding image leaf of F.

Let us illustrate Theorem 2 on a simple example.

Example 4. Let M = R x S, where S = {z € C||z| = 1}, and let F be the
foliation on M given by the submersion p = pry : M — S*. Let G = Z @ Z, let
a € R\ Q, and define an action of G on M by

(Tv Z) ’ (ga g/) = (T + 9, e271-iocg’z)
for any (r,z) € M and (g,¢’) € G. The foliation F is invariant under this action.

If L is a leaf of F, we have G, = 7 (L) = Z, but the equivariant holonomy group
of L is trivial. The group G acts freely and properly discontinuously on L and
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the orbit space of L is homeomorphic with S!, so the action is leafwise separated.
Thus the conditions of Theorem 2 are satisfied.

Our second theorem gives an equivariant version of the Thurston generalization
[12] of the Reeb stability theorem for foliations of codimension one:

Theorem 5. Let F be a C'-foliation of codimension 1 on a connected C*-manifold
M without boundary, invariant under o leafwise separated C'-action of a discrete
group G on M. Let L be a leaf of F with finitely generated equivariant fundamental
group such that

(i) the action of G is equivariantly transversely orientable around L,

(i) the orbit space of L is compact, and

(iil) the first equivariant cohomology group of L with coefficients in R is trivial.
Then the equivariant holonomy group of L is trivial, and for any G-saturated open
neighbourhood of L there exists a smaller G-saturated open mneighbourhood of L
which is a union of leaves of F with compact orbit spaces.

Remark. By definition, the first equivariant cohomology group HéL (L;R) is the
first ordinary cohomology group of the space L x ¢, EGL, where EG[, is a universal
Gr-bundle [1]. Since 7 (L) = 71 (L x g, EGL), the Hurewicz formula implies that
the condition (iii) is equivalent to the condition

Hom(7%(L),R) = {0} .
In particular, the exact sequence (1) yields that if the first ordinary cohomology
group H'(L; R) is trivial and Hom(Gp,R) = {0} then the condition (iii) is satis-
fied. Next note that if 71 (L) and G|, are finitely generated, then the equivariant
fundamental group 7{*(L) is also finitely generated.

Proof. Choose z¢ € L and a transversal section T : R¥ — M such that T'(0) = .
For any « € Diffg(R) denote by d(y) € R* = R\ {0} the differential of v at 0 € R.
This gives a homomorphism of groups d : Diffy(R) — R*. We have the sequence
of homomorphisms of groups

79(Ls 20) "% Difto(R) -5 R* %5/ R .
Now by the assumption (iii) it follows that the composition of these three homo-
morphisms is trivial, so the assumption (i) implies that also doHOlg is trivial.
Since 7{(L; o) is finitely generated and Hom(n{(L;zo), R) = {0}, the argument
of Thurston [12] shows that triviality of d . Hol$ yields that Hol$ is trivial. We can
now apply Theorem 2. O

Example 6. (1) Let n > 2 and denote by M,, the smooth manifold of n x n-
matrices over R. Consider the determinant map det : M,, — R. This map is a
submersion with connected fibers on the open submanifold of M,,

M={AeM,|dimKerA<1}.

Hence the fibers of the determinant map are the leaves of a foliation F on M. We
will denote by Lg the fiber over 0. We have M = GL,(R) U Lo, where GL,(R) is
open, but not closed in M.

Now take G to be the group SL,(R) of matrices in M,, with determinant 1.
The group G acts smoothly on M by

A-g=g14, AeM,geG.
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This action is along the fibers of the determinant map. In particular,
M/G=GL,(R)/GULy/G=R*ULy/G .

The kernel map Ker : Ly — RP,,_; is a surjective submersion and Ker A-g = Ker A
for any A € Ly and g € G. Therefore Ker factors as

fZLo/G—>RPn_1.

Since for any A, B € Ly with Ker A = Ker B one can find a matrix g € G such that
gA = B, the map f is a homeomorphism. In particular, Lo/G is compact.

The orbit spaces of the leaves of F which lie in GL,(R) are the points in R*,
and the orbit space of Ly is homeomorphic to RP,_;. The space L/G is not open
in M/G. This example satisfies the conditions of Lemma 3.

(2) Let N be a connected C!-manifold without boundary. A family (f))xea of
C'-diffeomorphisms of N has a compact filling if there exists a compact set K C N
such that

e o fI)(E) [k > 1, ni€Z, A €A} =N

Observe that (f)xea has a compact filling if and only if the quotient space N/G 4,
is compact, where Gy, is the group of diffeomorphisms of N generated by (fx)xea-
The family (fx)aea is separated if the space of orbits N/G |y, is separated.

A Cl-perturbation of a family (fy)aea of Cl-diffeomorphisms of N is a family
of C'-maps

(@)\ : (—8,8) X N — N)keA
such that ©% = ©,(¢t, -) is a C'-diffeomorphism and O = f,, for any A € A
and ¢t € (—e,e). The perturbation (©x)xea is separated if the family (©%)aea is
separated, for any ¢t € (—¢,¢€).

Assume that (O))xea is a separated Cl-perturbation of a family (fy)aea of
C-diffeomorphisms of N with a compact filling. Let M = (—¢,e) x N and let F
be the foliation of codimension one on M given by the submersion pr;. For any
A, we have a C'-diffeomorphism 3y of M, given by B\ (t,x) = (t,0x(t,z)), which
preserves F. Let G be the group of diffeomorphisms of M generated by (8x)xea-
This action is leafwise separated since the perturbation is separated. Observe that a
leaf Ly = prl_l(t) has compact orbit space for the action of G precisely if the family
(©%)aren has a compact filling. Lemma 3 now implies that there exists 0 < § < e
such that for any |¢| < &, the family

(©5)rea

has a compact filling.
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