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ABSTRACT. In this paper we prove a local weighted integral inequality for
conjugate A-harmonic tensors similar to the Hardy and Littlewood integral
inequality for conjugate harmonic functions. Then by using the local weighted
integral inequality, we prove a global weighted integral inequality for conjugate
A-harmonic tensors in John domains.

1. INTRODUCTION AND NOTATION

Conjugate harmonic functions have wide applications in many fields, such as
potential theory, harmonic analysis and the theory of HP-spaces. Conjugate A-
harmonic tensors are interesting and important generalizations of conjugate har-
monic functions and p-harmonic functions, p > 1. Many interesting results of
conjugate A-harmonic tensors and their applications in fields such as quasiregular
mappings and the theory of elasticity have been found recently, see [N3], [I], [IM],
[S], [B] and [BM]. In this paper, we prove local weighted inequalities and global
weighted integral inequalities for conjugate A-harmonic tensors in John domains.

Let e1,e9, -, e, denote the standard unit basis of R™. For I =0,1,--- ,n, the
linear space of [-vectors, spanned by the exterior products ey = e;, Aej, A--- ey,
corresponding to all ordered I-tuples I = (i1, 42, - ,4;), 1 < i3 <iz <--- < i < n,

is denoted by Al = Al(R™). The Grassmann algebra A = ®A! is a graded algebra
with respect to the exterior products. For a = EO{IGI € Nand 3 = ZﬁIeI €N,
the inner product in A is given by

<a7ﬁ> = Zalﬂl

with summation over all I-tuples I = (41,142, - ,%;) and all integers { =0,1,--- ,n.
We define the Hodge star operator x: A — A by the rule

xl=eiNeaN---Nep, and aAxfB =B Axa= (a,F)(x1)

for all a, B € A.

Hence the norm of a € A is given by the formula |a|? = {a,a) = x(a A xa) €
AY = R. The Hodge star is an isometric isomorphism on A with x : Al — A"~
and % (—=1)H7=0 o AL AL
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Throughout this paper, we always assume 2 is a connected open subset of R™.
We write R = R!'. Cubes or balls are denoted by @ and ¢@ is the cube or ball
with the same center as @ and with diam(cQ) = odiam(Q). The n-dimensional
Lebesgue measure of a set E C R™ is denoted by |E|. Suppose that w € L], (R"),
w > 0 a.e., and 0 < p < co. We denote the weighted LP-norm of a measurable

function f over E by
1/p
[ fllp,Bw = </E |f(a:)|”w(:z:)da:> )

A differential I-form w on § is a Schwartz distribution on Q with values in A/(R").
We denote the space of differential I-forms by D’(Q, A!). We write LP(2, Al) for
the I-forms w(x) = Y, wr(z)der = > wiyiye..iy (@)dxi, Adai, A--- Adxg, with wr €
LP(Q, R) for all ordered I-tuples I. Thus LP(Q, A!) is a Banach space with norm

|wma:(éhmmwﬂuﬂz(LQ]w@WVﬂm>w
1

Similarly, W, (€, A!) are those differential I-forms on 2 whose coefficients are in
W, (Q,R). The notations Wpl,loc(Q7 R) and Wpl,loc(Q7 Al) are self-explanatory. We
denote the exterior derivative by d : D'(Q,Al) — D'(Q,A*Y) forl=0,1,--- ,n.
Its formal adjoint operator d* : D'(Q, A1) — D'(Q,A!) is given by d* =
(—1)™"*lsdx  on D'(QAF) 1=0,1,---,n.

Definition 1.1. We call u a p-harmonic function if u satisfies the p-harmonic equa-
tion

(1.2) div(Vu|Vul[P~2) =0

with p > 1. Its conjugate in the plane is a g-harmonic function v, p~! + ¢~! = 1,
which satisfies

ov Ov
VulVulP™? = (=, ——).
Note that if p = ¢ = 2, we get the usual conjugate harmonic funtions. If
w : Q — Al then the value of w(z) at the vectors &, -+ ,& € R™ will be denoted

by w(x; &1, ,&). The following lemma appears in [IL].

Lemma 1.3. Let @ C R" be a cube. To each y € Q there corresponds a linear
operator K, : C°°(Q,A) — C°°(Q,A!"1) defined by

1
(Kyw)(ajaflv e 7§l) = / tl_lw(t:c + y— ty? T — ya€17 T 7§l—1)dt
0
and the decomposition
w = d(Kyw) + K,(dw).

We define another linear operator T : C°°(Q, Al) — C°°(Q, AlI™1) by averaging
K, over points y in @)

(1.4) %w=éw@Kw@,
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where ¢ € C§°(Q) is normalized by fQ p(y)dy = 1. We define the [-form wg €
D'(Q,N') by

(1.5) wo = |Q|_1/ w(y)dy, 1=0, and wg =d(Tow), 1=1,2,---,n,
Q

for allw € LP(Q,A!), 1 < p < c0.

In recent years there has been new interest developed in the study of the A-
harmonic equation for differential forms, largely pertaining to applications in
quasiconformal analysis and nonlinear elasticity, that is:

(1.6) d*A(z,dw) =0,
where 4 : Q x Al(R™) — Al(R™) satisfies the following conditions:
(1.7) [A(2, )] < al¢P™" and (A(,€),€) > [¢

for almost every = € Q and all ¢ € A/(R"™). Here a > 0 is a constant and 1 < p < oo
is a fixed exponent associated with (1.6). A solution to (1.6) is an element of the
Sobolev space W;loc(Q, A1) such that

/(A(;v,dw)7dgo> =0
Q

for all ¢ € W} (Q, A'™1) with compact support.
In order to formulate the Hardy-Littlewood type estimate it is required first of
all that the equation is written in the form of a first order differential system:

(1.8) Az, du) = d*v .

In this way we obtain a pair (u,v) of (I — 1)-form v and (I + 1)-form v, called
the conjugate A-harmonic fields. Example: du = d*v is an analogue of a Cauchy-
Riemann system in R"™. Clearly, the A-harmonic equation is not affected by adding
a closed form to u and coclosed form to v. Therefore, any type of estimates between
u and v must be modulo such forms. Suppose that u is a solution to (1.6) in
Q). Then by Poincaré’s lemma, at least locally in a ball B, there exists a form
ve W (B,A), %—i— % =1, such that (1.8) holds.

Definition 1.9. When u and v satisfy (1.8) in 2, and A~! exists in €, we call u
and v conjugate A-harmonic tensors in Q.

Hardy and Littlewood in [HL] proved the following result.

Theorem A. For each p > 0, there is a constant C' such that

/ |u — u(0)[Pdady < C/ [v —v(0)[Pdxdy
D D
for all analytic functions f = u + iv in the unit disk D.

Craig A. Nolder proves the similar results about K-quasiregular mappings in
[N1] and [N2]. Recently, Craig A. Nolder generalized the above result and proved
the following important Theorem B and Theorem C about conjugate A-harmonic
tensors [N3].
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Theorem B. Let u and v be conjugate A-harmonic tensors in @ C R", o > 1,
and 0 < s,t < co. Then there exists a constant C, independent of u and v, such
that

(1.10) llu — ugllsi@ < CIQPIlv — ea||VF,
and
llv = vgllt.q < ClQI™PP/9|ju — co P2,

for all cubes Q with cQ C Q. Here ¢y is any form in W;loc(Q,A) with d*c; = 0,

ca is any form in W) ,,.(Q,A) with deg = 0 and 3 =1/s+1/n— (1/t +1/n)q/p.
Theorem C. Let u € Dl(Q, A% and v € Dl(Q,AQ) be conjugate A-harmonic ten-
sors and 0 < s,t < oo. If Q is a §-John domain, ¢ < p, v —c € L*(Q, A?) and

npt
nq +t(q — p)
then u € L*(Q, A°) and moreover, there exists a constant C, independent of u and
v, such that
(1.12) | u—ugq, |

Here c is any form in qu)loc(Q,A) with d*c = 0.

(1.11) s=®(t) = , 0<t< oo,

sa < Clo—c|¥®

Our main results Theorem 2.4 and Theorem 3.4 generalize (1.10) and (1.12),
respectively.

2. THE LOCAL WEIGHTED INTEGRAL INEQUALITY
We will use the following generalized Holder’s inequality.

Lemma 2.1. Let 0 < a < 00, 0 < 3 < o0 and s~' = a1 + 371 If f and g are
measurable functions on R™, then

I fgllse<ll fllaq-llg]

8,9
for any Q@ C R™.

The following definition appears in [G].

Definition 2.2. We say the weight w(x) > 0 satisfies the A, condition, r > 1,
write w € A, if

1 1 P\ T
sgp <@/dex) (@/Q <E> da:) < 00

for any cube @ C R™.
We also need the following lemma [G].

Lemma 2.3. Ifw € A, r > 1, then there exist constants 3 > 1 and C, indepen-
dent of w, such that

lwlig< Clal "8 || w 1o
for all cubes @ C R™.

Now, we can prove the following local weighted result.
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Theorem 2.4. Letu and v be conjugate A-harmonic tensors in a domain Q C R™
and w € A,. Let s = ®(t) be defined by (1.11). Then there exists a constant C,
independent of u and v, such that

1/s a/pt
(2.5) (/ |u — uQ|Swd$> <C </ v — cltwpt/qux>
Q cQ

for all cubes Q with cQ C Q C R™ and 0 > 1. Here ¢ is any form in W;JOC(Q,A)
with d*c = 0.

Proof. By Lemma 2.3, there exist constants a > 1 and C1, independent of w, such
that

(2.6) lw aoe< C11QIM ™ | w |10 -
Since 1/as + (o — 1)/as = 1/s, then by Lemma 2.1, we have

1
(2.7) | u—uqllsQuw < |w ”a{SQ u—uq ||as/(a—1), Q -

By Theorem B, there is a constant C5, independent of u and v, such that for any
t’ > 0, we have

(2'8) ” U —uQ HaS/(a—l), Q < CZ|Q|6 : H v—c ”?’/f)aQ )

where ' = (@ — 1)/as + 1/n — (1/t' + 1/n)q/p. Combining (2.7) and (2.8), we
obtain

' 1
(29) lu=uglsguw < Gl wllg llv=clioq -
Now, choose t' = t/k, where k is to be determined later, and note |v — ¢| =

w™P/% |y — ¢|wP/?*; by Lemma 2.1, we get

1/t
S 1 S

@10) To=cle oo <Oy, o - (f lo=dtwr/mar)

From (2.6), (2.9) and (2.10) we have

’ —a)/as 1/s

| w = ug lls.guws<Csl@IP T || w |12,

(2.11) 1 q/pt
PN, o (o= elwmias)

We choose k = 1 + pt(r — 1)/gs. Then (k — 1)gs/pt =r — 1, and by w € A,, we
know
(2.12)

1/s 1 S t
lw g 1P 1 g

1/(r—1 r—1
= loQptt | o [ wde o (l> R
|UQ| oQ |UQ| oQ w

<0y |Q|1/5+(k—1)¢1/Pt ]
By (2.11) and (2.12), we have

1/s

q/pt
2.13 u—ug |ls.00< Cs Q|7 v — c|twP % 4y ,
Q lls,Q,

Q
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where v = '+ (1 —a)/as+1/s+ q(k — 1)/pt = —(ng + t(q — p))/npt + 1/s = 0
by (1.11). So (2.13) becomes

q/pt
) u—ug ||S7Q7w<c(/ |v—c|tww/q5dx) ,
oQ

1/s a/pt
(/ |u — uQ|Swdx> <C </ v — c|twpt/qsdx> .
Q oQ

We have completed the proof of Theorem 2.4. O

that is,

3. THE GLOBAL WEIGHTED INTEGRAL INEQUALITY

Definition 3.1. We call 2, a proper subdomain of R”, a 6-John domain, 6 > 0, if
there exists a point xg € (2 which can be joined with any other point x € € by a
continuous curve v C 2 so that

d(§,09) > 8|z — ¢
for each ¢ € 7. Here d(&,0Q) is the Euclidean distance between & and 99).
We know that a 6-John domain has the following properties [N3].

Lemma 3.2. Let Q C R"™ be a 6-John domain. Then there exists a covering V of
Q consisting of open cubes such that:

1) Xgev Xo@(x) < Nxa(z), = eR™
ii) There is a distinguished cube Qo € V (called the central cube) which can be
connected with every cube Q € V by a chain of cubes Qo,Q1, - ,Qr = Q from V
such that for each i =0,1,--- |k —1,
Q C NQ;.
There is a cube R; C R™ (this cube does not need be a member of V) such that
R CQiNQi+1, and Q;UQiy1 C NR; .

The following lemma appears in [IN].

Lemma 3.3. IfV is a collection of cubes in R™ and Cq are non-negative numbers
associated with the cubes Q € V and w € A,, du(z) = w(z)dz, then for 1 < p < oo
and N > 1 we have

1/p 1/p
| (X coxardu | <8 | [ (X Corxalnt@ |
R™ Qev R™ Qev
where B, is independent of the collection V and the numbers Cg.
Theorem 3.4. Let u € D' (Q,A%) and v € D'(,A2) be conjugate A-harmonic

tensors. Let ¢ < p, v—c € L}(Q,A?), w € A, and s = ®(t) is defined in (1.11).
Then there exists a constant C, independent of u and v, such that

1/s q/pt
(/ |u — uQO|Swda:> <C (/ v — c|twpt/q5dx)
Q Q

for any 6-John domain Q C R™. Here c is any form in qu)loc(Q,A) with d*c =0
and Qo C Q) is the cube appearing in Lemma 3.2.
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Proof. Since w € A,, we can write du(z) = w(z)dz; then (2.5) can be written as

qs/pt
(3.5) / lu — ugl®du(x) < C (/ lv— c|tw”t/q5dw) .
Q oQ

We use the notations and the covering V described in the above Lemma 3.2 and
the properties of the measure du(x) = w(z)dx: if w € A,, then

(3.6) u(NQ) < MN™ 1(Q)
for each cube @ with NQ C R™ (see [G]) and
(3.7) max (p(Qi), 1(Qir1)) < MN""p(Qi N Qit1)

for the sequence of cubes @, @Qi+1,9 = 0,1, -+ ,k — 1 described in ii). We will use
the elementary inequality |a + b|® < 2°(|a|® + |b|®) for all s > 0. In particular we
have
(3.8)

[ 1w ugpwde = | fu =gy *dufa)
Q Q
<2° Z /Q lu — ugl®dp(x) + 2° Z /Q lug, — ug|®du(x).

Qev Qev
The first sum can be estimated by (3.5) and the condition i):

qs/pt
Z / lu —ugl®du(x) < Cq Z (/ lv — c|tw”t/q5dw)
Q oQ

(39) QeV QEY

qs/pt
<CyN (/ v — c|twpt/qsd:1c> .
Q

Now we estimate the second sum in (3.8). Fix a cube @ € V and let Qo, @1, - ,
Qr = Q be the chain from ii). We have

k—1

(310) |uQ0 - uQ' < Z |uQ7: —UQi 41 |
i=0
From (3.5) and (3.7) we have
Tond)
uQ, —UQ, 4 |° = —F—7— uQ, — uQ, . |°du(x
| Q Q +1| ﬂ(Qz n Qi—i—l) Q@i | Q Q +1| ( )
MNTLT‘ /
< g, — gy, dpu(z)
max (p(Qi), 1(Qi+1)) QiNQiy1 @ Qi
i+1 1
<Gy —/ |u —uq,|*du(z)
; #(Qj) Q; !
i+l 1 qs/pt
<(C3)» —— / lv — c|twPt/9 dx
; M(QJ) ( oQ;
Since Q C NQ; for j =14,i+1,0 <i <k —1 (see ii)), we have
i+l N (z) qs/pt
s NQ; t t/qs
ug, — 0 xol@) < Ca 3 [ o i)
o ~vanle@ =€ TG [,
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By (3.10) we have (note |a + b|'/* < 2V/5(|a|'* + |b]1/*))

1/s
1 qs/pt
lug, — uglxg(x) < Cy Z <m (/R v — c|twpt/qsdx) ) -x~Nr(Z)

ReV
for every x € R". Hence

(3.11)

/ g, — uql*du(x)
QeV

SIS (ﬁ (f R|v_c|twpt/q5dz>qs/pt>USXNR(a:) ).

ReV
If 0 < s <1, we use the inequality | > t|° <> |tal®, (3.6) and the condition i) to
get

,u as/pt
> / lug, — ugl|*du(x) < Cs ) (/ |U—C|twpt/qsd;1;)
R

Qev ReV
qs/pt
< Cr Z (/ lv — c|tw”t/q5dw) :
Rey Vo

Note gs/pt > 1 and Y 2 < (D t,)? for p > 1 and ¢, > 0; then

as/pt
S | uaw —waldute) < - ( [ 10— dtu/eoxontoa

QeV ReV

qs/pt
(/ K ) )
(3.12)

ReV

qs/pt
< Cy (/ v — c|twpt/qSNXQ(a:)dx>
Q
qs/pt
< Cy (/ lv — c|tw”t/q5dw) :
Q

Combining (3.8), (3.9) and (3.12), we have proved our theorem for the case 0 <
s <1.
For the case 1 < s < 0o, by (3.11) and Lemma 3.3, we have

|uo_u|d()
Q;}/ 00 — gl du(s

S

<o > (fm ([ 1o dtwiras) /> " @) o)

> xr(@) < xor(®) < Nxal)

ReV ReV

Note
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: . . N 1N :
with the elementary inequality | Y, ¢;|* < N*713°.7 . [t;]%; we obtain

3 /Q gy — ol*du(z)

Qev
1 qs/pt
< Co / D ® ( / |v—c|twpt/q8dx) xr(@) | dp(x)
(3 13) " REVM oR

qs/pt
=Cho Z </ v — C|twpt/qsda:>
oR

ReV

qs/pt
<Cn </ v — c|twpt/q5dx)
Q

by the condition i). Combining (3.8), (3.9) and (3.13), we have proved the theorem
for the case 1 < s < oo; thus, we have completed the proof of Theorem 3.4. O
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