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TOPOLOGICAL ENTROPY FOR GEODESIC FLOWS
UNDER A RICCI CURVATURE CONDITION
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ABSTRACT. It is known that the topological entropy for the geodesic flow on a
Riemannian manifold M is bounded if the absolute value of sectional curvature
|Knr| is bounded. We replace this condition by the condition of Ricci curvature
and injectivity radius.

1. INTRODUCTION

The topological entropy is the most important invariant related to the orbit
growth of a dynamical system. It represents the exponential growth rate for the
number of orbit segments. In a sense, topological entropy describes the total expo-
nential complexity of the orbit structure.

The topological entropy for geodesic flows is closely related to the curvatures
of manifolds since geodesic flows depend on the metrics of manifolds. Let ¢; be a
geodesic flow on a Riemannian manifold M and h(¢;) be the topological entropy
for ¢;. It was known that if the absolute value of sectional curvature satisfies
| K pr| < k, then the topological entropy for geodesic flows satisfies h(¢:) < (n—1)Vk
by [Ma2]. Manning also proved that in the case of K < 0, the topological entropy
for geodesic flows is the same as the volume growth rate, lim, .., r~log V (x,7),
where V(z,r) is the volume of the ball B(z,r) contained in the universal covering
space [Mal]. This result was extended to the case of manifolds without conjugate
points by Mané [FM].

Bishop’s comparison theorem [GHL] implies that if Ricci curvature satisfies
Ricpyr > —k and the injectivity radius of the universal covering space of M is

infinite, then h(g:) < 1/(n — 1)k.

We prove the following theorem;

Theorem. Letk,ig be positive real numbers. Then there exists a constant C(ig,n, k)
such that for every n-dimensional compact Riemannian manifold M with Ricpyy >
—k, injps > ig, the topological entropy for geodesic flow of M is bounded by
C(ig,m, k), where injps is the injectivity radius of M.
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For the proof, we will use Brocks’ estimate for the Laplacian of the distance
function, which will play an important role on estimating the norm of Jacobi fields.

We would like to express our gratitude to Professor Hongjong Kim and Professor
Dong-Pyo Chi for much kind and helpful advice.

2. PRELIMINARIES

Let X be a compact metric space with the distance function d, and let ¢ =
{¢¢ : X — X} be a flow, i.e. 1-parameter subgroup of homeomorphisms.
Define

d7(w,y) == max{d(¢(z), ¢ (y)|0 < ¢t < T}.
Let Sq(¢,€,T) be the minimal number of balls of radius € in the metric d? which
cover X. Define

1
ha(¢, €) :=lim sup Tlog Sa(d,€,T).

T—o0

Then the topological entropy for ¢ is defined as follows:
h(¢) := lg% ha(g,¢€).

The following proposition is Brocks’ estimate on the Laplacian of the distance
function.

Proposition ([B, DSW]). Let M be an n-dimensional complete Riemannian man-
ifold with Ricyy > —k, injas > ig. Let r be a distance function from p and v be a
geodesic from p. Consider v and Ar as functions of t on . Then Ci(ig,n, k) <
Ar — ”T_l < Cs(ig,m, k) for some constants Cy,Cy depending only on ig,n,k on
[07 20/2] .

The following lemma is important to estimate the upper bound of the topological
entropy. It is proved in the discrete time case in [KH|. In this case, almost the
same proof can be applied.

Lemma 1. Let X be a compact metric space and ¢ = {¢:} be a flow on M with

d(¢(x), ¢+ (y)) < etCd(z,y) for some constant C. Then h(¢) < |C|D(X) where
logb

D(X) is the ball dimension defined by D(X) := lim._g %, and b(e) is the
€

minimum number of a covering of X by e-balls.
Proof. By assumption, d(¢:(z), ¢:(y)) < eT1€d(z,y), for t < T. Then we easily
know ¢;(B(xz,e/eTI€)) € B(¢y(z),€), for t <T. So By(z,e/eTI€l) Bys (z,€) and
S(¢,e,t) < b(e/eTICl), where By(z,r) is the r-ball in d-metric.
Then we obtain
. 1 . 1 T|C]|
lim sup =logS(¢,e,T) <lim sup = logb(e/e’'*")
T—o0 T T—o00 T
) 1 logb(e/eTICl)
S lim TSE)I;O TW| 10g(€/€
< D(X)[C].

e

It is known that D(X) = dimX, when X is a topological manifold.
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3. PROOF OF THEOREM

In the calculation of the entropy, it is an important step to define a metric on
the unit tangent bundle, 71 M. Let 7, (t) be the geodesic on M with 7, (0) = v,,.
In Manning’s paper [Mal], a metric on 71 M is defined as follows:

dy ('Upa wq) = OS<12£)1 d(Yo (1), Y (t))-

In [KH], they used the following metric:

da(vp, wy) := d(p, q) + IIPS(%) — wyll,

where PJ(v,) is the parallel translation of v, along the geodesic from p to g.

Now we construct a metric on Ty M as follows. Since injy; > 49, it is possible to
identify v, € T3 M with the geodesic 7, (t), t € [0,40/4] with +4,(0) = v,. Then we
may consider a Jacobi field J along v, (t) as a tangent vector at v, € T3 M, where J

is generated by a C'*°-rectangle Q(t, s) such that %—Q(t,O) = J(t), ||88—Cf(t,s)|| =1
s

for any s and 0 < t < ip/4 and Q(¢,s0) is a geodesic for any fixed sp. In this
identification, we consider a C*°-rectangle, Q(t,s), where 0 < s < 1l and 0 <t <

oQ (O 0) to 88? (0,1).

Then we define an inner product of tangent vectors and a distance on T3 M as
follows.

i0/4, as a C*°-curve on T3 M from —

Definition. Let J;,.J> be tangent vectors on T3 M, i.e. Jacobi fields with above
property. Then

i0/4
(1, 2) = / (1 (1), To(t))dt,

10/4
d(vp,wq)zinf/ (%f 9915 45 —in f/ / | ||dtds

where the inf is taken over piecewise C'°°-curves ) on TlM from v, to wy, i.e.

3} 0
8? (0,0) = v, and ;2 (0,1) =

Since T1 M is a compact Hausdorff space, the above metrics induce the same
topology. Now we will prove a key lemma.

Lemma 2. Let M be a complete Riemannian manifold with Ricy; > —k, injas > g
and let y(t) be a minimal geodesic starting from q and J(t) is a Jacobi field along
7 such that J(0) = 0 and (J'(0),~'(0)) = 0. Then ||J||(t) < ePt||J']|(0) for some
constant D(ig,n, k) if t < io/2.

Proof. The first half of the proof of this lemma is contained in the proof of the
proposition 5.1 of [DSW]. Let v,w € T,M and |[v|| = |jw|| = lp < i9/2. De-
fine Q(t,s) := exp(tV (s)), where V(s) is the geodesic on S™~! such that V(0) =

v, V(so) = w. Let y(t) = exp, tV(0) and r(x) = d(q,x). Then J(t) = %—Cj(t,O) is
a Jacobi field with above property. Then,

J =V J=V,v =V;Vr=vVVr(J).
Define A := VVr = Hess r, so trA = Ar and J' = AJ.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1876 SEONG-HUN PAENG

Now we will estimate the ||A||. Write A(t) = B(t) + I/t. From the Jacobi
equation J” + R(J,T)T = 0 and J' = AJ, we obtain the Riccati equation A’ +

2
A% + R = 0 and substituting A(t) = B(t) + I/t, we get B’ + B? + ZB +R=0.
2
Then, trB’ + || B||? + ;trB + Ric(y') < 0 since ||B||? < trB!B = trB?, where B! is
the transpose of B and B is a symmetric matrix.

Multiplying the above equality by a factor tz and integrating along ~(t), we
obtain the following equality:

lo 1 1 3 o 1 o 1
/ ||B||*t2 < —1ZtrB(ly) — 5/ t~2trB(t) —/ t2Ric(y').
0 0 0

-1
Also using the Proposition ([B, DSW]) in §2, |Ar — nT| < C(ig,n, k) for some

-1 -1
constant C(ig, n, k) on [0,40/2]. Then we get |trB| = |trA—nT| = |Ar—n ; | <
C(ig,n, k). So folo |BJ|2t= < Dj (i, n, k), for some constant D .

Using the Holder inequality,
lo lo 1.1 lo 1 1
[usi= ([ e hi[ Bt < Do, b,
0 0 0
Then we have
I |11
11" < 1< 1B+ DI < BT+ ==
1Y
<D+1 —1
/6 = + logly —log,
[1/11(o) lo
JI|(6
M1100) < et 171,
. J)(6
1160) < Jim 216 20O — oy 0),
which completes the proof. O

4
From Lemma 5.2 in [DSW], we know that ||J(¢)|| < t_€D||J(tQ)||, 0<t<ty<
0

J(t Pl
io. Then ||J/(O)|| = limy_ || E)H < € ||t( O)H
0
From lemma 2 and the above inequality, we obtain the following inequality:
(1) e PIT' Ot < (IT@)]] < Pl (0)]]t.
Also we know that
(2) K[| (o /4)[] < [[T'(0)]] < K[ T (io/4)]],
for some constants K7, Ks depending only on iy, n, k. Consequently,

(3) K[| (io/4)[[t < [[T@)]| < KallJ (o /4)]I¢.

If (J'(0),7(0)) # 0, we can decompose J into tangential and perpendicular
components and obtain the above boundedness (3), since tangential component is
linear in ¢ [DSW].
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Lemma 3. If h is sufficiently small,
d(¢h(vp)u ¢h(wq)) - d(vpv wq) < N(i()v n, k)d(Up, wq)h7
for some constant N (ig,n, k).

Proof. Let Q(t,s) be a length minimizing curve from v, to wy, i.e. a piecewise C'*°-
rectangle which realizes the distance from v, to w;. We may assume the existence
of a length minimizing curve.

Then we know that
10/4
Aoy, wy) / | 15 s

i0/4+h
d(én(vp), dn(wy)) // | ||dtd

and

So we get

d(n(vp), P (wg)) — d(vp, wq) / / / /l::Hh —||dtds.

Let %—Q(O,s) = V(s) and %—Q(io/él,s) = W(s). Decompose J into J; and J,
s s

such that J1(0) = 0, J2(io/4) = 0. Then ||J2(0)|| = ||V]| and ||J1(i0o/4)]| = [[W]].
If [|[V]| = |[W]| = 0, then J(t) = J1(t) = J2(t) = 0 for all t < i(/4 and v, = wg. So
we do not need consider this case. From now on we may assume ||V]| # 0. Then
by (3), we have

(4) Kl[Wlt <[ (D] < Kal[W]It,

() Ks|[VI[t < [|J2(io/4 = D)I| < K4l[V]]2.

Thus we have

1ot onliea) = ) // /1:j24+h/ol||J(t)||det
// /Z::4+h/01||=71(t)||dsdt
/ / /Z:::Hh / 1||J2(t)||dsdt

io/4+h
S/ /K4tdt / VI =+ [[W]|ds)
10/4

< Ko 0 [ IVI+ W ]as)n
0

for some constant K (ig, n, k). Now compute the d(v,, w,). Let

B io K3|| V]| b— io K3||W||
4(K3||V]| + Ka|[W][)’ A(K3||[W| + K4[V]])
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On [0, a], we know that ||J2(¢)|| > ||J1(£)[| and on [io/4 —b,i0/4], [[ T (£)]] = [|2(t)]]
by (4) and (5). So we obtain

io/4 pl
dtvpwg) = [ [ Il asar
0 0
1 a 1 i0/4
> [ [l = lnlideds+ [ )= el
o Jo 0 Jig/a—b

1 a
> [ [ KallVilGio/a— 0~ W eeds
o Jo
1 pig/4
+/ / Ks||Wl[t — Ku||[V[|(io/4 — t)dtds.
o Jig/a—b
The integral [ Ks||V||(i0/4 — t) — K4||[W||tdt is the area of
{(z,y) | KalWllz <y < K3|[V[[(io/4 — z), = <a}.

Hence we get

Ks||[V]]?
Ka|[W| + Ks||V]|

/ 1 all = [12]] = aioKa||V]|/8 = i2Ks/32
0

Similarly we get

/W4 K| W2

[ = [|J2]| > igK3/32 .
0/4—b 0 Kq| V|| + Ks[|W]|

It is an easy calculation that

/“’/4 11\t > ar([|[VIPIWI + IVIIWI?) + a (V] + [[W]]*)
- bi(IIWII2 + [[VI[?) + b2 [V][[[W]] ’
for some positive constant a;, b; depending only on ig, n, k.
Then we obtain
VI W (VI [V IDGAIVIE A+ W) + bl VWD
Jertaae — ac(VIPIWI+IVIIWIR) + ao (VP + W)
bi([[VIP + W) + e (IVIPIWIL+ VW)
ax([[VIP + [[WI]P) + ac([[VIPIWI| + [[VIIIWI[?)
bi|[VI[* + e [VIPIWI + el VW + by [[W]]?
az| [V[[* + a1 [[VIP[WI] + a1 [[VI[[[W][? + az|[W]]?
b + e [WI/IIVIL+ e [WIP/IVIE + b [[W]E/]IV]]P
az + ar[[WI|/IIVI] + ar[[WIP/IIVI]? + a2 [[WI3/][V][?
< Co(ig,n, k),

for some positive constants c;(ig,n, k), Co(io,n, k), since we assume ||V|| # 0 and
eg+e1xr+ 621‘2 + 63963

from
Jo+ fix + fax? + faa3

we know the boundedness of

I e+ e1x + 62:132 + 63:133 eg
im = —
=0 fo + fix + fox® + faxd  fo
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and

. eop +e1r + esx? + 63133 es3
lim =

w00 fo + fiz + fox? + fz23 f3
for positive constants e;, f; and x > 0.
Consequently, we have

d(n(vp), b (1)) — d(vp, w,) sz1¥</£ VI + [[Wlds)h

1 pig/4
SKEM/J/ 17| deds) R
0 0

= KCod(vp, wq)h,
which completes the proof. O
For fixed T', we have
d(fr(vp), dr(wg)) < Jim (1+ K Coh) ™" d(vp, wq)

< eTE G (v, wy).

Then by lemma 1, the topological entropy for geodesic flows of compact Riemann-
ian manifolds with Ricps > —k and injys > 4 is bounded; i.e. h(¢) < (2n—1)KCp.
This completes the proof of the theorem.
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