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ABSTRACT. In the present paper, the following result is shown: Let X be a
real Banach space with a uniformly convex dual X*, and let K be a nonempty
closed convex and bounded subset of X. Assume that T': K — K is a
continuous strong pseudocontraction. Let {an}32; and {8,}32; be two real
sequences satisfying

(1) 0 < an, Bn < 1lforalln >1;

(ii) Y02 1 an = oco; and

(iii) o — 0, B — 0 as n — oo.
Then the Ishikawa iterative sequence {x,}52 ; generated by

z1 € K,
(I) Tn+l = (1 - an)-'En + anTyn,
Yn = (1 - 5n)73n + ﬁnTbey n > 1,

converges strongly to the unique fixed point of T'.

1. INTRODUCTION AND PRELIMINARIES

Let X be a normed linear space, K C X. A mapping T : K — K is said to be
strongly pseudocontractive if there exists ¢ > 1 such that the inequality

(1) lz =yl < (1 +r)(z —y) —rt(Tz = Ty)|

holds for every z,y € K and r > 0. A mapping U with domain D(U) and range
R(U) in X is called accretive if the following inequality

(2) [z —yll < llz —y + s(Uz = Uy

holds for every z,y € D(U) and for all s > 0. Browder [1, Prop. 1] proved that T'
is pseudocontractive if and only if (I —T') is accretive, where I denotes the identity
operator.

Let X be a real Banach space with a dual X*. The normalized duality mapping
J: X — 2% is defined by

J(x) = {f € X" (z, f) = ||, ll=ll = Il £11},
where (-,-) denotes the generalized duality pairing. It is well known that if X*
is strictly convex, then J is single valued and such that J(—x) = —J(z), J(tz) =
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tJ(x) forallt > 0, z € X. If X* is uniformly convex, then J is uniformly continuous
on the bounded sets of X (see, e.g., Barbu [2])

By means of the normalized duality mapping .J, we can give the following equiv-
alent definition for accretive mapping.

A mapping A : K — K is said to be accretive if for each x,y in K there exists
j € J(x —y) such that

3) (Az — Ay, j) = 0.

A mapping A : K — K is called strongly accretive if for each z,y € K there
exists j € J(z — y) such that

(4) (Az — Ay, j) > kllz —y|

for some constant k > 0. Without loss of generality we shall assume that k € (0, 1).

In [3], Bogin proved that U is strongly pseudocontractive if and only if I — U is
strongly accretive.

Very recently, Chidume [4] proved the following result: If X is a real Banach
space with a uniformly convex dual X*, and K is a nonempty closed convex and
bounded subset of X, and T": K — K is a Lipschitz strongly pseudocontrac-
tive mapping, the Ishikawa iterative sequence {z,}52 ; generated by (I) converges
strongly to the unique fixed point of T. However, when T is continuous strongly
pseudocontractive, it is still an open question whether or not the Ishikawa iterative
sequence {z,,}2° ; defined by (I) converges strongly to a fixed point of T'.

It is our purpose in this paper to solve the above question by proving the following
much more general result: If X is a real Banach space with a uniformly convex
dual X*, K is a nonempty bounded closed convex subset of X, and T : K — K
is a continuous strongly pseudocontractive mapping, then the Ishikawa iteration
sequence {x,,}°° ; defined by (I) converges strongly to the unique fixed point of T

We need the following lemmas.

Lemma 1.1. Let X* be strictly convex; then
() lz+ gl < 2] + 2(y, I (z + y))
forallz,y € X.

Proof. For arbitrary fixed z,y € X, let o(s) = ||z + sy||?, s € [0,+0c0); then
¢ :[0,+00) — [0,00) is a convex function.
To see this, for every s1,s2 € [0, +00), t € [0,1], we have

p(ts1 + (1 —t)s2) = [[t(x + s1) + (1 — t)(x + s29)|
<z + s1yl* + (1= 1) ||lz + s2yl|* + 2t(1 — )|z + s1yl[l|z + s2y]]
<@+ t(1 =)z + syl + (1= 8)* + (1 = 1)) | + s29]?
=tp(s1) + (1 — t)p(s2).

Since ¢ : [0,400) — [0, +00) is a convex function, as s > ¢ > 0, we have

Pt) = ¢s+(1-1)-0)
< Zp(s)+ (1= D)p(0)
= Z(6(5) — 9(0)) + (0),
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and then
71 (p(t) = 9(0)) < 57 (e(s) — 9(0)).
Hence, function ¢ — t~1((t)—(0)) is increasing. As a result, lirgf)l+ t=(p(t)—(0))
t—

exists and
Hx+MV—HﬂVZtng4Wﬁ)—¢®D=<%@%MMV%=%%J@M

so that, for all z,y € X we have

(6) -+ yll* = lz]|* + 2{y, J(x)).
Now by replacing « by  — y in (6) we get

(7) [* > [z — ylI* + 2{y, J(z — y))
Replacing « by —z in (7), we obtain

(8) ll* > [l + yl|* — 2{y. J(z + y)).

Thus, we have
lz+yl? < [l + 2@y, T (z + y))
for all z,y € X. O

Lemma 1.2. Let {p,}32, be a nonnegative real sequence satisfying
(9) Pnt1 < (1 - /\n)pn + on,
where A\, € [0,1], Y207, A\, = 00, and o, = 0(\,). Then p, — 0 as n — co.

Proof. Let a = inf{p,, : n > 1}; then o = 0. If not, assume that a > 0; then for
aln>1, p, >a>0.
Since 0, = o(A,,) we know that

1
n <z n)\n
g 2p

for all large n.
From (9), we get

1 1

By a simple iteration we get that

1 n
0<pp1 < exp{—§ Z)\j}pl — 0asn — oo.
j=1
i.e., a contradiction. Thus there exists some subsequence of {p,}, say {pn,}, such

that p,, — 0 as j — oo. Hence for arbitrary given e > 0, there exists large integer
jo > 1 such that

On < An€, pry, < €
for all large n > nj,.
By virtue of (9) we have
Prjgsr < (1= A, )e+ An; € =6
by induction, we have
Prjy+k < € for allk > 1.
This shows p, — 0 as n — oo. O



1708 ZHOU HAIYUN AND JIA YUTING

2. MAIN RESULTS

Now we prove the main results.

Theorem 2.1. Let X be a real Banach space with a uniformly conver dual X*, K
be a nonempty closed convex bounded subset of X, andT : K — K be a continuous
strongly pseudocontractive mapping. Then the Ishikawa iterative sequence {52
defined by (I) converges strongly to the unique fized point of T

Proof. The existence of a fixed point follows from Deimling [5]. Let ¢ be a fixed
point of T. Since T : K — K is strongly pseudocontractive, I — T is strongly
accretive, and for every x,y € K

(10) (I=T)x— I =Ty, J(=—y)) > kllz—y|?

where k = (t — 1)t (see, e.g., [3]).
From (10) we obtain

(11) (Tz =Ty, J(x—y)) < (1 —k)llz -y

for all z,y € K.
Using (5), (11) and (I), we get

(12)
[Znt1 = ql* = (1 = an)(@n — @) + an(Tyn — Tq)|?
< (1= an)?llzn — ql* + 200 (Tyn — Tq, J (241 — q))
= (1= an)’[len — gl + 200 (Tyn — Tq, J(2ni1 — q) — I (yn — )
+ 20 (Tyn — Tq, J (Y — q))
<(1- an)ZHxn - (I||2 + 2anan + 200, (1 — k) |lyn — QHza
where

an = (Tyn —Tq, J(Tnt1 —q) — J(yn — q))-

Now we shall show a,, — 0 as n — oo. Observe that {Ty, — Tq} is bounded;
then to show a, — 0 as n — oo, it suffices to show

J(xn+1 — q) — J(yn — q) — 0asn — oo.

Indeed, since X* is uniformly convex, J is uniformly continuous on any bounded
subset of X. NOting that (xn-l-l - q) - (yn - q) = Tp+1 — Yn = (ﬁn - O‘n)xn +
anTy, — B, — 0 as n — 0o, we see that

J(@nt1 — q) — J(yn —q) — Oasn — oc.
Again using (5) and (I), we have

(13) 1yn — qll? (1 = Bu)(@n — @) + Bn(Txy — Tq)||?
< (1 —ﬁn)2||$n _Q|‘2+26n<T$n —Tgq, J(yn_Q»
< an — gl + M1y

for some constant M; > 0, since (T'z, — T'q, J(y» — ¢)) is bounded.
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Substituting (13) in (12) yields

(14) [Zn1 —al? < (1= an)? +2(1 = k)an) |z, — g
+ 2ap(an + (1 —k)M1Sy)
= (1—2an + 02 + 20, — 2kay)||zn — q||?
+ 2an(an + (1 —k)M15,)

= (14 a2 — 2kay)|lzn — gl + on,

where o, = 2a,(an + (1 — k) M1 58,).
We choose a large positive integer IV such that for all n > N

ay, < k.
Thus, the above inequality yields
[2nt1 = ql* < (1 = kan)l|zn — ql|* + on.
Set pn, = ||zn — ¢||? and A\, = kay,. Then
pnt1 < (1= Xp)pn + On,

with A\, € [0,1], 3277 1 Ap = 00 and 0, = 0(\,). By Lemma 1.2 we see that p, — 0
as n — 0o.

Now we prove the uniqueness. Suppose ¢; is another fixed point of T'; then by
(10) we have

0={(¢—Tq) — (@1 = Tqr), J (g — @) = klla — &,
which implies ¢; = q.
The proof of this theorem is completed. O

Remark. Our theorem extends Theorem 2 of Chidume [4] to a larger class of contin-
uous strongly pseudocontractive mappings; thus we have solved an open question
put forth by Chidume in [4].
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