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Abstract. Let H(X, Y ) ( C(X, Y ) ) represent the family of holomorphic (con-
tinuous) maps from a complex (topological) space X to a complex (topological)
space Y , and let Y + = Y ∪{∞} be the Alexandroff one–point compactification
of Y if Y is not compact, Y + = Y if Y is compact. We say that F ⊂ H(X, Y )
is uniformly normal if {f ◦ ϕ : f ∈ F , ϕ ∈ H(M,X)} is relatively compact
in C(M,Y +) (with the compact–open topology) for each complex manifold
M . We show that normal maps as defined and studied by authors in various
settings are, as singleton sets, uniformly normal families, and prove extension
and convergence theorems for uniformly normal families. These theorems in-
clude (1) extension theorems of big Picard type for such families – defined
on complex manifolds having divisors with normal crossings – which encom-
pass results of Järvi, Kiernan, Kobayashi, and Kwack as special cases, and (2)
generalizations to such families of an extension–convergence theorem due to
Noguchi.

Introduction

In 1957 Lehto and Virtanen [21] defined a function f meromorphic on the com-
plex unit disk D = {z ∈ C : |z| < 1} to be normal if {f ◦ ϕ : ϕ ∈ A(D)} is normal
in the sense of Montel, where A(D) is the group of conformal automorphisms of
D. Since that time the subject of normal maps has been studied intensively, re-
sulting in an extensive development in the single complex variable context and in
generalizations to several complex variables settings (see [6], [8], [10], [25] and lists
of references in [4] and [18]).

Let H(X,Y ) ( C(X,Y ) ) represent the family of holomorphic (continuous) maps
from a complex (topological) space X to a complex (topological) space Y , and let
Y + = Y ∪ {∞} be the Alexandroff one–point compactification of Y if Y is not
compact, Y + = Y if Y is compact. If F ⊂ C(Y, Z) and G ⊂ C(X,Y ), we denote
{f ◦ g : g ∈ G, f ∈ F} by F ◦ G. We say that a family F of holomorphic maps
from a complex space X to a complex space Y is uniformly normal if F ◦H(M,X)
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is relatively compact in C(M,Y +) for each complex manifold M, and that f ∈
H(X,Y ) is a normal map if {f} is uniformly normal. The topology used on all
function spaces is the compact–open topology. Abate [1] has shown that a complex
space X is hyperbolic iff H(D, X) is relatively compact in C(D, X+).

After preliminaries in §1, we offer our main results in §2, providing generaliza-
tions of Picard extension theorems from [11], [14], [15], [16], [19], of the Montel–
Carathéodory Theorem and of a Noguchi extension–convergence theorem (see [5,
p. 300], [22, pp. 20–21] and [23, pp. 39–64]). If X0, Y0 are subspaces of the
topological spaces X,Y respectively and F ⊂ C(X0, Y0), then C[X,Y ;F ] will de-
note the collection of g ∈ C(X,Y ) which are extensions of elements of F . In this
paper, X0 will be dense in X, Y will be Hausdorff and, consequently, each such

extension of f ∈ C(X0, Y0) will be unique and will be denoted by f̃ . It will be
evident from the context which spaces X0, Y0, X, Y are under consideration. If
X0, Y0 are complex subspaces of complex spaces X,Y respectively we will write
H[X,Y +;F ] = C[X,Y +;F ] if Y + is a complex space with Y as a complex sub-
space. Otherwise, H[X,Y +;F ] = C[X,Y +;F ] ∩ H(X,Y ). Let D∗ = D − {0}, the
punctured disk. The notation A will represent the closure of the subset A of a
topological space.

The results listed in (1◦)− (6◦) below are established in §2.
Let M be a complex manifold, let A be a divisor on M with normal crossings, let

F ⊂ H(M −A, Y ) be uniformly normal and let F be the closure in C(M −A, Y +).
Then

(1◦) Each f ∈ F extends to f̃ ∈ C(M,Y +).
(2◦) C[M,Y +;F ] is compact in C(M,Y +).

(3◦) If {fn} is a sequence in F and fn → f, then f̃n → f̃ .
(4◦) If M = Dm and M −A = (D∗)m, H[M,Y +;F ] is uniformly normal.
Proposition 1.6 of [12] shows that if X,Y are complex spaces, then F ⊂ H(X,Y )

is uniformly normal iff F ◦H(D, X) is uniformly normal. We prove, unexpectedly,
(5◦) For complex spaces X, Y, F ⊂ H(X,Y ) is uniformly normal iff F ◦

H(D∗, X) is uniformly normal.
(6◦) A complex subspace X of a complex space Y is hyperbolically imbedded in Y

iff there exists a distance function d on Y such that each f ∈ H(D∗, X) is distance
decreasing with respect to kD∗ and d (i.e. d(f(x), f(y)) ≤ kD∗(x, y) for all such f
and all x, y ∈ D∗).

The authors would like to express their appreciation to the referee for a careful
reading of the paper in its original form, and for suggestions, all of which led to
improvements which are reflected in the revision.

1. Preliminaries

Let X be a complex manifold. The Kobayashi–Royden differential pseudometric
on X , the infinitesimal form of the Kobayashi pseudodistance kX , will be denoted
by KX ; that is,

KX(p, v) = inf{r > 0 : ϕ(0) = p, (dϕ)0(re) = v for some ϕ ∈ H(D, X)},
where p ∈ X , v ∈ Tp(X), the tangent bundle of X at p, e is the unit vector 1
at 0 ∈ D, and dϕ is the tangent map induced by ϕ between the tangent spaces
of D and X ([20, pp. 88–94]). Recently Kobayashi [17] defined another intrinsic
pseudodistance kX,Y on X and its infinitesimal form KX,Y when X is a complex
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submanifold of a complex manifold Y. The functions kX,Y and KX,Y are defined
similarly to the way kX and KX are defined but uses the family

FX,Y = {f ∈ H(D, Y ) : f−1(Y −X) is at most a singleton}.
If no f ∈ FX,Y satisfies f(0) = p and (df)0(re) = v, then KX,Y (p, v) is defined to
be ∞. It was noted by Kobayashi in [17] that kD∗,D = kD, and, indeed, he proves
in his forthcoming book that k(D∗)m,Dm = kDm for each positive integer m. A
length function on a complex manifold X is a real–valued nonnegative continuous
function E defined on the tangent bundle T (X) satisfying (1) E(v) = 0 iff v = 0,
and (2) E(av) = |a|E(v) for a ∈ C and v ∈ T (X). If X is a complex manifold and
E is a length function on X , we denote by dE the distance function generated on X
by E [20]. The distance function dE is known to generate the topology on X ([20,
pp. 8–10]). If X is a complex hyperbolic manifold and Y is a complex manifold
with length function E, the norm |df |E of the tangent map for f ∈ H(X,Y ) with
respect to E is defined by

|df |E = sup{|(df)p|E : p ∈ X} where

|(df)p|E = sup{E((df)p(v)) : KX(p, v) = 1, v ∈ Tp(X)}.
(We use simply |df | and |(df)p| when no confusion may arise.) The pull–back of
the length function E by f is defined by f∗E(v) = E(df(v)) for v ∈ T (X). For a
complex spaceX the notions of length function and distance function dE associated
with a length function E on X may be defined as for a manifold ([20, pp. 8–10]).

Let F ⊂ C(X,Y ); we say that F is evenly continuous from p ∈ X to q ∈ Y if for
each U open in Y about q, there exist V,W open in X,Y about p, q respectively
such that {f ∈ F : f(p) ∈ W} ⊂ {f ∈ F : f(V ) ⊂ U}. If F is evenly continuous
from each p ∈ X to each q ∈ Y , we say that F is evenly continuous (from X to Y )
[13]. Let F(x) = {f(x) : f ∈ F}. We will have the occasion to rely on the following
topological version of the Ascoli–Arzelà Theorem which is readily derived from a
Kelley–Morse theorem (Theorem 7.21 in [13]).

Proposition 1.1. Let X be a locally compact space and let Y be a regular space.
Then F ⊂ C(X,Y ) is relatively compact in C(X,Y ) iff

(a) F is evenly continuous, and
(b) F(x) is relatively compact in Y for each x ∈ X.
While it is immediate that each member of a uniformly normal family is a normal

map in that setting, Example 1.3 in [12] exhibits that a family of normal maps might
fail to be uniformly normal.

The proof of Proposition 1.2 (proved as part of Proposition 1.6 in [12]) is provided
here for the sake of completeness. From this proposition it is not difficult to see that
some important classes of complex spaces are defined by uniformly normal families.
It is also easy to see from this result that if Y is a relatively compact complex
subspace of a complex space, this collection of mappings has been introduced and
studied by Zaidenberg [26] and called s-normal families. The proof of Proposition
1.3 is omitted.

Proposition 1.2. If X, Y are complex spaces, then F ⊂ H(X,Y ) is uniformly
normal iff F ◦ H(D, X) is relatively compact in C(D, Y +).

Proof. Necessity. Follows from Definition.
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Sufficiency. If F is not uniformly normal, there is a complex manifold M such
that F ◦H(M,X) is not relatively compact in C(M,Y +) and hence, by Proposition
1.1, is not evenly continuous; since even continuity is a local property, we may
assume that M = {p ∈ Cm : ‖p‖ < 1} for some m and that F ◦ H(M,X) is not
evenly continuous from 0 ∈ M to q ∈ Y +. Choose sequences {fn} in F , {pn}
in M − {0}, and {ϕn} in H(M,X) such that ‖pn‖ → 0, fn ◦ ϕn(0) → q and
fn ◦ ϕn(pn) 6→ q. Define λn ∈ H(D, X) by λn(z) = ϕn(zpn/‖pn‖); we observe that
fn ◦ λn(0) → q while fn ◦ λn(‖pn‖) 6→ q. From Proposition 1.1, F ◦H(D, X) is not
relatively compact in C(D, Y +), so F ◦ H(D, X) is not uniformly normal.

Proposition 1.3. Let (Y, σ) be a locally compact metric space. Let X be a topo-
logical space and let ρ be a pseudometric on X which is continuous on X ×X. If
each f ∈ F ⊂ C(X,Y ) is distance decreasing with respect to ρ and σ, then F is
relatively compact in C(X,Y +).

Recall that a complex subspaceX of a complex space Y is hyperbolically imbedded
in Y if for p, q ∈ X, p 6= q there are sets V, W open in Y about p, q respectively
such that kX(V ∩X, W ∩X) > 0 [14].

Example 1.4. Royden showed (Theorem 2 in [24]) that a complex manifold M is
hyperbolic iff H(D,M) is evenly continuous, and Abate showed (Theorem 1.3 in
[1]) that M is hyperbolic iff H(D,M) is relatively compact in C(D,M+). Hence
H(D,M) is a uniformly normal family iff M is hyperbolic.

Example 1.5. It is shown in Theorem 2 in [11] that a complex subspace X of a
complex space Y is hyperbolically imbedded in Y iff H(D, X) is relatively compact
in C(D, Y +), i.e. iff H(D, X) is a uniformly normal subfamily of H(D, Y ). This
is a generalization of Kiernan’s theorem [14] which deals with the case when X is
relatively compact in Y.

For r > 0 let Dr = {z ∈ C : |z| < r} and D∗
r = Dr − {0}.

Theorem 1.6. Let M be a hyperbolic manifold and let Y be a complex space. Then
F ⊂ H(M,Y ) is uniformly normal iff there is a length function E on Y such that
|df |E ≤ 1 for each f ∈ F .
Proof. Necessity. Clearly F ◦H(D,M) is an evenly continuous subset of H(D, Y ).
We will show first that for each length function E on Y and compact Q ⊂ Y there
exists c > 0 such that |df | ≤ c on f−1(Q) for each f ∈ F . If Q ⊂ Y is compact
and fails the stated condition for the length function E, we choose sequences {pn},
{fn}, {vn} and q ∈ Q, such that pn ∈ M, fn ∈ F , vn ∈ Tpn(M), fn(pn) ∈ Q,
KM (pn, vn) = 1, fn(pn) → q and E((dfn)pn(vn)) > n . It follows that |(dfn)pn |
→ ∞ and we choose a sequence {ϕn} in H(D,M) satisfying ϕn(0) = pn and
|(dfn ◦ϕn)0| → ∞. Let V be a relatively compact neighborhood of q hyperbolically
imbedded in Y . Since F ◦ H(D,M) is an evenly continuous subset of H(D, Y ),
we choose 0 < r < 1 such that fn ◦ ϕn(Dr) ⊂ V ultimately; the sequence of
restrictions of {fn ◦ ϕn} to Dr, which we call again {fn ◦ ϕn}, is uniformly normal
and is consequently relatively compact in H(Dr, Y ). Some subsequence of {fn◦ϕn}
converges to h ∈ H(Dr, Y ) contradicting |(dfn ◦ ϕn)0| → ∞. Now, to complete
the proof of the necessity, choose sequences {Vn}, {cn} such that Vn is open and
relatively compact in Y, Vn ⊂ Vn+1,

⋃∞
1 Vn = Y, cn > 0 and |df |E ≤ cn on

f−1(Vn) for each f ∈ F . Choose a positive continuous function µ on Y such that
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µ(q)cn ≤ 1 on Vn. The length function H on Y defined by H(v) = µ(q)E(v) for
v ∈ Tq(Y ) satisfies |df |H ≤ 1 for each f ∈ F ([20, p. 34]).

Sufficiency. Each f ∈ F ◦ H(D,M) is distance decreasing with respect to kD
and dE and the desired conclusion follows from Propositions 1.2 and 1.3.

Example 1.7. If f ∈ H(D,P1(C)), and ∆ ⊂ D is a closed disk and ∂∆ denotes
the boundary of ∆, let J(f(∆)) and L(f(∆)) be respectively the spherical area of
f(∆) and spherical length of f(∂∆). Let h > 0 and

F(h) = {f ∈ H(D,P1(C)) : J(f(∆)) ≤ hL(f(∆)) for each closed disk ∆ ⊂ D}.
Hayman ([9, p. 164]) showed that F(h) is invariant relative to A(D), the group
of automorphisms of D, and normal in the sense of Montel. The family F(h) is
uniformly normal.

Example 1.8. Let M be a complex manifold, r > 0, and F ⊂ H(M,P1(C)) be a
family of maps such that for each f ∈ F three points af , bf , cf ∈ P1(C) − f(M)
satisfy χ(af , bf )χ(cf , bf )χ(cf , af ) ≥ r where χ represents the spherical metric.
Carathéodory ([3, p. 202]) showed in this situation that F ◦H(D,M) is normal in
the sense of Montel. So F is uniformly normal.

The normal maps studied in [6], [8], and [18] are all normal maps in our sense.

2. Extension and convergence theorems

In this section we offer our main results.

Theorem 2.1. Let N be a hyperbolically imbedded complex submanifold of a com-
plex manifold M and let Y be a complex space. The following are equivalent for
F ⊂ H(N, Y ) :

(1) F is uniformly normal.
(2) If p ∈ Y and {gn}, {zn} are sequences in F ◦ H(D∗, N), D∗, respectively,

such that zn → 0 and gn(zn) → p, then for each neighborhood U of p there is an r,
0 < r < 1, satisfying gn(D∗

r) ⊂ U ultimately.
(3) There is a length function E on Y such that f∗E ≤ KN,M for each f ∈ F .

Proof. (1) =⇒ (2). From Theorem 1.6 and the fact that N is hyperbolic, there
exists a length function E on Y such that each f ∈ F ◦ H(D∗, N) is distance
decreasing with respect to kD∗ and dE . The proof that (2) holds may be completed
by arguments similar to those in [15] and (1) =⇒ (2) of Theorem 1 in [11].

(2) =⇒ (3). We show that for any compact Q ⊂ Y and length function E on Y
there exists c > 0 such that cE((df)p(v)) ≤ 1 when f ∈ F , f(p) ∈ Q, v ∈ Tp(N) and
KN,M(p, v) = 1. The proof may then be completed as in the proof of the necessity
of Theorem 1.6. Suppose Q ⊂ Y is compact and fails the stated condition for the
length function E. We choose q ∈ Q and sequences {fn}, {pn}, {vn} such that
fn ∈ F , fn(pn) ∈ Q, vn ∈ Tpn(N), E((dfn)pn(vn)) > n,KN,M(pn, vn) = 1 , and
such that fn(pn) → q. We choose sequences {ϕn} in FN,M , {rn} in (1,2) satisfying
ϕn(0) = pn, (dϕn)0(rne) = vn and E((dfn ◦ ϕn)0(rne)) > n. Suppose there exists
r, 0 < r < 1, such that a subsequence of the sequence of restrictions of {fn ◦ ϕn}
to Dr, called again {fn ◦ϕn}, satisfies fn ◦ϕn ∈ F ◦H(Dr, N); for such r it follows
from (2) that F ◦H(Dr, N) is evenly continuous and since fn ◦ϕn(0) → q we again
obtain a contradiction as in the proof of the necessity of Theorem 1.6. Alternatively
we choose a sequence {zn} in D∗ such that zn → 0 and ϕn(zn) ∈ M − N, and a



1680 JAMES E. JOSEPH AND MYUNG H. KWACK

sequence {αn} in A(D) such that αn(0) = zn; let hn = ϕn ◦ αn on D∗. Then
hn ∈ H(D∗, N), fn ◦ hn(α−1

n (0)) → q and α−1
n (0) → 0. Let gn = fn ◦ hn and

let V be a neighborhood of q relatively compact and hyperbolically imbedded in
Y . There exists r, 0 < r < 1, such that ultimately gn(D

∗
r) ⊂ V ; so ultimately

gn extends to g̃n ∈ H(D, Y ). From Theorem 2 in [11] there exists a subsequence
of {g̃n}, called again {g̃n}, satisfying g̃n → g ∈ H(D, Y ), a contradiction since
|(dg̃n)α−1

n (0)| = E((dfn ◦ ϕn)0(e)).

(3) =⇒ (1). This follows easily from Theorem 1.6 since KN,M ≤ KN on
N.

Recall that a divisor A on a complex manifold M has normal crossings ([20, p.
58]) if at each point of A there exists a system of complex coordinates z1, ..., zm for
M such that, locally, M −A = (D∗)r ×Ds with r + s = m.

Lemma 2.2. Let F ⊂ H((D∗)m, Y ) be uniformly normal. If {wn}, {fn} are se-
quences in (D∗)m,F respectively such that wn → w0 ∈ Dm and fn(wn) → p ∈ Y ,
then for each neighborhood U of p there is a neighborhood W of w0 in Dm such
that ultimately fn(W ∩ (D∗)m) ⊂ U.

Proof. The proof is by induction on m. Equivalence (2) of Theorem 2.1 establishes
the result for m = 1. Suppose the statement is true for the integer k but not for
the integer k + 1. Let F ⊂ H((D∗)k+1, Y ) be uniformly normal, let {wn}, {w′n}
be sequences in (D∗)k+1 such that wn → w0 ∈ Dk+1, w′n → w0, and let {fn} be a
sequence in F such that fn(wn) → p while fn(w′n) 6→ p. Let U, V be open relatively
compact neighborhoods of p such that V ⊂ U and assume that fn(w

′
n) ∈ Y − U.

Let wn = (sn, tn), w′n = (s′n, t′n), and w0 = (s0, t0) where sn, s′n, s0 ∈ (D∗)k and
tn, t

′
n, t0 ∈ D∗. Let

F1 = {ϕt ∈ H((D∗)k, (D∗)k+1) : t ∈ D∗, ϕt(s) = (s, t)} and

F2 = {ψs ∈ H(D∗, (D∗)k+1) : s ∈ (D∗)k, ψs(t) = (s, t)}.
Then F ◦ F1 ⊂ H((D∗)k, Y ) and F ◦ F2 ⊂ H(D∗, Y ) are both uniformly normal
families; {fn ◦ ϕtn} is a sequence in F ◦ F1, sn → s0 and fn ◦ ϕtn(sn) → p. By
the induction hypothesis we choose a neighborhood N1 of s0 such that ultimately
fn ◦ ϕtn(N1 ∩ (D∗)k) ⊂ V and fn ◦ ϕtn(s′n) ∈ V. There exists a subsequence of
{fn ◦ ϕtn(s′n)}, called again {fn ◦ ϕtn(s′n)}, such that fn ◦ ϕtn(s′n) → q ∈ V ;
fn ◦ ϕtn(s′n) = fn ◦ ψs′n(tn); t′n → t0 and we choose a neighborhood N2 of t0 in D
such that fn ◦ψs′n(N2∩D∗) ⊂ U . Ultimately fn ◦ψs′n(t′n) ∈ U, a contradiction.

If {An} is a sequence of subsets of a topological space we define the limit superior
of the sequence An to be the collection of elements x of the space with the property
that each neighborhood of x intersects An for infinitely many n.We use the notation
lim supAn for this set.

Theorem 2.3. Let M be a complex manifold, let A be a divisor on M with normal
crossings, let F ⊂ H(M − A, Y ) be uniformly normal and let F be the closure in
C(M − A, Y +). Then

(1) Each f ∈ F extends to f̃ ∈ C(M,Y +).
(2) C[M,Y +;F ] is compact in C(M,Y +).

(3) If {fn} is a sequence in F and fn → f , then f̃n → f̃ .
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(4) For each sequence {fn} in F there is a subsequence {fnk} of {fn} such that
lim sup f−1

nk (P ) ∩ lim sup f−1
nk (Q) = ∅ in the topology of M for each pair P,Q of

disjoint subsets of Y with P compact in Y and Q closed in Y.
(5) If M is hyperbolic and KM−A,M = KM , then H[M,Y +;F ] is uniformly

normal.

Proof. As for the proofs of (1) and (2), we show first that each f ∈ F extends

to f̃ ∈ C(M,Y +) and that C[M,Y +;F ] is relatively compact in C(M,Y +). Since
the considerations involved are local in nature, we may assume that M = Dm,

F ⊂ H((D∗)m, Y ), and we show that each f ∈ F extends to f̃ ∈ C(Dm, Y +) and
that C[(D)m, Y +;F ] is evenly continuous from Dm to Y +; Lemma 2.2 leads to these
conclusions as in (1) =⇒ (2) of Theorem 8 and Corollary 7 in [11]. To finish the
proof of (1), if f ∈ F , then there exists a sequence {fn} in F such that fn → f .

There exists a subsequence {fnk} of {fn} such that f̃nk → g ∈ C(M,Y +); g = f̃

so (1) holds. To establish (2) we show that C[M,Y +;F ] = C[M,Y +;F ]. If g ∈ F ,

choose a sequence {fn} in F such that fn → g. It follows that f̃nk → g̃ for
some subsequence {fnk} of {fn} and one inclusion is established. For the other

inclusion if {fn} is a sequence in F and f̃n → g, then fn → g on M − A. To

see that (3) holds note that, from (2), each subsequence of {f̃n} has a convergent

subsequence; and that if {f̃nk} is a convergent subsequence, then f̃nk → f̃ . For the
proof of (4) we see from (2) that there is a subsequence {fnk} of {fn} such that

f̃nk → g ∈ C(M,Y +). If P , Q are respectively compact and closed subsets of Y

and x ∈ lim sup f−1
nk (P ) ∩ lim sup f−1

nk (Q), then f̃nk(x) → g(x) and for each V open
about x, fnk(V − A) ∩ P 6= ∅ and fnk(V − A) ∩ Q 6= ∅ occur frequently. Hence
g(x) ∈ P ∩Q in Y +. Since P is compact in Y and Q is closed in Y , g(x) ∈ P ∩Q.
Finally we prove (5). From Theorem 2.1(3), let E be a length function on Y such

that f∗E ≤ KM−A,M for each f ∈ F . Let f̃ ∈ H[M,Y +;F ]. There is a sequence

{fn} in F such that fn → f. It follows that f̃∗E ≤ KM−A,M = KM .

Remark 2.4. Theorem 2.3(1), (2), and (3) extend work of the authors [11] to uni-
formly normal families from complex manifolds having divisors with normal cross-
ings to complex spaces. The results in [11] generalize work of Järvi [10], Kobayashi
[16], Kwack [19], Kiernan [15], and Noguchi [22], [23]. Theorem 2.3(5) generalizes
a second result in [10]. In particular we have the following corollary.

Corollary 2.5. Let Y be a complex space, and let M and M − A be hyperbolic
manifolds as defined in any one of the following four cases;

(1) M −A = (D∗)n−k ×Dk and M = Dn.
(2) M −A = (D∗)n and M = Dn.
(3) A is a closed analytic subset of M of codimension at least 2.
(4) M is n-dimensional and A is a closed subset of M with (2n−2)-dimensional

Hausdorff measure equal to zero.
Let F ⊂ H(M − A, Y ) be uniformly normal, and let F be the closure in

C(M − A, Y +). Then H[M,Y +;F ] is uniformly normal.

Proof. The proof follows from Theorem 2.3(5) since in each case KM = KM−A,M
(see [2] for (4)).

Theorem 2.6. The following statements are equivalent for complex spaces X,Y

and F ⊂ H(X,Y ), where F ◦ H(D∗, X) is the closure in C(D∗, Y +) :
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(1) F is uniformly normal.
(2) F ◦ H(D∗, X) is uniformly normal.
(3) C[D, Y +;F ◦ H(D∗, X)] is relatively compact in C(D, Y +).

(4) For each sequence {fn} in F ◦ H(D∗, X) there is a subsequence {fnk} of
{fn} such that lim sup f−1

nk
(P ) ∩ lim sup f−1

nk
(Q) = ∅ in the topology of D for each

pair of disjoint subsets P,Q of Y with P compact in Y and Q closed in Y.
(5) F satisfies the following three conditions:
(a) F ◦ H(D∗, X) is relatively compact in C(D∗, Y +),

(b) Each f ∈ F ◦H(D∗, X) extends to f̃ ∈ C(D, Y +), and

(c) If {fn} is a sequence in F ◦ H(D∗, X) such that fn → f , then f̃n → f̃ .

Proof. (1) =⇒ (2). Follows from Proposition 1.2(2).
(2) =⇒ (3). From (2) of Theorem 2.3 and the set inclusion

H[D, Y +;F ◦ H(D∗, X)] ∪ C[D, Y +;F ◦ H(D∗, X)] ⊂ C[D, Y +;F ◦ H(D∗, X)].

(3) =⇒ (1). From the fact that F ◦ H(D, X) is a subset of the collection of
extensions in (3).

(2) =⇒ (4). From (2) and (4) of Theorem 2.3.
(4) =⇒ (3). We show that C[D, Y +; F◦H(D∗, X)] is evenly continuous. If this

is not the case choose sequences {fn} in F ◦ H(D∗, X), {vn}, {xn} in D∗, x ∈ D,
y ∈ Y , and open sets W1,W2 in Y about y such that W 1 ⊂ W2, W 1 compact,
vn → x, xn → x, fn(vn) → y, and fn(xn) ∈ Y − W2. For any subsequence
{fnk} of {fn} we have x ∈ lim sup f−1

nk
(W 1) ∩ lim sup f−1

nk
(Y −W2) even though

W 1 ∩ (Y −W2) = ∅, so (4) does not hold.
(2) =⇒ (5). Condition (a) follows from definition, condition (b) from (1) of

Theorem 2.3 and condition (c) from (3) of Theorem 2.3.
(5) =⇒ (3). Let {fn} be a sequence in F ◦H(D∗, X). By condition (a) there

exists a subsequence {fnk} of {fn} such that fnk → f ∈ C(D∗, Y +); f̃nk , f̃ exist

for each k by condition (b) and f̃nk → f̃ by condition (c).

Kiernan [14] gave further illumination to the concept of hyperbolic imbeddedness
by showing that a relatively compact complex subspace X of a complex space Y
is hyperbolically imbedded in Y iff there is a length function E on Y such that
f∗E ≤ KD for each f ∈ H(D, X). Our Theorem 2.7 provides additional insight
into the role of hyperbolic imbeddedness in Kobayashi’s generalization of the big
Picard theorem ([16, Theorem 6.1]). Zaidenberg has provided a number of other
criteria for hyperbolic imbeddedness and hyperbolicity in [25].

Theorem 2.7. Let X be a complex subspace of a complex space Y. The following
statements are equivalent:

(1) X is hyperbolically imbedded in Y.
(2) H(D∗, X) is a uniformly normal subfamily of H(D∗, Y ).
(3) There exists a length function E on Y such that each f ∈ H(D∗, X) satisfies

f∗E ≤ KD∗ .
(4) There exists a distance function d on Y such that each f ∈ H(D∗, X) is

distance decreasing with respect to kD∗ and d.

Proof. (1) =⇒ (2). It is obvious that H(D∗, X) ◦H(D,D∗) ⊂ H(D, X) and hence
H(D∗, X) is a uniformly normal subfamily of H(D∗, Y ) (see Example 1.5).
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(2) =⇒ (3). Since D∗ is hyperbolically imbedded in D, by Theorem 2.1(3)
there exists a length function E on Y satisfying f∗E ≤ KD∗,D = KD ≤ KD∗ for
each f ∈ H(D∗, X).

(3) =⇒ (4). The distance function induced on Y by the length function E
promised in (3) meets the requirements of (4).

(4) =⇒ (1). It follows from Proposition 1.3 that H(D∗, X) is relatively compact
in C(D∗, Y +). Let {fn} be a sequence in H(D, X) such that fn → f ∈ C(D∗, Y +)

on D∗. We show that f extends to f̃ ∈ C(D, Y +) and that fn → f̃ on D. This
will complete the proof of (4) =⇒ (1) in view of the result referred to in Example
1.5. If for each compact Q ⊂ Y there exists a neighborhood V of 0 in D ultimately

satisying fn(V )∩Q = ∅, f may be extended to f̃ ∈ C(D, Y +) by defining f̃(0) = ∞,

and fn → f̃ on D. Otherwise, choose a subsequence of {fn}, called again {fn}, a
sequence {zn} in D∗, and p ∈ Y such that |zn| ↓ 0, fn(zn) → p. If rn ↓ 0, the
hyperbolic length of σrn = {z ∈ D : |z| = rn} in D∗ converges to 0; it follows from
(4) and winding number arguments modeled after those of Grauert and Reckziegel
([7, p. 120]) and found in [11] and [15], that fn(0) → p, fn(z′n) → p for any

sequence {z′n} for which z′n → 0. Hence f may be extended to f̃ ∈ C(D, Y +) by

defining f̃(0) = p, and fn → f̃ on D.

Remark 2.8. The equivalence (1) ⇐⇒ (3) in Theorem 2.7 shows surprisingly that
the statement obtained by dropping the relative compactness on X and replacing
D by D∗ in Kiernan’s result is valid.

Remark 2.9. Let X be a complex subspace of a complex space Y. Kwack’s gener-
alization of the big Picard theorem establishes that f ∈ H(D∗, X) is extendable to

f̃ ∈ H(D, Y ) if (1) There exists a distance function d on Y such that f is distance
decreasing with respect to kD∗ and d, and (2) There exists a sequence {zn} in D∗

and a p ∈ Y such that zn → 0 and f(zn) → p (Theorem 3 in [19]). We observe
from (1) ⇐⇒ (3) in Theorem 2.7 that under the hypothesis of Kobayashi’s gen-
eralization [16] of Kwack’s theorem, all f ∈ H(D∗, X) satisfy conditions (1) and
(2).

Remark 2.10. The equivalence (1) ⇐⇒ (2) of Theorem 2.7 establishes that a
complex space X is hyperbolic iff H(D∗, X) is a uniformly normal subfamily of
H(D∗, X) (compare with Abate’s characterization cited in Example 1.4).
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