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ABSTRACT. Let E be a real inner product space, (F,+) an abelian o-bounded
topological group, and K a discrete subgroup of F. It is proved that (under
suitable assumptions on E) the Christensen and Baire measurable orthogonally
additive functions g: F — F/K have particular selections. In consequence,
descriptions of measurable orthogonally exponential complex functionals on FE
are obtained.

1. INTRODUCTION

Assume the following two hypotheses:
(Hy) E is a real inner product space with dim F > 1,

(Hz) (F,+) is an abelian topological group and K is a discrete subgroup of F'

(discrete means that there is a neighbourhood U C F of 0 with K NU = {0}). We
study orthogonally additive functions mapping E into the factor group F/K, i.e.
functions ¢ satisfying the condition

(1) glx+y)=g(x) +9(y) for orthogonal z,y € E.

We show that if such a function is continuous at a point, or Christensen or Baire
measurable, then, under suitable assumptions, there are continuous additive func-
tions a: R — F and A: E — F such that a(||z]?) + A(z) € g(z) for z € E.
In consequence, we obtain analogues, for the Baire and Christensen measurable
functions, of the following theorem of K. Baron and J. Réatz.

Theorem A (see [3], p. 15). Assume (Hy) and (Hz). Let F' be continuously divis-
ible by 2 (i.e. the mapping © — 2x is a homeomorphism of F onto F) and f: E — F
be continuous at the origin and satisfying

(2) flx+y)— f(x)— f(y) € K for orthogonal x,y € E.

Then there are continuous additive functions a: R — F and A: E — F such
that

(3) f(x) —a(||z||?) — A(x) € K forx € E.
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We also generalize Theorem A by showing that f can be supposed continuous at
any point and that the assumption of continuous divisibility by 2 can be replaced
by the following weaker one:

(H3) 2r:=x+x#0 forxze F\{0}.

Finally, we characterize the Baire and Christensen measurable orthogonally expo-
nential functionals g : E — C| i.e. solutions of the conditional equation

(4) gz +y)=g(x)g(y) for orthogonal z,y € E.

The orthogonally exponential functionals g: £ — C which are continuous at the
origin or measurable on rays (i.e. for every x € E the function t — g(tz), t € R,
is Baire or Lebesgue measurable) have been investigated in [1] and [3]. For the
information and bibliography concerning the orthogonally additive functions refer
e.g. to [10] and [11].

Throughout the paper N, Z, @, R, and C denote, as usual, the sets of positive
integers, integers, rationals, reals, and complex numbers, respectively.

Given F and K satisfying (Hz), in the factor group F/K we take the factor
topology, i.e. a set U C F/K is open if the set p~(U) is open in F, where p: F —
F/K is the natural projection. If F/K is endowed with this topology, then it is a
topological group and p is open and continuous.

In the sequel Chr(X) denotes the family of all Christensen measurable subsets of
a Polish linear space X which are not Christensen zero sets (for details concerning
Christensen measurability refer to [5] and [6]). Analogously, if X is a topological
space, Bai(X) stands for the family of all subsets of X which are of the second
category and with the Baire property (see e.g. [8], p. 92, and [9]). Let us recall
that a function mapping a topological space X into a topological space Y is Baire
measurable provided, for every open set U C Y, the set f~*(U) has the Baire
property in X.

2. THE MAIN THEOREM
Let us start with the following definition and lemma.

Definition 1. We say that a topological group (G, +) is o-bounded provided, for
every open neighbourhood U C G of 0, there is a sequence (z,: n € N) C G with

H=|J{U+z,:neN}

For instance, every topological group (G, +) possessing a dense countable subset
is o-bounded.

Lemma 1. Let E be a real inner product space, D C E, and Dy = {||z||?: z € D}.
The following two conditions hold.

(i) If E is a Polish linear space and D € Chr(FE), then Do contains a subset of
positive Lebesque measure in R.

(ii) If D € Bai(E), there is T € Bai(R) with T C Dy.

Proof. Take e € E with |le]| =1 and put Y = {z € E: z L e}. Then Y is a linear
subspace of F and Re®Y = F.

First assume that E is a Polish space and D € Chr(E). Then D has a universally
measurable subset D which is not a Haar zero set. Let m be the Lebesgue measure
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inR,r: R— Ebegivenbyr(c) =ceforce R,and Ly ={c e R: k—1<|c| < k}
for k € N. Define a Borel measure u on E by the formula

w(T) =2 *m(Ly)] " 'm(r~"(T) N Ly)
k=1

for every Borel set T C E. It is easily seen that u extended to the family of all
universally measurable subsets of E is a probability measure on E, which means
that there are b € R, y € Y with u(D1 +be+y) > 0 (cf. [6]). Thus there is a Borel
set Dy C Dy with u(Ds + be + y) > 0. Hence m(r=*(Dz + %)) > 0. Further, we
have D3 :={c*: ce —y € D} D {c®: c€r (D2 +y)} and
() &+ yll? = llell* + lyl* = llce = y[|* for c € R.
Consequently, D3 contains a subset of positive Lebesgue measure and D3 + ||y||? C
Dy, which implies the statement (i).

Now, suppose D € Bai(E). Define a continuous functional j: E — R by j(z) =

(x,e) for x € E, where ( , ) denotes the inner product in E. Then j(ce) = ¢ for
ce RandY =Kerj. Let g: F — RxY and h: R xY — E be functions given by

9(z) = (j(2),s8(z)) forz e E,
hic,y)=ce+y force R, yey,

where s: E — Y and s(ce +y) = y for ¢ € R, y € Y. Next, suppose that Y is
equipped with the restriction of the inner product from E and R x Y is endowed
with the product topology. Then it is easily seen that R x Y is a real topological
linear space and g and h are continuous. Thus g is a homeomorphism, because
g = h~!. Hence g(D) € Bai(R x Y). Consequently there is y € Y such that

D, :={ceR: (c,y) € g(D)} € Bai(R)

(see [9], p. 57) and therefore Dy := {c¢* € R: ¢ € D,} € Bai(R). Further, since (5)
is valid and ||y|| = || — yl|, D1 + ||y||* € Do. This completes the proof. O

Now, we are in a position to formulate and prove the following

Theorem 1. Suppose that hypotheses (Hy)—(Hs) are valid and g: E — F/K is a
function satisfying (1). Further, assume that one of the following three conditions
holds:

(i) E is a Polish space, F' is o-bounded, and g is Christensen measurable;

(ii) E is a Baire space (i.e. it is of the second category), F' is o-bounded, and g

is Baire measurable;
(iii) g s continuous at a point xg € E.
Then there are continuous additive functions a: R — F and A: E — F such that

(6) a(||z]|?) + A(z) € g(x) forz € E.

Proof. Define functions go, g1,92: E — F/K by go(z) = g(—2), g1(x) = g(x) —
9(~2) = g(z)—go(x), and ga(z) = g(z)+9(~2) = g(x)-+go(x) for z € E. Tt is easily
seen that g1 is odd and g2 is even, and they are solutions of (1). Thus, by Theorems
5 and 9 in [10], ¢1 is additive and there is an additive function h: R — F/K such
that

ga(z) = h(||z||*) for x € E.

We will show that g; and h are continuous at the origins in E and R, respectively.
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First consider the case (iii) where g is continuous at a point xg. Then, in view
of the definitions, g; and go are continuous at xg, too. Thus g1 is continuous
at 0, because it is additive. Take a neighbourhood W C F/K of 0. There are
neighbourhoods U C F/K and V' C FE of the respective origins such that U—-U C W
and

g2(V +20) C U + ga(20)-

Put S = {||z[|?: z € V +x0}. It is easily seen that int(S) # @ in R. Hence S — S is
a neighbourhood of 0 in R. To complete the proof of continuity of i at 0 it suffices
to observe that

h(S—=58)=h(S)—h(S)=g2(V+a0)—g2(V+zo) CU-UCW.

Now, assume that condition (i) ((ii), respectively) holds. Fix a neighbourhood
W C F/K of 0. There are open neighbourhoods V,U C F/K of 0 such that
V=-V,V+V CU,and U—U C W. Furthermore, since F is o-bounded, F'/K
is o-bounded, too, and consequently there exists a sequence (z,: n € N) C F/K
such that

F/K:U{V+:z:n: n e N}.
Note that
E=g"(F/K)Ngy " (F/K) = J{g7"(V+2n) gy " (V +21): n,k € N}.
Thus there are n, k € N such that the set
D:i=g ' (V+z,)Ngy ' (V + x)

belongs to Chr(FE) (Bai(E), resp.) and, by Lemma 1, the set Dy contains a subset
of positive Lebesgue measure in R (a subset from Bai(R), resp.). Hence, on account
of Theorem 2 in [5] (the Difference Theorem in [8], p. 92, resp.), 0 € int(D — D) (in
E) and 0 € int(Dg — Dy) (in R). Since

91(D = D) = g1(D) = 91(D) C (9(D) — go(D)) = (9(D) — go(D))
Cl(V4a) — Vo) - [(V+z,) —(V+a)|CU-UCW
and
h(Do — Do) = h(Do) — h(Do) = g2(D) — g2(D)
C (9(D) +90(D)) = (9(D) + go(D)) CU —=U C W,
this ends the proof of continuity of g1 and h at the origins.

It results from Lemma 1 in [4] that there are functions s1: E — F and s3: R — F
continuous at the origins with s;(z) € g1(x) for « € E and sz2(c) € h(c) for ¢ € R.
Moreover, s1(x+y)—s1(x)—s1(y) € K for 2,y € F and sa(c+d) —sa2(c) —s2(d) € K
for ¢,d € R, because g; and h are additive. Consequently, in view of Theorem 3 in
[2], there are additive and continuous functions Ag: E — F and ag: R — F such
that Ao(z) € g1(x) for z € E and ag(c) € h(c) for c € R. Let A: E — F and
a: R — F be given by:

A(z) = Ag(32) forz € E,

a(c) = ap(3c) for ce R.

Then they are continuous and additive. It remains to show that (6) holds.
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To this end take a function f: E — F with f(z) € g(z) for z € E, which
means that f satisfies (2). For every x € E put f1(z) = f(z) — f(—=z) and fo(z) =
f(x)+ f(—=x). Then f;(x) € g;(z) for z € E, i = 1,2, and consequently

fi(x) — Ap(z) e K forx € E,

fa(x) —ao(|z]|?) € K for x € E.
Let k: E — K be a function defined by the formula:
k(z) = fi(x) — Ao(2) + fo(x) — ao(||z]|*) = 2f(z) — Ao(x) — ao(||z[|?) for = € E.
Since, for every z € F,
k(x) + k(=z) = 2[f () + f(=2) — ao([[«]|*)] = 2[f2(z) — ao([l«]?)] € 2K,

according to Theorem 5 in [10], the function ko: E — K/2K, given by ko(x) =
k(z) + 2K for x € E, is additive. Thus ko(z) = 2ko(3x) = 0 for € E and
therefore k(E) C 2K. Whence, for every = € E,

2[f(2) — Alz) — a([lz]*)] = 2f () — Ao(z) — ao([l2]]*) = k(z) € 2K,
which jointly with (Hs) yields (6). This ends the proof. |

3. APPLICATIONS

Now, we present two theorems which result from Theorem 1. The first one
is a generalization of Theorem 1 in [3] and contains a result concerning stability,
of Hyers-Ulam type (see e.g. [7]), for orthogonally additive mappings; the second
characterizes orthogonally exponential functionals.

Theorem 2. Suppose (Hy)—(Hs). Let f: E — F be a function satisfying (2).
If one of conditions (i)—(iil) of Theorem 1 is valid with g = f, then there exist
continuous additive functions a: R — F and A: E — F such that (3) holds.

Proof. Put g = po f, where p: F — F/K is the natural projection. Then one of
conditions (i)—(iii) of Theorem 1 is satisfied. Thus Theorem 1 implies the asser-
tion. (]

Theorem 3. Let E be a real inner product space with dimE > 1 and h: E — C
be a function satisfying (4). Suppose that one of the following three conditions is
valid:

(i) E is a Polish space and h is Christensen measurable;
(ii) E 14s a Baire space and h is Baire measurable;
(iii) h is continuous at a point.

Then either h(z) =0 for x € E or

h(z) = {(1) Z:i if\{O}’

or there are ¢ € C' and a continuous R-linear functional A: E — C such that

h(x) = exp(c||z||®> + A(z)) forx € E.
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Proof. Suppose that h(z) # 0 for some x € E\{0}. Then, according to Proposition
3in 1], 0 ¢ h(E). Let S = {z € C:|z| = 1} and ho: E — S, f: E — R,
9g: E— R/Z,T: S — R/Z be functions given by f(z) = log|h(z)| for x € E,

h(z)

ho(z) = @) for x € E,

T(exp2mit)=t+Z forte[0,1),

and g = T'ohg. It is easily seen that g and f satisfy the assumptions of Theorems 1
and 2, respectively, with F = R and K = Z, and, moreover, f satisfies (1), i.e.
(2) with K = {0}. Thus there are c¢1,ca € R and continuous linear functionals
Ay, Ay: E — R with

f(@) =cil|z||* + Ai(x) forz € E,

callz||® + Az(z) € g(x) for x € E.

Since h(x) = ho(x) exp(f(x)) for x € E, setting ¢ = ¢1 +2micy and A = Ay +2mi A,y
we obtain the statement. a

Remark. Tt results from Remark in [3] (on page 15) that the regularity assumptions
made in Theorems 1-3 are essential.
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