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ABSTRACT. The concept of concavity is generalized to functions, y, satisfying
nth order differential inequalities, (—1)”_ky(”) (t) > 0,0 <t <1, and homo-
geneous two-point boundary conditions, y(0) = ... = y*=1(0) = 0,y(1) =
R y(”_k_l)(l) =0, for some k € {1,... ,n — 1}. A piecewise polynomial,
which bounds the function, y, below, is constructed, and then is employed
to obtain that y(t) > ||y||/4™,1/4 < t < 3/4, where m = max{k,n — k}
and || - || denotes the supremum norm. An analogous inequality for a related
Green’s function is also obtained. These inequalities are useful in applications
of certain cone theoretic fixed point theorems.

In recent applications of cone theoretic fixed point theorems to boundary value
problems (BVPs), inequalities that provide lower bounds for positive functions as
a function of the supremum norm have been applied. This type of inequality has
been useful in applications to both regular two-point BVPs ([5], [4]) on annular like
regions, and singular two-point BVPs ([6], [3]). The particular inequality to which
we refer is as follows: if y”(¢t) < 0,0 <t <1, and y(¢) > 0,0 < ¢t < 1, then for
1/4 <t < 3/4,

(1) y(®) = llyll/4,

where ||y|| = supo<i<1|y(t)|. An analogous inequality for a Green’s function has
been employed for regular two-point BVPs [5], [4].

The purpose of this short paper is to obtain generalizations of (1) and the analo-
gous inequalities for Green’s functions. These inequalities will play analogous roles
in the study of BVPs for nth order ordinary differential equations. In particular,

we shall show that if n > 2 is an integer, k € {1,... ,n — 1}, and if

(2) ()" Pym >0,0<t <1,

(3) y9(0)=0,j=0,... ,k—=1,491)=0,j=0,... ,n—k—1,
then for 1/4 <t < 3/4,

(4) y(t) = lyll/4™,

where m = max{k,n — k}.
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Inequality (1) can be obtained as follows: Assume for simplicity that ||y|| = y(t1),
and 0 < t; < 1. By the concavity of y, y(t) > p(t) where p is the piecewise
polynomial,

@ = (lyll /)60 < £ < b,
PO = i/t - D)t - 1)t <t < 1,

In this paper, we shall obtain (4) by generalizing the argument given here for the
second order problem.

Theorem 1. Assume y € C™[0,1] and satisfies (2) and (3). Then y satisfies (4).
Proof. We first obtain (4) in the case that (—1)(»=Fy(™) () > 0,0 < ¢t < 1. Note

that
1
- / G(t, 5)y™ (s)ds,
0

where G(t, s) is the Green’s function of the boundary value problem, 4™ () = 0,0 <
t <1, (3). Tt is well-known ([2]) that (—1)""*G(t,s) > 0 on (0,1) x (0,1). Hence,
y(t) > 0,0 < t < 1. Also note that y has precisely one extreme point at, say, t; €
(0,1). For if y’ vanishes twice in (0,1) then by employing the boundary conditions,
(3), and by applying Rolle’s theorem repeatedly, one obtains the contradiction that
y(™ vanishes in (0, 1).

Define a piecewise polynomial, p, by

)k 0 .
(5) p(t) = illyll/(t Mt 0 <t <t

Yt —1)"F <t < 1.

{(Ilyll/(tl - )"

We shall show, in Lemma 2, that y(t) > p(t),0 < ¢t < 1. Inequality (4) will then
follow in the case (—1)"~% (")( ) > 0,0 <t < 1. To see this, first assume ¢; €
[1/4,3/4]. For 1/4 <t < ty,

y(t) > p(t) > p(1/4) > [yl /4".
For t; <t < 3/4,

y(t) = p(t) = p(3/4) > |lyll /4"
Thus, (4) holds in this case. In the case t; < 1/4, then y(t) > p(3/4) for 1/4 < ¢ <
3/4, and in the case 3/4 < t1, then y(¢) > p(1/4) for 1/4 < ¢ < 3/4. Thus, once
Lemma 2 is proved, (4) holds in the case (—1)" %y (#) > 0,0 <t < 1.

Now consider the case where (2) holds. For € > 0, define y(e,t) = y(t) +
et*(1 — t)"~*. By the preceding case, (4) holds for ¢ > 0 and, by continuity in e,
(4) holds for e = 0. The proof of Theorem 1 is complete, once Lemma 2 has been
proved. O

Lemma 2. Assume y € C™[0,1] and assume (—1)"*y(™(t) > 0,0 < ¢t < 1.
Moreover, assume that y satisfies the homogeneous boundary conditions, (3). Then
y(t) > p(t),0 <t <1, where p(t) is defined by (5).

Proof. First, assume that k € {2,... ,n —2}. Apply Rolle’s theorem repeatedly to
y(t). In the proof of Theorem 1, we have argued that y’ vanishes precisely once at
t; € (0,1). We also note that since (—1)**y(™(t) > 0,0 < ¢t < 1, y has a simple
zero at t1. Similarly, ¢y’ has two simple zeros in (0,1). We shall provide two sets of
labels for the zeros of 3. We shall label these zeros by ta; < taa or by Taa < To1.
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So, t21 = Too and too = To1. Similarly, y”’ has at least two simple zeros in (0, 1)
and we label these zeros by t31 < t32 < ... or by ... < 732 < 731. Inductively, for
i=2,...,n—2, 4y has at least two simple zeros in (0, 1) and we label these zeros
by tipg <tlig<...or by ... < Tio < T41. Note that

tr1 < tk+171 <. < tn—l,l =Tn—-1,1 < ... < Tpnkt+1,1 < Tn—k,1-

We shall now show that y(¢) — p(t) > 0,0 <t < 1, where p is given by (5). For
0 <t <t let h(t) = y(t) — p(t). Note that h(0) =...=h* =D (0) = h(t;) =0 and
R (t1) = —p'(t1) < 0. So, h(t]) > 0. Assume, for the sake of contradiction, that
h(c) = 0 for some ¢ € (0,%1). Apply Rolle’s theorem and note that h’ vanishes at
c14,1 = 1,2, where 0 < ¢11 < c12 < t1. Apply Rolle’s theorem again and note that
h'" vanishes at c9;,7 = 1,2, where 0 < co1 < c22 < ¢12. We now argue that, in fact,
0 < €21 < €22 < to1. We have noted that for each j = 1,... ,n — 1, each root of
yU) in (0,1) is simple, so y” changes sign at to; and at to5. Note that y(*)(0) > 0.
This follows since y(t) = [ G(t,s)y™ (s)ds and (—1)"~*(9%/9t*)G(0,5) > 0,0 <
s < 1 [2]. So by Taylor’s theorem, y)(t) > 0,0 < t < tii,j =2,...,k—1, and
Yy (t) < 0,tj1 <t < tjo,j =2,...,k—1. Now, h’(c2;) = 0,4 = 1,2, implies
y”(CZi) = pH(CZi) >0,1=1,2. Since, Cog < t1 < tog, then cy; € (O,tzl),i =1,2. It
now follows inductively for j = 2,... |k, that ) vanishes at 0 < cj1 < cja < ;1.
To see this, it follows by Rolle’s theorem that 0 < ¢j1 < ¢j2 < ¢j—1,2. h) (cji) =
0,i = 1,2, implies y9)(c;;) = p¥)(c;i) > 0,7 = 1,2. By the simplicity of the interior
roots of y) and the fact that cjo < tj—11 < tjo it follows that 0 < ¢j1 < ¢jo <
tj1,5 =2,...,k. Now, apply Rolle’s theorem to h(¥) and note that h(*+1) vanishes
at some cp4+1 where cpy1 < cp2 < g1 < tg4+1,1- This produces a contradiction since
R+ = ¢(k+1) and t),, 1 1 is the smallest positive root of y*+1). Thus, h does not
vanish on (0,¢1) and A(t) > 0,0 < ¢ < 1.

The argument to show y(t) > p(¢),t1 <t <1, is similar. Let h =y —p on (¢1,1)

and note that h(t;) = h(1) = ... = R *=D(1) = 0 and h'(t1) = —p/(t1) > 0.
Thus, h(tf‘) > 0. Now assume, for the sake of contradiction, that h vanishes
at ¢ € (t1,1). The analogous contradiction arises if for each j = 2,... ,n — k,

h9) vanishes at ¢yt = 1,2, and 751 < ¢j1 < ¢jo < 1. Again, it follows that
([2]) (=1)"~Fy(»=k)(1) > 0, and so, by Taylor’s theorem and the simplicity of the
interior roots, it follows that (—1)7y)(t) > 0,71 < t < 1, and (—1)7yY)(¢) <
0,750 < t < 1j1. If h9) vanishes at ¢ji,t = 1,2, then y(j)(cji) = p(j)(cji) and
(=1)7pW(cj;) > 0. Thus, 7j1 < ¢j1 < ¢jo < 1 as in the inductive argument in
the preceding paragraph. Again, as above, apply Rolle’s theorem to A("~%) and
obtain that A %1 vanishes at some Ck+1 where 7411 < cp41. Again, this is a
contradiction as h("~F+1) = ¢(=k+1) anq this completes the proof of Lemma 2 in
the case that k € {2,... ,n —2}.

To handle the case k = 1 or k = n — 1, we consider the case kK = n — 1.
The case k = 1 is handled similarly or simply with a change of variable. Assume
—y™(t) > 0,0 <t < 1,y(0) =... =y 2(0) = 0,y(1) = 0. It is clear by Rolle’s
theorem that y has precisely one extreme point at some ¢t; € (0,1). Define p by
(5) with &k =n — 1. On [0,#], let h =y — p. Then A () < 0,0 <t < 1,h(0) =
R'(0) = ... = h(=2)(0) = 0, h(t;) = 0. Thus,

h(t) = /0 " Gt )h™ (5)ds
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where G is the Green’s function of the boundary value problem, y(™(t) = 0,0 <
t<t,y0)=...=5"2(0) =0,y(t1) = 0. It is well-known [2] that G(t,s) < 0 on
(0,t1) x (0,t1) and so, h > 0 on (0,¢1). To analyze h = y—p on [t1, 1], apply Rolle’s
theorem to y and obtain that for j = 1,...,n — 2, y{) vanishes precisely once at
some t; € (0,1) and 0 < tj41 < t; < 1,5 = 1,...,n — 1. In particular, t, < ty;
y”(t1) < 0 and so, y is concave down on (t1,1). Thus, y(¢t) > p(t),t1 < t < 1. This
completes the proof of Lemma 2. O

In the next theorem, we obtain the analogue of (4) for the Green’s function of the
BVP, y(™ = 0,0 < t < 1,(3). Erbe and Wang [5] have shown that such lower bounds
are useful in certain cone theoretic fixed point theorems to construct appropriate
annular like regions. In related works, ([4], [7]) analogous inequalities have been
obtained for the Green’s function related to the specific BVP being studied.

The proof of Theorem 3 is analogous to the proofs of Theorem 1 and Lemma 2.
Recall [2] that G(t,s) is C"~2 on [0,1] x [0,1]. Moreover, for 0 < s < t,G(t, s) is
C™~! as a function of ¢ and is, in fact, an n — 1 order polynomial in ¢. Similarly,
for 0 <t < s,G(t,s) is C"! as a function of ¢t and is an n — 1 order polynomial in
t. Since [2] for each s € (0,1),

(6) (=1)"F(8% /at*)G(0, s) > 0, (0" F Jat"F)G(1,5) > 0,

it follows by the boundary conditions, (3), that for each s € (0,1) (9/9t)G(t, s) has
precisely one root, say t1 = t1(s).

Theorem 3. For each s € (0,1), let ||G(-,5)|| = supg<;<1 |G(t,5)]. Then for
1/4<t<3/4,

(7) ()" *G(t5) 2 |IG(, 8)]] /4™,
where m = maz{k,n — k}.

Proof. Let s € (0,1) be fixed throughout this argument. First, recall [2] that
(-1)""kG(t,s) > 0,0 < t < 1. Let t; denote the unique extreme point of
(-=1)""kG(t,s) > 0,0 < t < 1. Define

(IGC, )/ ()"0 <t <,
8 =
) o {(IIG(wS)II/(h —D)TEE - <t <L

We shall argue, as in Lemma 2, that (—1)""*G(t,s) > p(t),0 < ¢t < 1. Inequality
(7) will then follow as in the proof of Theorem 1.

First, consider the case k € {2,...,n — 2}. Employ the boundary conditions
and Rolle’s theorem to see that (87/0t7)G(t,s) has at least two simple roots in
(0,1),7 =2,...,n—2. Label these roots, as in the proof of Lemma 2, by 0 < t;; <
tjg < ...< 1, and by 0<... < Ti2 < Tj1 < 1. Note that tn_g)l < s < tn_g)g
for if not, then by Rolle’s theorem, (0"~!/dt"~1)G(t, s) vanishes on (0, s) or (s, 1).
Since, G is a polynomial of order n — 1 on triangles s < ¢, < s, then G = 0 on one
of these triangles. This contradicts (6).

Let h(t) = (=1)""*G(t,s) — p(t),0 < t < t;. Then h(0) = ... = h*71(0) =
h(t1) = 0 and A'(t1) < 0. Assume for the sake of contradiction that h vanishes at
¢ € (0,%1). Apply Rolle’s theorem and obtain that k' vanishes at 0 < ¢11 < ¢12 < t3
and h'" vanishes at 0 < c21 < o2 < ¢12. It follows by (6), precisely as in the proof of
Lemma 2, that 0 < ¢co1 < co9 < t21. It follows inductively that for each j = 2,... |k
that () vanishes at cj1 and cjp where 0 < ¢j1 < ¢j2 < t;1. Thus, as in the proof
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of Lemma 2, there exists cx1 < tg11,1 such that (981 /9t*+1)G(cy41,5) = 0. But
this contradicts the definition of ¢x411 and so, (—1)"FG(t,s) > p(t),0 < t < ty.
A similar argument holds for t; <t < 1 and the proof of Theorem 3 is complete
for the case k € {2,... ,n —2}.

We shall now handle the case k = n—1. The case k = 1 will follow with a similar
argument or with a change of variable. As in the proof of Lemma 2 for the case
k = n — 1 apply Rolle’s theorem repeatedly and for each j = 1,... ,n — 2, obtain
a uniquely determined ¢; such that (87/0t7)G(t;,s) =0 and 0 < s < ty_2 < ... <
t1 < 1. In particular, t2 < ¢t; and —G(t, s) is concave down on (¢1,1). Define p(t)
by (8) with &k = n — 1. Let h(t) = (=G(t,s) — p(t)). On [t1,1], h(t) > 0 since -G
is concave down.

To address the interval [0, t1], first recall [1, p.192] that four properties related to
smoothness, a jump discontinuity in the n — 1st derivative at t = s, the solvability
of the homogeneous differential equation on the triangles, ¢ < s and s < t, and
the solvability of the homogeneous boundary conditions uniquely determine the
existence of a Green’s function of a boundary value problem. We shall employ this
characterization to argue that, in fact, —h is a Green’s function of some boundary
value problem. On the interval, [0,¢;], note that h € C"~2[0, 4],

RO (%) = A D(s7) = (07710t G(s™,8) — (0771 /ot G(sh,s) = 1,

h satisfies h(™(t) = 0 for s < ¢t and t < s, and h(0) = ... = h("=2)(0) = h(t;) = 0.
In particular, (now letting s range over [0,t1]) —h(t, s) is the Green’s function for
the BVP, y™ = 0,0 <t < t1,y(0) = ... = y=2(0) = 0,y(t;) = 0. Tt is well-
known [2] that —h < 0 on (0,%1) x (0,¢1). This completes the proof of Theorem
3. (]
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