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ABSTRACT. To describe some fractal properties of a self-similar set or measure,
such as the Hausdorff dimension and the multifractal spectrum, it is useful
that it satisfy the strong open set condition, which means there is an open set
satisfying the open set condition and, additionally, a part of the self—similar set
must meet the open set. It is known that in the non—random case the strong
open set condition and the open set condition are equivalent. This paper treats
the random case. If the open set condition is assumed, we show that there is
a random open set satisfying the strong open set condition. Further, we give
an application to multifractal analysis of the random self-similar fractal.

1. NOTATION

In this section we recall the definition of self-similar sets and self-similar mea-
sures, and give some properties. A more detailed introduction and the proofs of
the properties may be found in [PZ] and in [AP].

Let K C R? be a fixed compact set with K = int K. We are given a positive
integer N > 2 and a probability measure p on Sim®" x [0,1], where Sim is
the space of all similarities of R? equipped with the usual topology of uniform
convergence on compact sets. In this paper we assume the following.

N
Assumption 1. (I) /Zpiu(d(sla"' ,SNiPL, -, pN)) = 1,

=1
(II) S;(int K) C int K for all ¢ = 1,... ,N and S;(int K) N .S;(int K) = @ for all
i # j for p—a. a. (S1,...,SN;D1,--- ,DN);
(III) there exist pmin > 0 and Tmin > 0 such that p; > pmin and Lip S; > ryin for
alli=1,...,N and p—a. a. (S1,...,SNn;p1,--- ,PN)-

Condition (II) is known as the open set condition.

In the sequel we often make use of symbolic dynamics. Let ¥ = {1,... , N}
be the code space over the indices 1,... ,N, X, = {1,...,N}" the space of all
sequences of length n, and X, = J -, X,. For 7 € ¥,, denote by |7| = n the length
of 7, and by 7|k the truncation of 7 to the first k entries, k < n. For 7 € 3, and
o € X, UY we write 7 < ¢ if there is a ¢/ € X, UY with 7 = oo’. Further, let
[T] = {0 € £: 7 <0} be the cylinder sets in 3, 7 € Z,.
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Define the space Q = (Sim™ x [0, 1]N)E*. Let § be the product o-algebra on

Q. Taking P the product measure with y on each component we get our primary
probability space (2,5, P).
For w € Q and 7 € ¥, write
w(r) = (Sr1(w), .-+, Sen(W); pr1(W), - -+, Prv (W)
and Sy(w) = id, pg(w) = 1. By Fr we denote the o—algebra generated by all S;
and p, with || < k. For brevity write

ST = ST\lo"'STHT\a

rr = LipSs,

Tr = LipS; =ry1- 7o,
Pr = DPrixcPrilr)s

K. = S.K

for 7 € X,.
In [AP] it is shown that the random variables

Xy = lim > priyny Pr(gln)
n€Xn

exist for all 7 € ¥, and

Uy ([7]) =P, (w) X+ (w)
extends to a random measure ¥, on ¥ for P-a. a. w € Q, with EV(X) =E Xy =1
and E X < co.
Let us define random mappings m, : ¥ — K by

(o) = nlLH;O Soin(w)(zo).

This limit exists for P—almost all w and does not depend on the choice of zg.
The random measure ¢ with @, = ¥, o7 L is called the random self-similar
measure, and the random set = with =2, = 7, (2) the random self-similar set.
We call a random subset I' C ¥, a Markov stopping, if
(I) for each 0 € ¥ and each w € § there is a unique 7 € I'(w) with 7 < o, and
(II) {weQ: 7€l (w)} € 3§ forall T € X,.
A simple example is the random set

FN={reX.: 7o <r< 7,,.||7.|_1}

for r € (0,1).

If T is a Markov stopping then, by the open set conditon, {int K (w) : 7 € I'(w)}
is a family of mutually disjoint sets for almost all w € 2. Let §r be the sub—o—
algebra of § generated by {S,, p, : there is a 7 € I with n < 7}.

Further, let us introduce shift operators A, : ¥, UY — 3, UX by

A (o)=T0

and write Tr(w) = w o A;. Then S,(Trw) = S;(w) and p,(Trw) = prp(w).
We will denote the objects generated by T with a superscript 7, e. g. S7(w) =
Sy(Trw), 7 = @, and so on.

The measures ® and ¥ and the set = fulfill the following invariances (cf. [AP,
PZ]).
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Theorem 2. Let T be a Markov stopping. Then
= ZpT U7 o AZY, where the U7 are i. i. d. copies of U and independent

Tel
of Sr.
(i) @ ZpT 7o ST , where the ®7 are i. i. d. copies of ® and independent of
Tel
S
(iil) = U S,Z7 where the Z7 are i. i. d. copies of = and independent of Fr.
Tel

O

U, ¢ and = are characterized by the properties of the theorem above and by the
requirement E®(R?) = E¥(X) =1

2. THE MAIN THEOREM

Now we are able to state the main theorem of this paper. The proof is analogous
to one of Schief [S].

Theorem 3. Let the assumptions 1 be satisfied. Then there is a random open set
U with U = int U, such that the following hold.
(i) S;(UY Cc U foralli=1,...,N with probability one (where U'(w) = U(T;w)).
(ii) Si(U)NS;(UT) =0 for all i # j with probability one.
(i) ENU # O with probability one.

Proof. 1. Fix ¢ > 0 and let K© = J,_x B(z,e). For n € ¥, write G,(w) =
S, (w)(K®)) and define

I(n)(w) = {7 € I, )(w) : Gy(w) N K- (w) # 0}.

Fix zyp € int K. Since int K is open and bounded, there are 0 < r < R < oo such
that B(xo,r) Cint K C K C B(xo, R). Let 7 € I(n)(w). By definition of K, and
of F;ﬂ(w) (w),

LK~ (w)) ‘4B (xo, r))

Tr(w)
Ty(W)? riin £4(B(x0,7)).

On the other hand, since G, (w) C B(Sy,(w)zo,Ty(w)(R + €)), we have K,(w) C
B(S,(w)xo, 7y (w)(3R + 5)) By volume estimating therefore

#I1(0) (W) Tp(w) i L9B(zo,r) < Y LYK, (w

TEI(n)(w)

4 (B(§77 (W)xo, BR+€)Ty (w)))
Fn(w)d Ed(B(xo, 3R +¢)).

That means the cardinality of I(n)(w) is bounded above, independent of w € Q and
n € .. Let M = esssupsup,cx._ #I(n). Since the cardinality is a discrete value,
there is an 7y € X, such that P(#1(no) = M) > 0.
2. Take w € Q and n € X, such that #I(n)(w) = M. Let 0 € ¥, and @ €
T;Hw}. Then 7o (@) = 7o (Q)F2 (D) = To (0)F(w) and K7 (0) = S, (0) K, (w).
Hence, o7 € I(on)(®) for all T € I(n)(w) By maximality of I(n)(w) this implies
Iom)(@) = o1(n)(w) and #(on)(@) = M.

AVARLY,

IN
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3. Denote
Qo ={w e Q: thereisann € X, with #I(n)(w) = M}.

Then ¢ = P(9) > 0. Furthermore, Ti_lQo C Qg for all i and, by definition of P,
{T7 ', ... TN 100} is an independent family. Therefore,

qg = P(Qo)

N
- ef{rn)
1=1 N
= 1- ]P’<ﬂ T;193>
=1

— 1B

= 1-(1-9"
which implies (since ¢ > 0) that ¢ = 1. Hence, for almost all w there is an
n(w) € X, such that #I(n)(w) = M. The mapping w +— n(w) may be assumed to

be measurable. With step 2 we get I(on?(w))(w) = oI (n° (w))(w) for all o € X,.
Denote

Q={weQ: TrwecQforal 7 €2,}.

Since ¥, is countable and P a product measure we infer that P(Q) = 1.
4. Define

Uw) = |J Srw) oS ()W) (K?)
TEX.

forwe Q. It _rernains to show that the assertions hold.
(i) If w € O then

S = 5 U 505 @E)

TED,
= U i) 0 50 o (@) (K /)
TED,
c Uw)

foralli=1,...,N.

(ii) Assume there are an w € Q and a pair i # j with S;(U%(w)) N S;(U7 (w)) #
0. By definition of U there are 0,7 € ¥, and n = 1" (w) and 77 = 7’ (w) and
Yy € Sig(w) o S (KE/2) N Sjr(w) o Sy (w)(K /). Without loss of generality
we assume 7j,7(w) < Tigy(w). Choose 7/ < 77 such that jr' € 'z, ()(w). By
definition there are y; € Kjon(w) with d(y1,y) < Fion(w) - €/2 and yo € K (w)
with d(y2,y) < Tjrz(w) -€/2 < Fign(w) - €/2. Hence, d(y1,y2) < Fign(w) - £/2, which
implies K, (w) N Gion(w) # 0; hence j7’ € I(ion™ (w))(w), being a contradiction
to step 3.

(iii) Clearly, K, (,)(w) C U(w) for all w € Q and, hence, E(w) N U (w) # 0.

5. Replacing U by U’ = int U, we infer that U’ = int U’. Moreover, (i), (ii), and
(iii) remain valid for U’, concluding the proof. O
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Remark 1. In [AP] we said that the strong open set condition is satisfied, if the
assertions of the theorem above hold with a non—random set U. But many proofs
remain valid replacing this non-random set by a random set. There are some
differences between the sets U and int K. While K is given a priori, the random
set U depends (in general) on the whole o—algebra §. A disadvantage is also the
fact that there is no constant ro such that for almost each w there is a ball with
radius 7o inside U(w).

3. AN APPLICATION

An application is the determination of the multifractal spectrum. Let us consider
the sets

S = {zecg: lim 82B@)

exists and equals a
r10 log r q }

of points with local dimension a. The multifractal spectrum is defined by the

Hausdorff dimensions of these sets.
In [AP] we defined a function 8 : R — R by

N
EZpgriﬁ(q) =1.
i=1

In [F] some properties of this function are listed. Let a(q) = —3(¢). Then « is
either constant or strictly decreasing. The multifractal spectrum is related to the
Legendre transform f = * of (3 satisfying f(a(q)) = qa(q) + B(q). The key of the
proof was the fact that log d(z, 9K) is integrable if the strong open set condition is
satisfied (cf. [AP, 2.8]). An analogue is valid in our case.

Lemma 4. Let U be the random open set from Theorem 3. Then
E/\logd(m,@U)\(I)(das) < 0.

Proof. By Theorem 3 there are an n € 3, and a § > 0 such that P(d(kK,,0U) >
8/rmin) > 0. Let r = essinf 7, rmin > 0 and

0 < z=El{d(K,,0U) > ré/rmin}¥(n]) < 1.
Write I'(n) = I'y» and
Gn={rel(n): d(K,,0U) <r"é}.
Let 0 € G,,. Then Toy > r"t1 If d(KJ,0U°) > 16 /Tmin, then, since o € I'(n),

Ad(Kyr,0U) > d(Koy,8S,U°)
— Td(KZ,0U°)

> it



2124 NORBERT PATZSCHKE

.

> v/p,

TEGn41,T>0

Hence

IE[ > v

T€EGn+1,T>0

P, E

So|

< pa’ <1_E[ Z \I/(KT)/E; Sa‘|>
7€l (n+1)\Gny1,7>-01
< P, (1 -E[H{d(K0oy,0U%) > 16 /rmin} ¥ [n] | §10])

Po(1—2)
= (1—2) E[¥[0]|Sjq].

Let 7 € Gp41. Then there exists a unique o € I'(n) with ¢ < 7. Furthermore,
d(Ky,0U) < d(K,,0U) < r"Tls < rmé.

Hence, 0 € GG,,. This implies

E > U <(1-2)E Y ¥

TEGn+1 ceGy,

and, by induction,

E Y U< (1-2)"

T€G,

for all n. Since 7~ {z € E: d(z,0U) < 6r"} C U, cq, [7],

E®{zcZ: dx,0U) <"} <E Y Ulr] < (1-2)",
T7€Gn

which implies the assertion. O

The proof of the next theorem is, with little changes (replacing K by U if
necessary), the same as in [AP, 3.10]. Let amin = inf{a : f(a(q)) > 0} and

Omax = Sup{a(Q) : f(a(Q)) > O}

Theorem 5. Let the assumptions 1 be satisfied. Then either case I or case II
holds.
Case I: apiy = amax = D. Then dimE = dimEp = D with probability one and
Eo = 0 for all a # D with probability one.
Case II: oy < Omax. Let a € R, then

(i) if a < Qmin 0T @ > Qmax then Z, = 0 with probability one,

(ii) if amin < @ < Qmax then dimE, = f(a) with probability one,

(iii) dimE = f(«(0)) with probability one.

O

Analogous results as in [AP] hold for generalized dimensions (cf. [AP, 4.11]) and
tangential distributions (cf. [AP, 5.2]).
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