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Abstract. Let X be a proper Busemann space. Then there is a well defined
boundary, ∂X, for X. Moreover, if X is (Gromov) hyperbolic (resp. non-
positively curved), then this boundary is homeomorphic to the hyperbolic
(resp. non-positively curved) boundary.

§0. Introduction

The boundary of a (Gromov) hyperbolic space (and hence of a (Gromov) hyper-
bolic group) was introduced in Gromov’s now famous article on hyperbolic groups
[G1]. Since then, this notion has received much attention and provided many in-
teresting results (see [F], [G1], [GH], [Sw]). This notion of boundary has been gen-
eralized to non-positively curved spaces and automatic groups (see [G2] and [NS]
respectively) although it appears that the proof of this for non-positively curved
spaces has not been published anywhere. However, the notion of boundary can also
be extended to more general class of spaces called Busemann spaces which were
defined in [Bo]. In this paper, we provide an elementary proof that the boundary
of a Busemann space is well defined.

Definition. Let X be a proper Busemann space, and let x0 ∈ X . We define the
boundary of X relative to x0 as

∂x0X = {f : [0,∞) → X | where f(0) = x0 and f is an isometry}
and we give ∂x0X the compact-open topology.

Our main theorem is the following:

Main Theorem. Let X be a proper Busemann space and let x0 and x1 be two
distinct points in X. Then ∂x0X is homeomorphic to ∂x1X.

Corollary. If a Busemann space X is (Gromov) hyperbolic (resp. non-positively
curved), then ∂x0X is homeomorphic to the hyperbolic (resp. non-positively curved)
boundary.

In §1 we give the basic definitions and some background material, and in §2 we
define the boundary of a Busemann space. The author would like to thank his
advisor, Edward C. Turner, for all his helpful suggestions and support.
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§1. Background

Busemann spaces.
Before we begin, we set some terminology and notation. Most, if not all, of

these terms are standard and can be found in most of the sources cited in this
paper and in many others. Throughout this paper, all our metric spaces will be
geodesic and proper. Recall that a metric space is proper if all closed and bounded
sets are compact. A metric space, X , is said to be geodesic if, for any two points
x, y ∈ X , there is a path p : [a, b] → X such that p(a) = x, p(b) = y and p is an
isometry. Such a path is called a geodesic segment or a geodesic. A (geodesic) ray
will denote an isometry p : R+ = [0,∞) → X . If X is geodesic and x, y ∈ X , then
[x, y] will denote a geodesic from x to y (note that there may be more than one).
We will also denote the metric on X by | · |.
Definition. A path p : [0, 1] → X is a geodesic parameterized proportionally to arc
length if there exists a geodesic segment p̃ : [a, b] → X such that p(t) = p̃(a+(b−a)t).
Definition ([Bo]). A geodesic space X is a Busemann space if for all geodesic
segments, α0 and α1, that are parameterized proportionally to arc length with
α0(0) = α1(0), we have that

|α0(t)− α1(t)| ≤ t|α0(1)− α1(1)|
for all t ∈ [0, 1].

The following proposition follows easily from the definition.

Proposition 1.1. If X is a Busemann space, then

(1) X is contractible.
(2) X has unique geodesic segments. Moreover, for any x0 ∈ X geodesic rays

from x0 diverge; i.e. if f and g are distinct geodesic rays beginning at x0,
then

lim
t→∞ |f(t)− g(t)| = ∞.

In fact, if s < t, then |f(s)− g(s)| < |f(t)− g(t)|.
Remark. It should be noted that any non-positively curved space is a Busemann
space so the proof that follows will work for non-positively curved spaces as well.

Hausdorff distance.

Definition. If A ⊆ (X, | · |) and K ∈ R+, then the K neighborhood of A, NK(A),
is the set {x ∈ X | |x−A| ≤ K}.
Definition ([GH]). Let A and B be subsets of X . The Hausdorff distance between
A and B is given by

H(A,B) = inf{K > 0
∣∣ A ⊂ NK(B) and B ⊂ NK(A)}.

Definition. If f, g : R+ → X , then their Hausdorff distance is defined by

H(f, g) = H(f(R+), g(R+))

and we will write g ⊆ NK(f) for g(R+) ⊆ NK(f(R+)).

The following lemma, which is part of Proposition 7.2 in [GH] provides a useful
criteria for determining if two rays are a finite Hausdorff distance apart. (In [Bo],
such rays are called parallel.)
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Lemma 1.2. Let f, g be geodesic rays from a base point x0 in a geodesic metric
space, X. Then H(f, g) < ∞ if and only if there exists a constant M , such that
|f(t)− g(t)| ≤M for all t ∈ R+.

§2. The boundary of a Busemann space

Definition. Let X be a proper Busemann space. Let x0 ∈ X . We define the
boundary of X relative to x0 as

∂x0X = {f : R+ → X
∣∣ f(0) = x0 and f is an isometry}

endowed with the compact-open topology.

Our goal is to prove the following theorem:

Theorem 2.1. Let X be a proper Busemann space and let x0 and x1 be two distinct
points in X. Then ∂x0X is homeomorphic to ∂x1X.

We establish this theorem in several stages. First we show that for distinct points
x0 and x1 in X , the set ∂x1X is bijectively equivalent to ∂x0X .

Proposition 2.2. Let X be a proper Busemann space and let x0 and x1 be distinct
points in X. Then, for each f ∈ ∂x0X, there exists a unique g ∈ ∂x1X, such that
H(f, g) <∞.

Proof. Let f ∈ ∂x0X .
Step 1. The construction of g. For each n ∈ N, let gn be the geodesic segment

from x1 to f(n). If Ln = |x1 − f(n)|, then gn : [0, Ln] → X , and we extend gn
to R+ via gn(t) = gn(Ln) = f(n) for t ≥ Ln. These extensions make the set {gn}
equicontinuous on R+. Since X is proper, the set Ft = {gn(t)} has compact closure
for each t ∈ R+. Therefore, by Ascoli’s Theorem (Theorem 7.6.1 in [M]), {gn} has
a convergent subsequence, {gnk}, that converges uniformly on compact subsets of
X . Let g = lim

k→∞
gnk .

Claim. g ∈ ∂x1X .

Proof. Since gnk(0) = x1 for each k, we have that g(0) = x1. Hence, it remains to
show that g is a geodesic ray. Let ε > 0 be arbitrary and let s, t ∈ R+. Since {s, t}
is compact, there exists a number N , so that if nk ≥ N , then |gnk(s) − g(s)| < ε

2
and |gnk(t)− g(t)| < ε

2 . Pick nK ≥ N , and hence

|g(s)− g(t)| ≤ |g(s)− gnK (s)|+ |gnK (s)− gnK (t)|+ |gnK (t)− g(t)|
<

ε

2
+ |s− t|+ ε

2
= |s− t|+ ε.

Similarly,

|s− t| = |gnK (s)− gnK (t)| < |g(s)− g(t)|+ ε.

Since ε was arbitrary, |g(s)− g(t)| = |s− t| and so g is a ray.

We now want to show that H(f, g) <∞.
Step 2. There exists a number R, such that gnk ⊆ NR(f) for all nk. For each

k, let fk denote the geodesic segment from f(nk) to x0 and g−nk be the geodesic
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segment from f(nk) to x1, with both segments parameterized proportionally to arc
length. Since X is a Busemann space we have that for each t ∈ [0, 1],

|fk(t)− g−nk(t)| ≤ t|fk(1)− g−nk(1)| = t|x0 − x1| ≤ |x0 − x1|.(2-1)

Since g−nk is just the reverse of gnk , parameterized proportionally to arc length, we
have that for each nk, gnk ⊆ NR(f) where R = |x0 − x1|.

Step 3. There exists a number M , so that g ⊆ NM (f). Let t ∈ R+ and choose
nK so that |gnK (t) − g(t)| ≤ 1. Then, since gnK ⊆ NR(f), there exists st ∈ R+

such that |gnK (t)− f(st)| ≤ R. Thus,

|g(t)− f(st)| ≤ R+ 1 = |x0 − x1|+ 1.

Hence, g ⊆ NM (f) where M = |x0 − x1|+ 1.
Step 4. f ∈ NM (g), where M = |x0 − x1|+ 1. Fix t ∈ R+; then for each nk ≥ t,

there exists sk ∈ R+ such that |f(t)− gnk(sk)| ≤ R by (2-1).

Claim. {sk} is bounded.

Proof. Now gnk(0) = x1 for each nk so

sk = |sk − 0| = |gnk(sk)− x1| ≤ |gnk(sk)− f(t)|+ |f(t)− x0|+ |x0 − x1|
≤ R + t+R = 2R+ t.

Since t and R are fixed {sk} is bounded.

Since {sk} is bounded, it has a convergent subsequence, but, without loss of
generality, we will assume {sk} converges. Let s0 = lim

k→∞
sk. Then since gnk → g,

it follows that gnk(sk) → g(s0). Choose K so that |gnK (sK)− g(s0)| ≤ 1. Then

|f(t)− g(s0)| ≤ |f(t)− gnK (sK)|+ |gnK (sK)− g(s0)| ≤ R+ 1 = |x0 − x1|+ 1.

Thus f ⊆ NM (g) as desired, and so H(f, g) <∞.
The uniqueness of g follows from Lemma 1.2 and Proposition 1.1.

Corollary 2.3. Let X be a proper Busemann space and let x0 and x1 be distinct
points in X. Then there exists a bijection Φ : ∂x0X → ∂x1X, defined by letting
Φ(f) be the unique ray in ∂x1X, such that H(f,Φ(f)) <∞.

Proof. This follows from Propositions 1.1 and 2.2 since the steps in the proof of
Proposition 2.2 can be reversed.

Remark. Note that the constant M = |x0−x1|+1 from Proposition 2.2 is universal,
i.e. it does not depend on f or g. This observation and Lemma 1.2 show that there
is a universal constant K = 2M , such that for all f ∈ ∂x0X and for all t ∈ R+,

|f(t)− Φ(f)(t)| ≤ K.(2-2)

The goal now is to prove that Φ (as defined above) is a homeomorphism. Now
for every w ∈ X , the topology on ∂wX is the compact-open topology which has a
subbasis of the form {S(C,U)} where C is compact in R+, U is open in X and

S(C,U) = {f ∈ ∂wX
∣∣ f(C) ⊂ U }.

However, if X is a Busemann space, then there is a subbasis that will be easier for
us to use.
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Proposition 2.4. If X is a proper Busemann space, then, for each w in X, the
set

{S({p}, Bε(y))
∣∣ p ∈ R+ and y ∈ X}

is a subbasis for the compact-open topology on ∂wX.

Proof. Let S(C,U) be a subbasis element, and, without loss of generality, assume
that U = Bε(y) for some y ∈ X . Let f ∈ S(C,Bε(y)). For each t ∈ C, pick εt such
that Bt = Bεt(f(t)) ⊂ Bε(y). Let B′t = B εt

2
(f(t)) and let At = f−1(B′t) ⊂ B εt

2
(t).

The collection {At} forms an open cover of C and, hence, there exists a finite
subcover {At1 , . . . , Atn} of C. Let

Sf =
n⋂
i=1

S({ti}, B′ti).

Note that Sf 6= ∅, since f ∈ Sf by construction.

Claim. Sf ⊂ S(C,Bε(y)).

Proof. Let g ∈ Sf and let p ∈ C; then there exists ti such that p ∈ Ati for
some 1 ≤ i ≤ n. Since g ∈ Sf , we have that g(ti) ∈ B′ti = B εti

2

(f(ti)) and

|g(ti)− g(p)| < εti
2

. Thus,

|g(p)− f(ti)| ≤ |g(p)− g(ti)|+ |g(ti)− f(ti)|
<
εti
2

+
εti
2

= εti ,

since g is a ray (see Figure 1).
Hence, g(p) ∈ Bti , and since p was arbitrary and

⋃n
i=1 Bti ⊂ Bε(y), we have

that g(C) ⊂ Bε(y) and so Sf ⊂ S(C,Bε(y)) as desired.
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Now clearly

S(C,Bε(y)) =
⋃

f∈S(C,Bε(y))

Sf

and since each Sf is a finite intersection of sets of the form S({t}, Bε(y)), we have
that the collection {S({t}, Bε(y))} forms a subbasis for the compact-open topology
on ∂wX .

Remark. Note that this proof did not use the fact that X was a Busemann space,
it only required that f and g be geodesic rays.

The following theorem will be very helpful in proving that Φ is a homeomorphism.

Theorem 2.5. Let X be a proper Busemann space and let w ∈ X. Then ∂wX
with the compact-open topology is compact and metrizable.

Proof. Compactness follows from Ascoli’s Theorem (Theorem 7.6.1 in [M]). To
show metrizability, we will show that ∂wX is regular and second countable and so
by the Urysohn Metrization Theorem (Theorem 4.1 in [M]) ∂wX will be metrizable.

First we note that ∂wX is Hausdorff because if f 6= g, there exists p ∈ R+ so

that f(p) 6= g(p). Pick ε <
1

4
|f(p)− g(p)|; then it is easy to show that the subbasic

open sets S({p}, Bε(f(p))) and S({p}, Bε(g(p))) are disjoint.
Since ∂wX is compact and Hausdorff we have that it is normal and hence regular.

It remains to show that ∂wX is second countable. Since ∂wX is compact it suffices
to show that ∂wX is first countable.

Let f ∈ ∂wX . Order the rationals r1, r2, r3, . . . , and consider the subbasic sets:

S({r1}, B1(f(r1))), S({r1}, B 1
2
(f(r1))), S({r1}, B 1

3
(f(r1))), . . .

S({r2}, B1(f(r2))), S({r2}, B 1
2
(f(r2))), S({r2}, B 1

3
(f(r1))), . . .

...
...

...
...

This is countable by a Cantor diagonalization argument, so denote the resulting
order by S1, S2, . . . . Let Bf denote the set {U1, U2, . . . } where Un =

⋂n
i=1 Si.

Clearly Bf , is countable; to see that it is a basis at f , let V be an open set containing
f . Without loss of generality, we can assume that V is a subbasic open set as given
by Proposition 2.4, i.e., V = S({p}, Bε(y)). Since f ∈ V we have that |f(p)−y| < ε.

Choose n ∈ N and r ∈ Q so that
1

n
<

ε− |f(p)− y|
2

and |r − p| < 1

2n
. Consider

the subbasic open set Sk = S({r}, B 1
2n

(f(r))); we will show Sk ⊂ V . Now f ∈ Sk
by definition, so let g ∈ Sk. Then

|g(p)− y| < |g(p)− g(r)| + |g(r)− f(r)| + |f(r)− f(p)|+ |f(p)− y|
<

1

2n
+

1

2n
+

1

2n
+ |f(p)− y|

<
3

2
(
ε− |f(p)− y|

2
) + |f(p)− y|

=
3

4
ε− 3

4
|f(p)− y|+ |f(p)− y|

=
3

4
ε +

1

4
|f(p)− y|

< ε.
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Thus Sk ⊂ V ; and since Uk ⊂ Sk, we have that f ∈ Uk ⊂ V , which shows that Bf
is a countable basis at f and completes the proof that ∂wX is metrizable.

Since both ∂x0X and ∂x1X are compact and metrizable, to prove that Φ is a
homeomorphism we need only show that Φ is continuous.

The following lemma is key to the proof that Φ is a homeomorphism.

Lemma 2.6. Let X be a proper Busemann space and let Φ : ∂x0X → ∂x1X be
the bijection given by Corollary 2.3. Suppose that {fn} is a sequence of rays in
∂x0X that converges uniformly on compact sets to a ray f ∈ ∂x0X. Then, there
is a subsequence {fnk}, such that the sequence {Φ(fnk)} converges uniformly on
compact sets to the ray Φ(f).

Proof. Consider the sequence of rays {Φ(fn)} in ∂x1X . Since ∂x1X is equicon-
tinuous and compact (by Theorem 2.5), there exists a subsequence {Φ(fnk)} that
converges uniformly on compact sets to a ray r, but since Φ is surjective, there
exists a ray g ∈ ∂x0X such that Φ(g) = r. To show that g = f , it suffices to show
that H(Φ(g),Φ(f)) <∞ since Φ is a bijection.

Let t ∈ R+ and choose N ∈ N such that for all nk ≥ N ,

|fnk(t)− f(t)| ≤ 1 and |Φ(fnk)(t) − Φ(g)(t)| ≤ 1.

Then, for any nk ≥ N ,

|Φ(g)(t)− Φ(f)(t)| ≤ |Φ(g)(t)− Φ(fnk)(t)| + |Φ(fnk)(t)− fnk(t)|
+ |fnk(t)− f(t)|+ |f(t)− Φ(f)(t)|

≤ 1 +K + 1 +K = 2K + 2,

where K is the constant in (2-2). Then since t was arbitrary,

|Φ(g)(t)− Φ(f)(t)| ≤ 2K + 2

for all t ∈ R+ and so H(Φ(f),Φ(g)) <∞ as desired.

We can now prove Theorem 2.1.

Proof of 2.1. As we noted above, it suffices to show that Φ is continuous. Let
f ∈ ∂x0X and let S({p}, Bε(w)) be a subbasis element containing Φ(f) as given by
Proposition 2.4. Without loss of generality, we may assume that w = Φ(f)(p). It
suffices to show that there exist q ≥ 0 and a δ > 0 such that if |g(q) − f(q)| < δ,
then |Φ(g)(p)− Φ(f)(p)| < ε, because then it follows that

Φ(S({q}, Bδ(f(q)))) ⊂ S({p}, Bε(Φ(f)(p))).

Suppose that this is not the case. Then for each n, there exists a ray gn ∈ ∂x0X

with |f(n)− gn(n)| ≤ 1

n
but |Φ(f)(p) − Φ(g)(p)| ≥ ε. Since ∂x0X is compact and

equicontinuous, we have by Lemma 2.6 that there exist a subsequence {gnk} and
a ray g ∈ ∂x0X , such that gnk → g uniformly on compact sets and Φ(gnk) → Φ(g)
uniformly on compact sets.

Claim. f = g.

Proof. Let t ∈ R+ and pick nr ≥ t. Since gnk → g pointwise, there exists K ∈ N,
such that for all k ≥ K, |gnk(nr)− g(nr)| ≤ 1. Now pick nm ≥ max{K,nr}. Then
by Proposition 1.1,

|f(t)− g(t)| ≤ |f(nr)− g(nr)|
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and

|f(nr)− gnm(nr)| < |f(nm)− gnm(nm)|
since t ≤ nr ≤ nm. Thus,

|f(t)− g(t)| ≤ |f(nr)− g(nr)|
≤ |f(nr)− gnm(nr)|+ |gnm(nr)− g(nr)|
< |f(nm)− gnm(nm)|+ |gnm(nr)− g(nr)|
<

1

nm
+ 1 < 2.

As a result, H(f, g) <∞ which implies that f = g.

Hence Φ(gnk) → Φ(g) = Φ(f) uniformly on compact sets; but

|Φ(f)(p)− Φ(gnk)(p)| ≥ ε

for all nk which is a contradiction. Therefore, there exist q ∈ R+ and a δ > 0
such that if |g(q) − f(q)| < δ, then |Φ(f)(p) − Φ(g)(p)| < ε, showing that Φ is
continuous.

We conclude by proving that if a proper Busemann space X is (Gromov) hyper-
bolic, then ∂x0X is homeomorphic to the standard hyperbolic boundary (Corollary
2.9 below).

To this end, we first define the hyperbolic boundary. For details on (Gromov)
hyperbolic spaces we refer the reader to [GH].

Definition. Let X be a (Gromov) hyperbolic space (not necessarily Busemann)
and let Rx0 = {f : R+ → X | f(0) = x0 and f is an isometry }. Define an equiv-
alence relation on Rx0 via f ∼ g ⇔ H(f, g) < ∞. Then the hyperbolic boundary
is given by ∂x0X = Rx0/ ∼. We give Rx0 the compact-open topology and give
∂x0X the quotient topology.

It seems to be well-known that if X is hyperbolic, then ∂x0X with the quotient
topology is homeomorphic to the standard hyperbolic boundary (see [GH] for the
standard definition), but we have not found a proof of this in the literature. In the
interest of completeness, we include a proof of this fact (Theorem 2.8 below).

In [Sw] Swenson describes a topology on Rx0/ ∼ that makes it homeomorphic
to the hyperbolic boundary. We provide his definitions and the result (Proposition
2.7 below) that we will need but we refer the reader to [Sw] for details.

Definition ([Sw]). Let f ∈ Rx0 and t ∈ R+. The half-space, H(f, t), determined
by f and t is the set

H(f, t) = {x ∈ X
∣∣ |x− f [t,∞)| ≤ |x− f [0, t)|}.

Set H−(f, t) = X − H(f, t) and call it the complementary half-space (see Figure
2).

Definition ([Sw]). Given a half-space H(f, t), define an (open) disk in Rx0/ ∼ by

D([f ], t) =
{

[g]
∣∣ lim inf

s→∞ |g(s)−H−(f, t)| = +∞
}
.

Proposition 2.7 ([Sw]). These disks form a basis for a topology on Rx0/ ∼ that
is homeomorphic to the hyperbolic boundary.
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Figure 2

Theorem 2.8. Let X be a δ-hyperbolic metric space (in the sense of Gromov). If
∂x0X denotes Rx0/ ∼ with the quotient topology defined above, and ∂rhX denotes
Rx0/ ∼ with Swenson’s topology, then ∂x0X and ∂rhX are homeomorphic.

Proof. By Theorem 2.5, ∂x0X is compact (and metrizable) and since ∂rhX is metriz-
able, it is Hausdorff. Thus, to prove that ∂x0X is homeomorphic to ∂rhX , it suf-
fices to find a continuous surjection, ϕ, from Rx0 to ∂rhX , that is constant on
each equivalence class [f ]. Then, ϕ will be a quotient map, and by Theorem 3.11.2
in [M], ϕ will induce the desired homeomorphism from ∂x0X to ∂rhX . Define
ϕ : Rx0 → ∂rhX by ϕ(f) = [f ]. Clearly, ϕ is surjective since the elements of ∂rhX
are, by definition, the equivalence classes of elements in Rx0 . Thus, it remains to
show that ϕ is continuous. Let [f ] ∈ ∂rhX and let D([f ], t) be a neighborhood of
[f ]. Let p = t + 24δ; then, clearly, f(p) ∈ H(f, t + 24δ). Therefore, by Lemmas
2.4 and 2.5 in [F], we have that |f(p) −H−(f, t + 8δ)| > 4δ. Now pick ε < δ and
let S = S({p}, Bε(f(p))). Then, f ∈ S and we claim that ϕ(S) ⊆ D([f ], t). To do
this, we must show that for g ∈ S,

lim inf
s→∞ |g(s)−H−(f, t)| = +∞.

Let g ∈ S; then |g(p) − f(p)| < ε < δ, and so |g(p) −H−(f, t + 8δ)| > 3δ, which
implies that g(p) ∈ H(f, t+8δ). It follows from Lemma 2.4 in [F] that if s > p, then
g(s) ∈ H(f, t+8δ). Thus, by Lemma I.12 in [Sw], we have that |g(s)−H−(f, t)| >
|g(s)− f(R+)| − 4δ. Now, if g 6∼ f , i.e ϕ(g) 6= ϕ(f), then H(f, g) = ∞ and so,

lim inf
s→∞ |g(s)−H−(f, t)| = +∞.

Thus, ϕ is continuous as desired.

Remark. If X is a simply connected, geodesic, hyperbolic metric space, then the
metric is convex by Proposition 2.16 in [P]. Hence it is Busemann; thus geodesics
diverge by Proposition 1.1 and so the equivalence relation on Rx0 is empty and we
get the following corollary.
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Corollary 2.9. If a Busemann space X is also a (Gromov) hyperbolic (resp. non-
positively curved) space, then ∂x0X is homeomorphic to the hyperbolic (resp. non-
positively curved) boundary.
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