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ARTINIAN RIGHT SERIAL RINGS

SURJEET SINGH

(Communicated by Ken Goodearl)

Abstract. Let R be an artinian ring such that for the Jacobson radical J of R,

R/J is a direct product of matrix rings over finite-dimensional division rings.
Then the following are proved to be equivalent: (1) Every indecomposable
injective left R-module is uniserial. (2) R is right serial.

A module with the lattice of its submodules linearly ordered under inclusion,
is called a uniserial module. A ring R is left (right) serial, if it is a direct sum
of uniserial left (right) modules. Let R be an artinian ring and J be its Jacobson
radical. Consider the following two conditions:

(1) Every indecomposable injective left R-module is uniserial.
(2) R is right serial.
Hill [4] proved that (1) and (2) are equivalent in case R/J is a direct product

of matrix rings over fields. Hill conjectured that (1) and (2) are equivalent for
any artinian ring. Xue [5] answered the conjecture in the negative by providing
counterexamples of local artinian rings, for which (1) and (2) are not equivalent.
However, in this note we prove the equivalence of the two conditions in case each
simple component of R/J is finite dimensional over its center, thereby answering a
question raised by Hill [4]. For any ring S, Z(S) denotes the center of S, and if D
is a division subring of S, then [S : D]r ([S : D]1) denotes the right (left) dimension
of S over D. For any module M , E(M) denotes the injective hull of M , and if
M has a composition series, c(M) denotes the composition length of M . For basic
concepts on rings and modules, we refer to [1].

We start with the following

Proposition 1. Let D be a division ring finite dimensional over its center F and
for some positive integer n, let D′ be a subdivision ring of Dn×n such that Dn×ne11
is a one-dimensional left vector space over D′. Then e11D

n×n is a one-dimensional
right vector space over D′.

Proof. Consider the subring S of Dn×n generated by D′ ∪ F . Then S is a simple
artinian ring, finite dimensional over F . Let K = Z(S) and K ′ = Z(D′). By
Herstein [3, Theorem (4.1.1)] D′ ⊗K′ K is simple. As S is a homomorphic image
of D′ ⊗K′ K, S ≈ D′ ⊗K′ K. Consequently [D′ : K ′] = [D′ ⊗K′ K : K] = [S :
K] = t < ∞. Then [Dn×n : K]1 = nt. As F ⊆ K, [Dn×n : K]1 = [Dn×n : K]r.
Then [Dn×n : K ′]1 = [Dn×n : K]1[K : K ′] yields [Dn×n : K ′]1 = [Dn×n : K ′]r, so
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that [Dn×n : D′]1 = n = [Dn×n : D′]r and hence [e11D
n×n : D′]r = 1. This proves

the result.

We now prove the following, which answers a question raised by Hill [4, p. 805].
The arguments used here are significantly different from those used by Hill [4].

Theorem 1. Let R be an artinian ring such that R/J is a direct product of matrix
rings over finite-dimensional division rings. Then the following are equivalent:

(1) Every indecomposable injective left R-module is uniserial.
(2) R is right serial.

Proof. Any artinian ring R satisfies (1) ((2)) if and only if R/J2 satisfies (1) ((2))
if and only if the basic ring S of R satisfies (1) ((2)). So without loss of generality,
we take R to be a basic ring with J2 = 0. Let T be a maximal orthogonal set of
indecomposable idempotents in R.

Let every indecomposable injective left R-module be uniserial. Consider an
e ∈ T , such that eJ 6= 0. There exists unique f ∈ T , such that eJf 6= 0. Then
eJf = eJ , V = eJf is a (D,D′)-bivector space, where D = eRe/eJe and D′ =
fRf/fJf . Let E = E(RD). Then E/ soc(E) ≈ Rf/Jf and W = Hom(DV,D) =
Hom(RV,E) ≈ Rf/Jf . This gives dim(D′W ) = 1. Further, dim(DV ) = n =
c(RV ) gives dim(WD) = n. We get an embedding µ : D′ → Dn×n, such that

D′WD ≈ µ(d)(D
n×ne11)D. By Proposition 1, e11D

n×n is a one-dimensional right

µ(D)-vector space. However, DVD′ ≈ Hom(WD, D) ≈ D(e11D
n×n)µ(D). Conse-

quently dim(VD′ ) = 1, i.e. eJ is simple. Hence R is right serial.
Conversely, let R be right serial. Let E be an indecomposable injective left R-

module, such that soc(E) 6= E. We get an e ∈ T , such that eJ = ReJ and soc(E)
embeds in eJ . As eJ is simple, there exists unique f ∈ T , such that eJf = eJ . By
using the notations in the previous paragraph, we get V = eJf is a (D,D′)-bivector
space, dim(VD′) = 1, n = dim(DV ) = c(R(eJ)). Now E is the injective hull of RD,
so for W = Hom(DV,D), dim(WD) = n, dim(D′W ) = c(E/ soc(E)). By using
Proposition 1, we get dim(D′W ) = 1. Consequently E/ soc(E) is simple, and hence
E is uniserial.
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