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ABSTRACT. We show that for any renorming || - || of £2, the well known fixed
point free mappings by Kakutani, Baillon and others are not nonexpansive.

1. INTRODUCTION

Let C be a subset of a Banach space (X, || - ||). A mapping T : C — C is called
k-lipschitzian (k> 0) if | T(z) = T(y) ||[< k ||z —y | for all z,y € C.

Nonezxpansive mappings are those which have Lipschitz constant £k = 1. A map-
ping T : C — C is said to be uniformly k-lipschitzian if every iteration T is
k-lipschitzian, i.e. if for every positive integer n, and z,y € C

[ T"(@) =T" W) [I<klz-yl.

We say that X has the fixed point property (FPP) if every nonexpansive mapping
T : C — C defined on a nonempty convex and weakly compact subset C' of X has
a fixed point.

If T: C — C is a nonexpansive mapping with respect to some norm |- | on X
equivalent to the norm |||, then it is straightforward to see that T is also uniformly
lipschitzian with respect to the norm || - ||. Hence, in order to look for a fixed point
free | - |-nonexpansive mapping we must seek this mapping among those which are
uniformly lipschitzian with respect to the norm || - ||.

It is known that bounded closed convex subsets of 5 have the fixed point property
for nonexpansive mappings, but it is unknown whether the same is true for bounded
closed convex subsets of a Banach space X where X is 5 with an equivalent norm.
In this paper it is shown that certain uniformly lipschitzian mappings which are
known to be fixed point free in the unit ball of {5 are also not nonexpansive relative
to any renorming of f5. This shows that one strategy for answering the above
question is precluded. At the same time it shows that the class of mappings which
are uniformly lipschitzian on ¢y is strictly larger than the class of mappings which
are nonexpansive with respect to some equivalent norm on 5. Theorems 1 and 2
serve mainly as vehicles for reaching this conclusion.
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2. PRELIMINARIES

We recall now some famous examples of uniformly lipschitzian mappings in /5.
Let || - [|2 be the usual euclidean norm on the sequence Hilbert space {3, let B be
the closed || - ||2-unit ball and let S : f5 — /3 be the right shift operator defined by

S($1,$2,...) = (0,1}1,1}2,...).
Then the mapping K : B — B defined by

1—
Koy - 1= lolle+St)
(1= [lzll2)e + S(@) |2
where e = (1,0,...), is uniformly-2-lipschitzian and has no fixed point in B ([GKT]).
Later on, Baillon ([B]) found another example of a uniformly Z-lipschitzian map-
ping without fixed point in B. This is the mapping G : B — B defined by

T . T S(z)
G(z) = { ZOS (Flallz) e +sin (Flall2) - iig

(for details about this map, see [T]).
Both examples are modifications of an earlier one due to Kakutani (see [GK]):
for 0 < r <1, define K. : B— B by

Kp(z) = r(1 = [lz]l2)e + S(x).
Then K, have the (non uniform) Lipschitz constant v/1 + r2 and has no fixed point
in B.
3. THE RESULTS
The announced results will follow easily from the following lemma.

Lemma 1. Let (X,]|-|) be a Banach space and let Bx,Sx be the closed unit ball
and the unit sphere of X respectively. Suppose that T : Bx — X is a mapping
which is nonexpansive with respect to some norm || -|| on X, equivalent to |-|. Then
we have that

d= inf |T(0)—T(y)|<1.
YyESx
Proof. There exist positive constants «, § such that, for every v € X,
afo| < vl < Blvl.
Since T is || - ||-nonexpansive, for any y € Sx we have that
a|T(0) =T ()| < [T0) =T <yl <8
and then
ad <[y <8
for all y € Sx. Thus, for every v € X we have that
adlv] < [jo]| < Blv].
Indeed, an induction argument shows that
ad"[v] < [jv]| < Blv|

for every positive integer n and every v € X, which is impossible unless d < 1. O
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The above lemma will allow us to give a fixed point result. Recall that a sequence
(X,,) of finite dimensional subspaces of a Banach space X is called a Schauder finite
dimensional decomposition (FDD) of X, if every x € X has a unique representation
of the form z = > x; with z; € X, for every ¢ € IN. If X is a Banach space with
a FDD (X,,), and = € X, supp(x) denotes, as usual, the set of positive integers i
such that x; # 0. M. A. Khamsi ([K]) defined, for a Banach space X with a FDD,
the coefficient 3,(X) in the following way: For p € [1,00), 8,(X) is the infimum of
the set of numbers A such that

(Ul + Iy 177 < Mz + |

for every z,y € X which verify supp(z) < supp(y), that is, max[supp(x)] <

min[supp(y)]-
For example, 3,(l,) =1 (1 < p < 00), and f2(J) = 1, where J is the James

space which consists of all sequences z = (x,,) € ¢ such that
2 211/2
||x|| = Sup{(xpl - ‘TPZ) + e + (xpnfl - "E;Dn) } /
is finite (the supremum is taken for every n and for every finite increasing sequence
of positive integers (p;)).

Now, for such Banach spaces we can state the following

Theorem 1. Let (X,|-|) be a Banach space with a FDD such that 5,(X) = 1
for some p € [1,00). Let Bx,Sx be the closed unit ball and the unit sphere of X,
respectively, and let T : Bx — X be a mapping such that

a) T(Sx) C Sx and

b) supp[T(0)] < supp(v) for every v € T(Sx).

If T is nonexpansive with respect to some equivalent norm on X then T has a
fized point. Specifically, T'(0) = 0.

Proof. Since §,(X) =1, conditions a) and b) imply that

[TO) +|T ()" < |T(0) =T (y)”
for all y € Sx, and then we have that

d= inf |T(0)~T()| = (TO)F +1"".
YyESx
This inequality, when combined with Lemma 1, gives that
1> [ITO)F + 1"

and consequently 7'(0) = 0. O

A similar result can be stated in the setting of Hilbert space if we replace condi-
tion b) by: T'(0) is orthogonal to the set T(Sx). Under this assumption we would
obtain that

ITO)I5 + 1713 = 17(0) - T(y)]3
for every y € Sx, from which the same conclusion follows.

Theorem 2. Let (X, | -||2) be a Hilbert space. Let Bx,Sx be the closed unit ball
and the unit sphere of X, respectively, and let T : Bx — X be a mapping such that

a) T(Sx) C Sx.

b) T(0) is orthogonal to the set T(Sx).

If T is nonexpansive with respect to some equivalent norm on X then T has a
fized point. Specifically, T(0) = 0.
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Suppose now that T : B — B is any of the mappings K, G or K, which we
refer to in the introduction. It is clear that T verifies the conditions (a) and (b) of
Theorem 2 and that T'(0) # 0. This proves the following corollary.

Corollary 1. Let T : B — B be any of the mappings K, G or K, and let || - || be
any norm on la, equivalent to || - ||2. Then T is not || - ||-nonexpansive.

We wish to thank the referee for his valuable comments.
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