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ABSTRACT. We prove that the pluricomplex Green function has the product
property gp, x p, = max{gp,,gp,} for any domains D; C C"™ and D2 C C™.

Let E denote the unit disc in C. For any domain G C C” define

L . ordy(p—a)
gp(a.2) := sae(g(l;D){ H AP }’ e,z €D,
p(0)=z Aep~1(a)
acp(E)

where O(E, D) denotes the set of all holomorphic mappings £ — D and ordy(¢p—a)
denotes multiplicity of ¢ —a at .

The function gp is proposed by Poletsky (cf. [Pol]) and is called the pluricomplex
Green function for D. We have that (see [Jar-Pfl1], Chapter IV)

() go(a,z)= it { [ Q"e9) azeD.
©eO(E,D) Aep-1(a)
©(0)=z v la
acp(E)

Note that in the formula (a) we take only A € p~!(a) such that A € E.
(b) For any domains D;, Do and any holomorphic mapping f : D1 — Dy we
have the following contractible property: gp, (f(2), f(w)) < gp, (2, w), z,w € Ds.
The main result of the paper is the following product property.

Theorem. Let Dy C C™ and Dy C C™ be domains. Then
gDy x s ((21, 1), (22, w2)) = max{gp, (21, 22), gp, (w1, w2)},
(z1,w1), (22,w2) € Dy X Ds.

Remark. The product property for D; x Do for the pluricomplex Green function
in the case when D; or Ds is pseudoconvex was proved in [Jar-Pfl2]. Note that
in [Jar-Pfl2] the authors used the description of the pluricomplex Green function
given by M. Klimek.

Proof. The inequality “>” follows from the property (b). So, we have to prove “<”.
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Let (a1,b1), (a2,b2) € D1x Dsy. If a1 = as or by = by, then the required inequality
follows from the property (b). So, we may assume that a; # as and by # bs.
Suppose that N € (0,1) is such that
(1) max{gpl(al,ag),gpz(bl,bz)} < N.

It is sufficient to prove that
9Dy x Dy ((al,bl), (az, bg)) < N.
There are holomorphic mappings ¢1 : £ — D; and ¢ : E — D, such that
©1(0) = az, 2(0) = bo,
[T o) <N and II et <N,
Aepy *(a1) AEp; *(b1)

Note that v := #(p7 " (a1) N E) < 0o and g := #(p5 ' (b1) N E) < co. We may
assume that ¢; and @9 are such that v and p are minimal.

Let o7 ' (a1)NE = {C1,...,¢ ) and oy ' (01)NE = {&, ..., &,}, where each point
counts with its multiplicity.! Since p1(E) € Dy and ¢a(E) € Do, we may assume
that (1] < |2| < -+ < || and |&1] < |€2] < --- < €], i.e. each point (; and & is
with multiplicity one.? Then

(2) GGl Z NIG[Y  and €. &l = NIEL[".

For, if [(1...¢| < N|(,|", then we may consider the mapping ¢1(¢,\), and it
contradicts the minimality of v.
If |Ci... G| < |&1...&ul, then we replace @1 with the mapping @1(A\) = ¢1(tA),

1
where ¢ := (M) . Then |1¢| < 1,5 =1,...,v (use (2)), and

[€1...€pl
‘(Ct_l) (%”)‘ =& .. €.

Hence, we may assume that
G Gl =161 §ul = C < N.

Moreover, replacing @1 (\) with ¢ (e 71 \) and @2 (\) with @ (e %2 )\), where 6, 05
are chosen such that e?1¢; ...e"1(¢, = C and e'%2¢; ... ew?fu = (', we may assume

that Clg,:glgﬂ:C
We consider Blaschke products

=11

f\r |

and

- Bi(\) = Bi(0) ot A—w _
Bi(\ —: ¢ Ae E.
W =TT h 0B Hl—wg

INote that mappings @1 and @2 are holomorphic in some neighborhood of E, and the sets
gol_l(al) and go;l(bl) may contain points outside of E.

2For example, it is enough to change very little the mappings 1 and @2 by the formula (3)
given below.
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We choose different w], 1 < j < v, as close to w; as we want such that 0 €
{w],...,w)}. Define

o A —

_ zOII J
A)=e L1y )\
j:1 J

Note that By Y(—C) = {¢1,...,¢,}. We can find w), ..., w/, such that G7*(—C)
consists of v different points (}, 1 < j < v, as close to points (; as we want. Let us
replace the mapping ¢; with the mapping

[T GO =G
ngl CJ/ (A= CJ)

Clearly, when ¢}, 1 < j < v, are sufficiently close to (;, ¢1 maps E into D;
(recall that ¢; maps some neighborhood of E into Di, hence ¢1(E) € D1), and
$1(0) = ¢1(0), $1(¢;) = ¢1(¢)-

Repeating this process for o, we may assume that for Blaschke products B
and By derivatives are not equal to 0 either on preimages of C or at points (; or &;
respectively.

Let A be the union of images of singular points under mappings By and Bs.
Note that neither 0 nor C' is in A. Let m be a holomorphic universal covering of
E\ A by E with 7(0) = C. There are liftings ¥; and ¥ mapping E into F such
that m = By o1 = Ba o1 and 11(0) = 12(0) = 0. If #71(0) = {n1,72, ...}, then
mappings 1 o ¥; and ¢y o1, map 0 into ag and by, and all points 7; into a; and
b1 respectively.

Note that 7 has all radial limits either in OF or in A. Since A is finite, 7 is an
inner function. By Theorem 2 of Ch. IIT in [Nos], every inner function which has
no zero radial limits is a Blaschke product. Thus

~ Il

(3) P1(A) = (p(A) —a1)

+ ay.

‘3\

dl

and
| H njl =m(0)=C <N.
Since (1 © 11, w2 0 19) maps E into D1 X Da,

9D, x D, ((a1,b1), (az,b2)) H Inj| < N.
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