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ABSTRACT. Let V be the intertwining operator with respect to the reflection
invariant measure h2dw on the unit sphere S¢~1 in Dunkl’s theory on spherical
h-harmonics associated with reflection groups. Although a closed form of V' is
unknown in general, we prove that

/ Vf(y>h3(y>dW=Aa/ £ =[x~ ax,
Sd—1 Bd

where B? is the unit ball of R% and A, is a constant. The result is used to show
that the expansion of a continuous function as Fourier series in h-harmonics
with respect to h2dw is uniformly Cesiro (C,8) summable on the sphere if
& > |al1 + (d — 2)/2, provided that the intertwining operator is positive.

1. INTRODUCTION AND PRELIMINARIES

The main result of this paper is a formula for the integration of the intertwining
operator in Dunkl’s theory on h-harmonics associated with finite reflection groups.
We start with background on Dunkl’s theory (cf. [2]-[5]).

For x,y € R? we let (x,y) denote the usual inner product of R? and |x| =
(x,x)!/2 the Euclidean norm. Let S¢~! = {x : |x| = 1} be the unit sphere in R
For a nonzero vector v € R? define the reflection o by

X0y = x — 2((x,v)/|v|?)v, x € R%.

Suppose that G is a finite reflection group on R% with the set {v; : i = 1,2,....m} of
positive roots; assume that |v;| = |v;| whenever o; is conjugate to o; in G, where
we write 0; = oy,, 1 < i < m. Then G is a subgroup of the orthogonal group
generated by the reflections {o; : 1 <i < m}.

Let dw be the normalized surface measure on S%~1. We consider weight functions
of the form h2dw on S, where

m

(1.1) ha(x) = [JI(x,vi)[*, @i >0,
i=1
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with a; = a; whenever o; is conjugate to o; in G. Then h, is a positively homo-
geneous G-invaraint function of degree |a|; = a3 + ... + .

The h-harmonics are orthogonal polynomials on S9~! with respect to h2dw.
The key ingredient of the theory is a family of commuting first-order differential-
difference operators, D; (Dunkl’s operators), defined by

() = f(x0) :
(12) 'le(X) = 81 + ; aj(x,—vﬁjh’j’ ei>, 1< < d,
where 0; is the ordinary partial derivative with respect to z; and ey, ... ,e4 are the

standard unit vectors of R?. The h-Laplacian, which plays the role similar to that
of the ordinary Laplacian, is defined by

(1.3) Ay =Di+...+ D3

We keep the notation A for the ordinary Laplacian. Let P¢ denote the space of
homogeneous polynomials of degree n in x = (z1,... ,24). Then D;PZ C PI_,,
ARPE c PA_,; moreover, if P € P,, then

n—1

- PQh2dw =0, vQ e | PL,
k=0

if and only if A, P = 0. The space H" = H™4 := P2 N ker Ay, is called the space
of h-harmonic polynomials of degree n. We denote by H,, the space of ordinary
harmonic polynomials, which corresponds to h, = 1. The dimension of H” is the
same as that of H,,, which we denote by N(n,d); thus,

-1 _
N(n’d):dimHZ:dimPg—dimPg_2: <n—|—d ) B (n—|—d 3>.
n n—2
The intertwining operator V is a linear operator uniquely defined by ([4]):

VP, C Py, Vi=1, D,V =V, 1 <i<d.

Note that VH, C HP:; the intertwining operator allows the transfer of certain
results about H,, to H". In particular, the Poisson kernel for h-harmonics in the
unit ball is given by [4, Theorem 4.2, p. 1225]

(14) Pheoy) = V(1= xP)1—20x )+ xP) ) ), xl <yl =1

A closed form of V is known only for hq(x) = |2x1|* - |z4|%?, associated with
the group Z2 x --- x Z* ([13], the case d = 1 appeared early in [4]), and for
ha(x) = |(x1 — 22)(z2 — x3) (21 — x3)|%, associated with the symmetric group Ss
([5]). We state the first case as
Example 1.1. For h,(x) = |z1|* - - |xq]*,

d

d
(15) Vi) = /[_1 IRCUSErY [T+t T e (1 — £2)7 e,

i=1 i=1
where the constant c) is defined by

-1 _ ! 2\ A—1 g, W%F()\)
(16) C)\ —[1(1—t )A dt—m
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The closed form of V in the case of S5 in [5] is rather complicated. The problem
of finding a closed form of V', however, is very important but also very difficult.
The main result in the present paper is to show that integration of V f with respect
to h2dw on S9! has a simple closed form. We state and prove the main result in
the following section. In Section 3, we use the result to study the summability of
Fourier series in terms of h-harmonics, where we shall prove that the expansion of a
continuous function as Fourier series in h-harmonics is uniformly (C, ) summable
on S if § > |al; + (d — 2)/2, provided V is a positive operator.

2. INTEGRATION OF THE INTERTWINING OPERATOR
Let B¢ be the unit ball in R?. On B? we define the weight function

w20 (y)
L(y+d/2)’

where ¢, 4 is the normalization constant so that the integral of W, over B? takes
the value 1. We denote by H, the normalization constant defined by H, I =
Jga—1 h2dw. There is a closed formula for H, due to the work of Macdonald,
Heckman, Opdam, and others (cf. [7], [8], [9]). We shall not write it down since it
is not used in this paper.

W60 = =) l= [

Theorem 2.1. Let h, be defined as in (1.1). Let V' be the intertwining operator.
Then

(2.1) VEGOR (0o = Au [ f@)(1~ x)" Vi,
gd—1 Bd

for f € 1%, where Ay = Hlc, .

Before we turn to the proof of the theorem, some remarks are in order. First,
the condition f € TI? is not necessary. The formula may hold for any function as
long as the integrals on both sides are finite. In fact, the first indication that such
a formula holds true lies in the fact that the integral of P as given in (1.4) is equal
to 1. Secondly, we emphasize that the real strength of the theorem lies in the fact
that the formula of V f for a general reflection group is unknown. Nevertheless, let
us point out that in the case of Example 1.1, the equation (2.1) takes the form

(2.2) / / f(xltl, . ,.’L‘dtd)
sa-1J[—1,1)4 »

2

= z)(1 — |[x[?)leh—1gx.
Ao [ f@)0—x) e ta

d d
0t [Lealt - 2= T e

d
=1 i=1 i=1

This identity can be proved by changing variables and using integration by parts,
but such a proof is not a trivial matter.
The following special case of the theorem is of interest in itself.

Corollary 2.2. Let g: R +— R be a polynomial. Then
1

(2.3) /Sd,l vg(<x,.>)(y)h§(y)dw=3a/ Gt (1 — £2)leh+ 25 gy

-1

where By, = Hojlc|a\1+(d—1)/2~



2966 YUAN XU

The corollary shows, in particular, that the integration of Vg((x,-)) against h?
yields a radial function. For the Lebesgue measure, this is evident since V' = id and
the integral in the left side of (2.3) with h, = 1 is clearly invariant under orthogonal
transformations. For h, # 1 this is far from being obvious since h, is invariant
under a subgroup of the group of orthogonal transformations. Even in the case of
he in Example 1.1 this is not obvious in view of (2.2).

In order to prove the theorem we explore the orthogonal polynomials with respect
to the weight function W, on B?. The following formula is very useful: If ¢ is a
continuous function on B?, then

e [ oma-prtaes [ ([ goxia) et - an

under the standard change of variables x = rx’, x’ € S%~1. An orthogonal basis of
L?*(B4, W, dx) can be given in terms of Jacobi polynomials and the ordinary spher-

ical harmonics. We use the standard notation P,ﬁ“’ﬁ ) for the Jacobi polynomials
orthogonal with respect to (1 — z)®(1 4+ x)” on [~1,1] (cf. [10, Chapter IV]). Let
{Sn,iy1 <i< N(n,d)} be an orthonormal basis for H,,. Let

C1n—ok4td=2
P, = {br PV T 21k — 1)Smani(x),
1<i< N(n-—2kd), 0<2k<n},

where by, are the normalization constants so that the square of each element has
integral equal to 1 with respect to W, dx over B¢. Using formula (2.4) and the fact
that S;,, is homogeneous of degree m, it follows from the orthogonality of the Jacobi
polynomials and the orthogonality of the (ordinary) spherical harmonics that P,
is orthogonal to P, for n # m and the elements in P, are mutually orthogonal
to each other. Since the polynomials in IP,, are of degree exactly n and there are
exactly

Z dim Hp—2k,a = Z (dim Py, —2; — dim Py, _gp—2) = dim P,‘f

0<2k<n 0<2k<n

many polynomials in P,,, it follows that L?(B?, W,dx) = @,-, spanP,. Therefore,
the elements of P, form an orthonormal basis of L?(W,dx, B). We choose a total
order for the elements of P,, and treat it as a polynomial vector. Such a vector
notation has been used to study orthogonal polynomials in several variables quite
generally (cf. [11]). In [12], a different orthonormal basis of P, with respect to
W,dx, given in terms of Gegenbauer polynomials, has been used to study the
summability of Fourier series in terms of P,.

For f € L2(Bd,W7dx), we can write its Fourier expansion with respect to
{Ba}5e as (see [11])

(25)  fe) =D al(Pux),  auf)= | SOIBLIW(y)dy.
n=0

We want to study the effect of V' applied to P, € P,,. Because of the formulae [10,
p. 62, (4.21.2)] and [10, p. 59, (4.1.4)],

(2.6)

@) o2 1y (DL <k>F(k+a+ﬁ+j+1)F(k+ﬁ+1)_ .
RETOE 1) =53 i) Thra+srn tGraent

Jj=0



INTEGRATION OF THE INTERTWINING OPERATOR 2967

we first consider the effect of V applied to |x|% S, _a. ;(x). We have
Lemma 2.3. Let S, € Hy,, m > 0. Then

2 2 _ o Dol +d/2)'(j +d/2)
(2.7) /Sdil V(|- % Sm)(x)hE (x)dw = Ho‘l"(|o<|1 /21 5)T()2) m,0-

Proof. Since |x|%S,, is homogeneous of degree m + 25, so is V(|- [*S,,). Using the
canonical decomposition [2, Theorem 1.7, p. 37]
m/2
P,‘f = @ |X|2JHZ—2J'
=0

and the harmonic projection operator projyn : Pr — HI 2, Theorem 1.11, p. 38],
we have

V(| Sm)

_ [mfﬂ ME 1 T(lali +m+2j—i+d/2)

454 T(laly +m + 2j — 20+ d/2)

projre, |, (ALV (- [5,)).
1=0

Since Hy L 1, k > 0, with respect to h2dw, it follows that the integral of the
function projyn - ARV(] - [¥Sn) is zero unless m + 2j — 2i = 0. In case 2i =
m + 2j, we have
[ VAP Sm)Gom (0
Sd*l

B 1 T(lals +7+ (d+m)/2)
_4j+m/2(j+m/2)! F(|a|1+d/2) Sd—1

since projyn = id. By the intertwining property of V', it follows that

ARV (| 28,02 (%) dw,

ALV P8 ) = VAT YS,).
Using the identity
A([x|* gm) = 4j(m + 5 = 1+ d/2)|x|[* g + [x[* Agpm,
for gm € Pm, m =0,1,2, ..., and the fact that AS,, = 0, we see that

: : AL+ d/2)  my2
AT (L8, ) (x) = 4l LA g

R P8 00) = 4 AR (),
which is zero if m > 0. For m = 0, we use the fact that So(x) = 1 and put the
constants together to finish the proof. O
Lemma 2.4. For P, € P,,
(2.8) / V(P,)(x)h2 (x)dw = H, 60,1

gd—1

Proof. By the definition of IP,,, we need to show that

V(R TR 9] P 1)S, ki) (2 (x)de = H o
S —1



2968 YUAN XU

for 0 < 2k < m and Sp_2;; € Hp—2t. From Lemma 2.3 and (2.6) this follows
readily if 2k < n. For the remaining case 2k = n, we use (2.6) and (2.7) to derive
that

[ VT R g 1), 600 ()
gd—1

C(—DF S (R\T(k + o+ — 1+ d/2T(k +d/2), ;
T Z<j> Tt lah —15 G+ d2) Y Jou, VO P ads

(-1)

_ g1 Pleh +d/2) (-1 i <k> T(k+ ol 4§ — 1+ d/2)T(k + d/2)
(

°® T T@/2) K ; T(k+ ol — 1+ d/2)T(al; +j + d/2)

[(lal; +d/2) L'(k +d/2) P(_lx‘a|1_1+d/2)(1)

=H, )
I'(d/2) T(k+|ali+d/2) *
where we note that the definition of P,ia’ﬁ ) can be extended to a = —1 by using
(2.6). From [10, (4.22.2), p. 64],
k+pBx—1

-1, 1,
P (@) = P9 (),

k 2

it follows that P,g_l"o‘h_Hdﬂ)(l) =0for k> 0orn=2k>0. For n =0 we use
the fact that PO(O"B) (z)=1and V1 =1. O

Proof of Theorem 2.1. We expand f into the Fourier series with respect to the
orthonormal basis P,, as in (2.5). Since V is a linear operator, we have that

[ vren o = Z a0 [ V®GORE )

Thus, Lemma 2.4 implies that

VF)R2 (x)dw = H 'ag(f) = Aa/ £ — [x[2)leh—Tax,
Sd*l Bd
which is the desired result. O

Proof of Corollary 2.2. The following formula is known to hold for f : R% — R%:

1
[ fxydaty) =was [ (1) T s, xR
Sd—1 -1
Using this formula and Theorem 2.1 we have

160 = | Volbs D (y)do = Aa / (o, y))(1 — [y[2)*h—tdy

—c/ /S rix,y'))dw(y')(1 — %)@l Ly
—c / / gleril)(1 - )T ds(1 = 7)o L,
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where ¢ = Ajwg—2. Changing the variable s +— ¢/r in the last formula and inter-
changing the order of the integrations we have

1 1
I(x) =¢ / o(tIx) / (2 — £2)5 (1 — 2l gy

-1 I

1 /. 1 _
205/ u (1 - w)leh~du / g(tlx])(1 — #2)lel 52 g,
0 —1

where the last step follows from another change of variable. This is the desired
formula. Instead of keeping track of the constant we can determine it by setting
g = 1 and using the fact that V1 = 1. |

We end this section with the following remark: Formula (2.8) in Lemma 2.4
shows that V(P,), n > 0, is orthogonal to H} with respect to h2dw. In fact, with
little more effort, the same approach can be used to show that V(IP,,) is orthogonal
to H} for k # n. This may suggest a possible way of studying the intertwining
operator V. However, we do not know how to compute the integral of V(P)Q for
PeP, and Q € H".

3. SUMMABILITY OF ORTHOGONAL SERIES IN h-HARMONICS

As an application of Theorem 2.1, we consider the Cesdro summability of the
Fourier expansion of a function with respect to h-harmonics on the sphere. Let
{S};,1 <i < N(n,d)} be an orthonormal basis for H}:. For f € L*(S* !, h2dw),

its Fourier orthogonal expansion in terms of {Sﬁz} is given by

PR @St a0 = [ rshrias
n=0 1i=1 §a=t
We denote the n-th partial sum of this expansion by S, (h2; f); thus,
n N(k,d)
k=0 1i=1

Let us recall the definition of Cesaro summability. The sequence {s,} is summable
by Cesaro’s method of order 6, (C, §), to s if

I ~(n—k+6-1
(n+§) Z < n—k )Sk
n k=0
converges to s as n — oo. If, for each n € Ny, s;, is the n-th partial sum of the
. o0 N .

series ) 4—o Ck, the Cesaro means can be rewritten as

1 ~/n—k+6

(n+5) Z ( n—=k )Ck'

n k=0

For the basic properties of Cesaro summability see [14, Chapter III]. We are in-

terested in the (C,8) means of S, (h2, f). Our main result in this section is the
following.

Theorem 3.1. Assume the intertwining operator V with respect to the weight func-
tion he is positive. Let f be continuous on S?~1'. Then the expansion of f as
Fourier series with respect to h% is uniformly (C, ) summable over S*=' provided
6> lali+(d—2)/2.
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We note that the intertwining operator is known to be positive in the case of
Example 1.1 and for some parameters in the S3 case ([5]). Dunkl has conjectured
that the intertwining operator is positive for all weight functions invariant under
reflection groups. When a = 0 the theorem reduces to the classical case of Lebesgue
measure.

The proof of this theorem depends on Theorem 2.1 and a compact formula of
the reproducing kernel for H". For each n € Ny, the reproducing kernel, P", for
H" is defined by the property

Ho | Q)P (x,y)hadw(y) = Q(x), Q€M)

In terms of an orthonormal basis of H”, the function P” is given by

N(n,d)

Pl(x,y) = Z Se(X)Sk i (y).-

Using the intertwining operator V, we can express P! in a closed form in terms of
; ()
the Gegenbauer polynomials Cy, .

Theorem 3.2. Forn € Ny,
(3.1)

Ph(x,y) = n+ ol +(d—2)/2

Py L A (G0l (N (R Y

Proof. Introducing the notation K,,(x,y) = [V({-,y)™/m!)](x), Dunkl [4, Theo-
rem 4.1, p. 1224] has proved that P! can be written as

ol +d/2),2" 214127
Pl(x,y) = d <[y Ko (x,y)
j;n/2 (2—n—|aji —d/2);j! J

for x,y € R% Since V is linear and (-,y)™ is homogeneous of degree m in y, for
|x| =1 we can write

_ (|Oé|1 + d/2)n2n—2j n—2j n
PN =V 3 G ol - apy =z Y/ T

Setting ¢ = (-,y/|y|) we now derive a closed formula for the expression inside the
curly bracket, which we denote by J(t). If n is even, say, n = 2m, then it follows
from the definition of (a); = a(a+1)---(a+j — 1) that

mer LCm+ o +d/2-1)

(2 —2m —lals —d/2)m-r = (-1) D(m+k+ ol +d/2—1)

from which and the formula

(2k) =T(2k +1) = 2%*T(k + 1/2)T'(k + 1)/T(1/2),
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we conclude that

e (laly + d/2)2m2%* 2

0= 2w ol — @D n RN
CT/2)(=D)™ K~ (m\L(m+k+lai +d/2—1)0(m+1/2) ;5
TmiD(m + 1/2) kzzo (k) T@m T ol /2~ DTk 172) Dl

I(m+ |ali +d/2 -1)T(1/2) (lal1+ 952
L(2m +|al; +d/2 - 1)(m+1/2)" ™
by formula (2.6). Upon using formula [10, (4.1.5), p. 59]
Lol +m)T(1/2) S(ah-4-3) 2
= pLeiTETR) 92y,
(Jal)L(m £ 1/2) S

we obtain a compact formula for J(¢) in terms of Gegenbauer polynomials for
n = 2m, which leads to

n+ ol +(d—2)/2
laf + (d —2)/2
Since each S,,; is homogeneous of degree n, P" is homogeneous of degree n in

y. Hence, replacing y/|y| by y in the last identity leads to the desired result for
n = 2m. The case n = 2m — 1 is proved similarly. O

T2 1)

C(\th) (t)

2m

P(x,y) = VO @22y /[y D))y ™

We note that this formula can be viewed as the addition formula for the h-
harmonics; indeed, it reduces to the addition formula for the ordinary spherical
harmonics [6, Vol. II, p. 244, (2)]. The formula agrees with Dunkl’s formula for
the Poisson kernel (1.4) because

o+ A 1—r2
E 220N (e =
— A" (&) (1 — 2tr 4 r2)A 17

which follows easily from the expansion of the generating function of Gegenbauer
polynomials ([10, (4.7.23), p.82]).

The proof of Theorem 3.1 depends also on the following fact. Let wy be the
normalized weight function on [—1, 1]:

1
wx = cx—1/2(1 = x2)’\_1/2, / wy(t)dt =1,
-1

where ¢)_1 /5 is the constant defined in (1.6). A function f € L?(wy,[—1,1]) can
be expanded into Gegenbauer series

oo 1
Fe BN, i) = [ Y@,
k=0 -1

where C~’7(LA) is the normalized Gegenbauer polynomial, which differs from Cr(LA) by
a normalization constant chosen so that {C’,({\)} forms an orthonormal basis with
respect to wy (cf. [10, (4.7.15), p.81]). The n-th partial sum of this expansion can
be written as

1
sulwss f) = / ) (w35 ) 0 0)d,



2972 YUAN XU

where the n-th reproducing kernel K, (wy) is given by

Awniz.y) §jdA 10y >—;%hiﬂi<>o“<v%”ux

here in the second equation we have switched back to the usual Gegenbauer poly-
nomials.

Proof of Theorem 8.1. From the definition of P it is easy to see that we can write
the partial sum S,,(h2; f) as

/ Zpk Vfh2dw = G (x,-) fh2dw
Sd 1 Sd—l

where, according to Theorem 3.2 and using the notation of K,,(w)), we have
(3.2) Ghxy) =Y Plxy) = VIEn(wjal, @22 1, (5 7)) (x).
k=0
Let us denote by S8 (h2; f) the (C,8) means of S,,(h2; f). Then we have
SS(h2; f / G? (x,-) fh2dw,
G (x,y) = VK (Wal, +@-2)/2 L (%)) (),
where G denotes the (C,8) means of G,, and K¢(w)) the means of K, (wy). To
prove the theorem it’s enough to show that
Fu)i= [ 1GA 3 ()de(y) < o0
uniformly for x € S9=1if § > vy + (d — 2)/2. If V is positive, we have

VKD (wlaf, +(d—2)/2; 1 ()]0 < VK (W), 4 a-2)723 1, () (y)-
Therefore, we can apply Corollary 2.2 to conclude that

)= | VK (wial,+@-2)/2: 1, ¢ 3) 1 (9) 2 () dw

1
SBa/ |K2(w\oc|1+(d—2)/2;17t)|(1 _t2)‘all+¥dt,
-1

The last integral is bounded if and only if § > |a|; 4+ (d — 2)/2, since it is precisely
the condition on the (C,$) summability of the Gegenbauer series with index |«a|; +
(d —2)/2 at the point 2 = 1 and the conclusion follows from [10, Theorem 9.1.3,
p. 246]. O

We conclude the paper with the following remark: From Theorem 3.2 and an
inequality of Kogbetliantz (see [1, p. 71]) for the Gegenbauer polynomials, it follows
that the (C,2|al; +d — 1) means of the reproducing kernels P are nonnegative
over S%! provided that V is positive. In particular, the (C,2|a|; +d— 1) means of
the Fourier series with respect to h2dw on S¢~! define a positive linear operator,
provided that V is positive. Other related results on the positivity of the (C,6)
means can be derived from an inequality of Askey and Gasper (see [1, p. 74]).
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