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THE AR-PROPERTY FOR ROBERTS’ EXAMPLE
OF A COMPACT CONVEX SET WITH NO EXTREME POINTS
PART 2: APPLICATION TO THE EXAMPLE

NGUYEN TO NHU, JOSE M. R. SANJURJO, AND TRAN VAN AN

(Communicated by James West)

ABSTRACT. In this second part of our paper, we apply the result of Part 1
to show that the compact convex set with no extreme points, constructed by
Roberts (1977), is an AR.

This is the second part of our paper. In this part, we prove that the compact
convex set with no extreme points, constructed by Roberts [R1], is an AR.
All notation, used in this part, comes from Part 1.

5. ROBERTS’ EXAMPLE

We are going to describe the linear metric space which contains a compact convex
set with no extreme points, constructed by Roberts [R1].

Let {d,,} be a sequence of natural numbers. Put m(1) = 1 and inductively define
m(n+1) = dym(n). Let m = {[0,1)}. Assume that 7, is a partition of [0,1)
into m(n) equal length intervals of the form [a,b). For each S € m,, let m,41(S)
denote the partition of S into d, equal length subintervals. Then we define the
partition 7,41 = U{mp4+1(5) : S € m,} of [0,1) into m(n+1) equal length intervals.
Consider the linear space consisting of all functions on [0, 1] which are finite linear
combinations of characteristic functions of the form x(4). We denote

(30) E, =span{xs : Se€m,}; F= Ole E,

(xs denotes the characteristic function of S);

Eyi1(S) = span{xr : T € mp11(5)};

3B1) A,={mMn)xs:Sem}={a':i=1,...,m(n)} (compare with (10)),

where ai =m(n)xsp, i=1,...,m(n);m, = {ST,..., 5}, } Observe that

EiCEy,C---CE, see (30).

Note that paranorms constructed in [R1] are monotone, norm bounded and
total, hence they are monotone F-norms. Then “paranorms” can be replaced by
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“monotone F-norms”. Observe that a paranorm is an F-norm if it is norm bounded
and total. The following theorem was proved by Roberts [R1, §3].

Theorem 4. For a suitable sequence of natural numbers {d,, }, there exist sequences
of paranorms {N,} and {Np4+1(S) : S € m,} on E,, and on E,+1(S) respectively,
such that the following conditions hold:

fo |z(t)|dt for every x € Ey;

(11) Nn+1( ) = 1nf{N () + S ANn+1(S)(x(S)) : S € mp}} for every x € Enyq,
where the infimum is taken over all the expressions of x© of the form:

r=y+ Y {2(S):S€m}, y€ En, 3(S) € Enpa(S);
(i) {Nn(z)} is a decreasing sequence for every x € E and the formula
N(z)= lim N,(z) forz € E

defines a monotone F-norm of E;

(iv) If x € E,, and N, (z) < 4, then N,,(x) = N,(x) for every m > n;

(v) The sequence {A,}, defined by (31), satisfies the conditions (4 ) and (5) o
Theorem 1, Part 1, where Any1(a) = {m(n + 1)xs : S’ € mp+1(S)} fa
m(n)xs € A,, S € m,.

Therefore C' = U2 A C X, see (6), is a compact convex set with no extreme
points, where X is the completion of (E, N).

Let ||.|| denote the F-norm on X induced by N. Our aim is to show that the
compact convex set C, defined by Theorem 4, satisfies the conditions of Theorem
2, Part 1. We need the following fact:

Lemma 6. Using the notation (31), for eachi=1,...,m(n), if v € spanCp(al’)N
E, see (8), then suppx C SI'.

Proof. Let x € spanCy,(a}') N E. Take ¢ > n such that € E;. Then we have

m(q)

(32) x = Z ajaj, where aj =m(q)xss, j=1,...,m(q).
j=1

Assume on the contrary that a; # 0 for some S C [0,1]\S}*. We may assume that

j = 1. Take a sequence {x}} C spanU2, Anﬂ( ?)N E such that z — z, see (8).
Then, we have

(33) supp zx C S} for every k € N, see (30) and (31).

For any function z on [0,1] and A C [0,1], denote 2|4 = xax. Then from (33) we
get

x — x¢][0, 1\ S]* = z|[0, 1]\S;* € E, for every k € N.
Since ||z — zx|| — 0, by Theorem 4(ii)—(iv), there exists an expression

n(k)=1m(j)

(34) x — = zq(k Z Zyz , keN,

j=q =1
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where n(k) > ¢ is chosen so that zy, € Ey, 1), and z(k) € E,, yl (k) € Ejy1(S7) for
i=1,....,m(j), j=4q,...,n(k) — 1, such that

n(k)—1m(j)

(35) Ny(z4 Z Z N1 (S (k)) — 0 as k — oo.

j=q =1
Since zq(k) € E4 we have, see (30) and (31),

(36)  zg(k) = D wulk), where yi(k) = N(k)m(q)xsg, t = 1....,m(q).

From (35) we get N,(z,(k)) — 0 as k — oo. Since {z,(k)} is a sequence in the
finite dimensional space E,, equipped with the Hamel base {xgs : t =1,...,m(q)}
and the F-norm Ny, it follows from (36) that

(37) Ny(yi(k)) — 0 as k — oo, for every t =1,...,m(q).

Observe that for every j € {¢,...,n(k)—1} and i € {1,...,m(j)} we have S} c S¢
for some t € {1,...,m(q)}. Denote

(38) ur(k) = Y yl(k).
sics?
Then we have

Claim 6. y1(k) +u1(k) = arm(q)xse € E, for every k € N.
Proof. Recall that x|4 = xaz. Since S{ C [0, 1]\5” from (33) and (34) we get

—1m(j

(39) 2|8 = & — x| ST = 2, (k)| ST + Z Zyl )54

From (32) and (36) we have
|91 = axm(q)xsy and zq(k)|ST = y1 (k).
Since y! (k) € Ej11(57), we get

n(k)—1m(

Z Z vl (R)IST = > yl(k) =ui(k), see (38).
= s7cs?
Consequently, the claim follows from (39).

Since y1 (k) € Ey, from Claim 6 we get ui(k) € E, for every k € N. Therefore,
from Theorem 4(ii)—(iv) and from (35) we get

< Y Nia(s Z S N (SH(l (k)

S,‘ZCS‘I t=1 S,‘ZCSq
n(k)—1m(j) o
Z Z N1 (S7)(y! (k) — 0 as k — oo.
Jj=q =1

Hence, from Claim 6 and from (37) we obtain

Ny(arm(g)xsg) < No(y1(k)) + Ny(ur(k)) — 0 as k — oo.
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Consequently, Nq(a1m(g)xss) = 0 and therefore oy = 0. So, we get a contradiction.
The lemma is proved.

6. THE RESULT

Now we come to our result in this paper:
Theorem 5. The compact convex set C, defined by Theorem 4, is an AR.

Proof. We are going to verify the conditions of Theorem 2. First, observe that
Condition (ii) follows from the construction. Let us check Condition (i): if z; €
span Cy, (af)\{0}, i = 1,...,m(n), then the set {x1,...,Zp ()} is linearly indepen-
dent in X.

Let z; € spanCp(al)\{6} and \; € R, i =1,...,m(n), such that

(40) AMT1 A+ A () Tm(n) = 0 where A\; € R, i =1,...,m(n).

We shall prove that A; = 0 for every ¢ = 1,...,m(n). Assume on the contrary that
Ai # 0 for some ¢ € {1,...,m(n)}. We may assume that ¢ = 1. Then we get

m(n)
T = Z a;z;, where a; = —\;/A1, i =2,...,m(n).
i=2

Let 0 < ¢ < 4. We take y; € spanCy(al’) N E such that
(41) llyi — i) < @m(n)a) e < e/2 for every i = 1,...,m(n),

where « = max{[|ay|] +1:4=2,...,m(n)}. (Recall that [a] denotes the greatest
integer which is smaller than «.) From Lemma 6 we get

(42) supp y; C SP* for every i =1,...,m(n).

Take k € N such that y; € E,4i for every i = 1,...,m(n). Let zll = quy; for
i =2,...,m(n). Then we can denote

m(n

(n) )
a=yi— Y oyi=yi— Y % € By,
1=2

i=2
whence

m(n)

(43) Y1 =2+ Z 2}
=2

Note that

(44) supp 41 C ST and suppz; C SP fori =2,...,m(n).
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Then from (1) and (41) we have

21l = llyr = > aaill < llyn — @l + |21 — Z i
1=2
<27+ | Y almi—w)l <27+ ) sl
=2 1=2
m(n)

i — vl

<27+ 3 max{lai] +1:i=2,...,m(n)}|z; -yl

<27 le 4 TrL:(n)a(2m(n)a)_1s =e.

3093

Now, recall that y; € E,4x. Our strategy is to “cut oft” the “top” of y; step by

step until we get an element in the space E,,.

The first step. In this step we cut a small element u; off from y; so that y; —uy €

Entk-1.

Since ||z1]] < € < 4, it follows from Theorem 4(iii) that there exists an r € N
such that N,(z1) < 4. Replacing r or n + k by max{r,n + k} if necessary, we may
assume that 7 = n + k. Hence from Theorem 4(iv) we get N,1x(21) = [|21]] < e.

Therefore by Theorem 4(ii) there exist

VI € B (S, i = 1 mln+ k= 1), and 25 € Eypxoy such that

m(n+k—1)
k— l
z21 =22+ E yf+

and

m(n+k—1)
(45) Nitr—1(22) + Z N (SPF 1) (1) <e.
Denote

m(n+k—1)

(46) e > Nap(SrE ey,

i=1
Then from (45) we have
(47) Nn+k_1(22) <€E—e€1.

Let

Z y Tt where T(i) = {j: SpTF T c S fori =1,

JET (i)
Let u; = v1. Then we have supp(y; — u1) C S7". We prove:

Claim 7. y1 —u1 € Epqp—1.
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Proof. Observe that

m(n+k—1) m(n) m(n+k—1)
m=n— Y oyl =y =) a— Y gt
i=1 i=2 i=1
m(n) m(n) m(n) m(n)
:yl_zaiyi_z Zy?M_l:yl—Zaiyi—Zvi
i=2 i=1 jET(i) i=2 i=1
m(n) m(n)
=Y — U1 — Z (qiyi +vi) = — Z (aiyi +vi), where oy = —1.
i=2 i=1
m(n+k—1)

Since 29 € E,yp—1, we can write —zo = wj, where

j=1
wj = Amn+k—1)xgnir-1, \j ER, j=1,...,m(n+k—1).
J
Denote ¢; = Z wj. Since
R

i € Entk—1 and supp ¢; C SP* for every i = 1,...,m(n),

we get
m(n) m(n)
—Z22 = Z i = Z (ciyi + vi).
i=1 i=1
Therefore

(49) Z (qy; +vi — i) = 0.

i=1

From (42) and (48) we have

supp(auy; +v;) C S for every i = 1,...,m(n).
Hence

supp(oiys +v; — ;) C S;* for every i =1,...,m(n).
Therefore from (49) we obtain
oy +v —p;=0fori=1,...,m(n).
It follows that
iy +vi =@ € Epyp_q fori=1,...,m(n).

Since a; =1 we get

aryr +o1 =~y +ur = —(y1 —u1) € Epgpor.
Consequently y; — u; € E,1k—1, and the claim is proved.

Remark 7. Denote u} = v; and 22 = z} +v; = 2} +ul fori =1,...,m(n). Then
from (44) and (48) we get
m(n)

2 .
yi—ur =2+ » 2 € Enpra;
i—2
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moreover
(50) supp(y1 —u1) C S and supp 27 C SP* fori = 2,...,m(n).
Therefore (43) and (44) hold true if y1, 2} are replaced by y; —u; and 22, respectively.

The induction step. We continue to cut a small element us off from y; — uy so
that y1 — u1 — us € E,4+1—2 and so on. In the k-th step we get

Yr—ur —up — - —up € By,
This process is done by induction as follows: Since
Z9 € En+k—1 and Nn-l—k—l(ZZ) <e—e1 <4,

we can obtain z3 € E,1,_2 and y"+k leE +1€_1(S?+k_2), i1=1,...,m(n+k—-1),
such that

m(n+k—2)
k— 2
Zo =23+ E y:lJr

and

m(n+k—2)
(51) Nogr—2(z) + > Nugroo(SPHF2) (%) <e—can.
Denote

T(2,4) = {t: SPTF=2 8P}, i=1,...,m(n);
Z Yyt i =1, m(n).
te€T(2,7)

Notice ug = ul Let 23 = 22 +u? for i = 2,...,m(n). Then it is easy to see that

Y1 — U1, 22, 22 and En+k 1 in Remark 7 can be replaced by y1 — u1 — u2, 23, 2; and
E, 4 —o respectively.

Now, for every j = 1,...,k and ¢ = 1,...,m(n + k — j) we choose y;
Enii—js1(SPTF77) and 241 € Epypj such that

+ch6

m(n+k—j)
n+k—j,
Zj = Zjy1 + E Y ;

and
m(n+k—j)
Notr—j(2j+1) + Z Nopr—jar (S (g 577)

j—1
(52) <e—> e,

t=1
where

m(n+k—t)

ee= Y, Naproora (SPHF) (@t
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(Observe that ¢ — g1 > 0, by (47), and € — Z at > 0 by induction.) Then from
(52) we have Np4x—;(2j41) < e — thl Et. Observe that

k m(n+k—j
(53) > (Z J)Nn+k—j+1(5?+k D) Z% <e.
j=1 =1
Denote
T(j,i)={t:SPTF 9 8}, i=1,...,m(n);
uz = Z yn+k 7.
teT (5,4)
Notice u; = uj. Let 2/ = 2/~" 4w~ for i = 2,...,m(n). Then from Theorem

4(ii)—(iv) we get

lugl < Y2 Nagrogua (ST ()
€T (4,1)
(54) m(n+k—j) ‘
< D Nariogn (ST = 5
i=1

Let z = Z?Zl uj. Since {N,(z)} is a decreasing sequence for every x € E, from
(53) and (54) we have

k k
2l < D llugll < ey <
j=1 j=1

Then it is easy to see that y1 —u1, 22, zf and E,,+,—1 in Remark 7 can be replaced
by y1 — Z?:l Uj = Y1 — 2, Zk+1, 21 and Eyik—r = By, respectively. Therefore

K2

we get y1 — 2 =y — Z?Zl uj € E,. Observe that
[z1 = (g1 = 2)|| < llwr — ol + Izl < 2e.

Therefore ||z1 — E,|| < 2e. Since € is arbitrarily small we infer that z; € E,. So,
x1 € E, Nspan Cyp(al). Hence from Lemma 6 we get

ry = t1af = tym(n)xsy for some t; € R.

Thus we have shown that if A\; # 0, then z; = t;m(n)xs» for some t; € R.
Since {m(n)xs» : i = 1,...,m(n)} is linearly independent, it follows from (40)
that ¢; = 0, if A\; # 0. This contradicts the fact that z; € span C),(a?)\{0} for every
t=1,...,m(n). Theorem 5 is proved.

From Theorem 5 and from [CDM] we obtain the following result which answers
affirmatively a problem of Dobrowolski and Mogilski; see [DM], Question 5-5 (Ques-
tion 575).

Corollary. For any dense o-fd-compact convez subset W of C, we have (C,W) ~
(Q,Q7), where Q denotes the Hilbert cube, and

Qf ={z=(z,)€Q: z, =0 for almost all n € N}

and “o-fd-compact” means a countable union of finite dimensional compact sets.
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Related to Theorem 5 we ask:

Question 1 [NT1]. Let F denote the linear metric space constructed by Roberts
[R1]:

(i) Is every convex subset of F' an AR?

(ii) Does every compact convex subset of F' have the fixed point property?

We do not know even if the whole space F is an AR. It is of interest to know
whether Theorem 2 still holds in the general case:

Question 2. Is the compact convex set C' defined by Theorem 1 an AR?

It should be noted that Condition (i) is essential in our proof of Theorem 2.
However, as we observed in Remark 6, Condition (ii) can be dropped. By [NT2]
C has the fixed point property. So we may ask Question 2 in the following more
general situation:

Question 3 [NT1]. Assume that X is a compact convex set with the fixed point
property. Is X an AR?
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