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ABSTRACT. Using a duality result for cyclotomic units proved by G.Gras, we
derive a relation between the vanishing of some x-components of the ideal class
groups of abelian fields of prime conductor (Theorem 1). As a consequence,
we obtain a criterion for the parity of the class number of any abelian number
field of prime conductor.

1. INTRODUCTION

The problem of the parity of the plus class numbers of cyclotomic fields has been
studied before; for example in [1] it is proven that if n is an integer divisible by at
least five different primes, then the order of the plus part of the ideal class group of
the cyclotomic fields of the n-th roots of unity is even. When n is divisible by two,
three or four primes, parity results are also given under additional assumptions.
The case n prime seems to be more difficult, and the methods of [1] cannot be
applied. In [14] this case is studied, and a parity criterion is given in terms of
polynomials over the field with two elements.

We fix a prime number [ and consider the cyclotomic field of the I-th roots of
unity Q(¢;); it has degree I — 1 over Q. If | — 1 = m2¢ with m odd, we have
Gal(Q({)/Q) =2 A x P with A a cyclic group of order m, and P a cyclic 2-group
of order 2¢. Let x be a 2-adic character of A of order d. To simplify notations, we
fix d, and denote by K, the subfield of Q((;) of degree d2¢ over Q, and by K the
subfield of K. of degree d over Q.

QC Ky C K. C Q(().

We denote by Cl.(x) and by Cly(x) the x-part of the 2-part of the ideal class
groups of K, and of Ky (these will be defined precisely in the next section).
We prove the following:

Theorem 1. The groups Cly(x) and Clo(x™!) are both trivial if and only if either
Cle(x) or Cle(x™1) is trivial.

We give a consequence of Theorem 1. The characters y and x~! are conjugate

under Gal(Q,/Qz) if and only if —1 is a power of 2 modulo d. In this case the x
and the x~! components of a Galois module coincide, and we have that Clg(x) is
trivial if and only if Cl.(x) is.
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From Theorem 1 we also get a parity criterion for the class number of any abelian
field of prime conductor I. In fact, every such field has degree d2’/ over Q, with
d | m and j < e. Dropping the index d, we denote this field by K; and its class
group by Cl;. The field K. is totally imaginary. We denote by Cl™ the cokernel of
the natural map Cle_; — Cl.. The map Cl._; — Cl. is injective (see for example
[10], Chapter 3, Theorem 4.2), and composed with the norm map Cl, — Cl,_;
which is surjective, is multiplication by 2. From this it follows that Cl.(x) is trivial
if and only if C1™(x) is trivial. This last condition is equivalent, by the 2-adic class
number formula proved in [7], to saying that %Bl)x—l is a 2-adic unit, where By , -1
is a Bernoulli number. If j < e, then K is totally real, and we have the following

Corollary 1. The following are equivalent:
1. Either $B1,y or 3By -1 is a unit;
2. Clp(x) =20 and Clg(x~ 1) 2 0;
3. Clj(x) 20 and Clj(x™1) 220, for every 0 < j < e.

Proof (sketch). We have just seen that the first assertion is equivalent to saying

that either Cl.(x) or Cl.(x ') is trivial. Now we apply Theorem 1, and we get the

equivalence of the first two assertions. The equivalence of the last two assertions

can be proved using an argument similar to Lemma 1 and its corollary (it is enough

to substitute e by j and CI3° by Clp).
We present some examples which show that Theorem 1 is in some sense sharp.
1. d = 3,5. In this case y and x~*
only if #Cl1™ (x) is even.

2. d = 7. In this case x and x~ " are not conjugate. For [ = 491 we have that
only one of Cly(x) or Cly(x~!) is nontrivial; for I = 7841 both are nontrivial.

3. d = 15,1 = 18121. There are two nonequivalent characters of order 15: y
and x~!. We computed #C1™ (x) = #C1~ (x~!) = 2%. Then one of Cly(x) or
Clo(x™ 1) is nontrivial. See [6], page 189.

4. d = 31. There are 6 nonequivalent characters. For [ = 311 there are two
characters 1 and x2 such that Cly(x;) is nontrivial (i = 1,2), but x; is not
equivalent to x5 . In this case Clo(x) is trivial for every y of order 31.

are conjugate; thus #Clg(x) is even if and

1

In section 2 we introduce our notations, the characters and the definitions of x-
parts; in section 3 we prove a series of lemmas which lead to the proof of Theorem
1.

2. PRELIMINARIES

We recall some standard facts on Galois modules, and fix some notation. Let
p be a fixed prime number and L an abelian number field of degree mp® with
ged(p,m) = 1. Let G = Gal(L/Q).
We can decompose G as
G=AXP
where P is the p-part of G and ged(#A,p) = 1. Let x be a p-adic character
XA — 6; We say that two such characters are equivalent when they are

Gal(Q,/Qp)-conjugates. The ring Z,[A] is a direct sum of discrete valuation rings:
Z,[A] = @,0y

where x runs over the set of p-adic characters of A modulo equivalence and the rings
O, are Z,[Im(x)]. Actually, each O, is a Z,[A]-algebra via the rule 6.2 = x(6)z,
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for x € Oy and 6 € A. If M is a Z|G]-module and x : A — 6; a p-adic character,
we can define its y-component M (x) as:

M(x) = Oy ®z,(a] (Zp @z M).
We obtain thus a decomposition
M ®Zy, = &, M(x).

We observe that each M (x) is an Oy [P] module.

Now we specialize to the case p = 2. We fix a prime number [/, and consider the
cyclotomic field Q(¢;). We will deal with 2-adic characters x of odd order d of the
maximal subgroup A of Gal[Q(¢;)/Q] of odd order. Now that I, d and e are fixed,
we denote by Ky the subfield of Q((;) of degree d over Q, and by K, the subfield
of Q(¢;) of degree d2¢. The field K, is an extension of Ky of degree 2¢, and it is
the subfield of L fixed by ker(y). We denote by Cl. and by Cly the 2-part of the
ideal class groups of K, and of K respectively. We denote by Clg° the 2-part of
the narrow ideal class group of Kj.

We observe that the norm map identifies the x-component of the 2-part of the
ideal class group of Q(¢{;) with a direct summand of Cl..

Lemma 1. Denote by o a generator of the cyclic group P = Gal(K./Ky). The
norm map Cl. — CIf° induces an isomorphism of Gal(K./Q)-modules Clg° =
Cl./C1i.

Proof. Since the extension K, /K is totally ramified at the prime above [, it follows
from class field theory that the natural map of Galois modules N : Cl, — CIy°
induced by the norms of ideals is surjective. The group Cli_” is clearly contained
in the kernel. The extension K./Kj is ramified at only one finite place. The
Hasse norm principle gives us that a unit of Ky is a norm of an element of K,
if and only if it is totally positive. Applying the genus theory formula (see for
example [10], Chapter 13, Lemma 4.1), it follows easily that #C1. = #CI5°. Since
#CI5° = #C17 = #(Cl,/CIL77), we see that N induces an isomorphism.

Corollary 2. Under the hypotheses and notations of the previous theorem, if x is
any 2-adic character, then Cle(x) is trivial if and only if C1°(x) is.

Proof. Since Cl.(x) and Cl3°(x) are Oy [P] modules, and 1 — o is contained in the
maximal ideal of this local ring, the result follows from Nakayama’s lemma.

3. SIGNATURE OF UNITS AND PARITY OF CLASS NUMBERS

Now we will work with the field Ky. Let E be the units of Ky, and F the
cyclotomic units, defined as the subgroup of FE generated by {£1} and the norms
of cyclotomic units of Q(¢)™.

Then we have (see [7])

(1) #(E/F)(x) = #Clo(x).

Beware that in [7], as in [13], the cyclotomic units are norms of elements in
Q(¢;) rather than Q(¢;)*. This gives an extra power 2¢ in their formulas. Let R
be Z/2[Gal(K,/Q)]; the ring R is a semisimple ring.

Lemma 2. The groups F/F?(x) and E/E?*(x) are one dimensional vector spaces
over the field O, /20,.
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Proof. The group F' of cyclotomic units is a cyclic Galois submodule of E of finite
index and containing —1. Hence F/F? is isomorphic to the semisimple ring R: it is
isomorphic to a direct sum of the simple modules Zz[Im(x)]/2, where x runs over
all 2-adic characters of Gal(K(/Q) modulo equivalence. In particular F//F?(y) is
a one dimensional vector space on O, /20,,. We consider the diagram with exact
rOwWS:

0O — F — F — D — 0

! ! !
0O — F — E — D — 0

where D is the finite quotient E/F and the vertical arrows are squarings. We apply
the snake lemma and obtain an exact sequence:

0— {*1} — {*1} - D[2] —» F/F?> - E/E* - D/D* — 0.

~

We take the x-parts, for some character x. If x is not trivial, we have D[2](y) =
D/D?(x) as follows from the structure theorem of finite torsion modules over the
principal ideal domain O,. We get F//F?(y) = E/E?(x). If x is the trivial charac-
ter, we still have equality of the y-components. This concludes the proof.

We denote by E; the units of Ky which are totally positive and by F the
cyclotomic units which are totally positive.

Lemma 3. There is an exact sequence
0— (EL/E?) — CI¥ — Clg — 0.

Proof. We need to introduce some notation. Let K7 denote the set of totally
positive elements of K. Let P and P be the principal fractional ideals of the ring
of integers of K and the principal fractional ideals generated by a totally positive
element respectively.

We have the following diagram of two exact sequences:

0
1
0 - E,/E? — E/E*> — E/EL — 0

!

Kg/KX
1

P/P,
!
0

We observe that K§/K% is a one dimensional free R-module, generated by an
element a € K which is negative at one real valuation and positive at the remaining
ones. In particular Kj/K%(x) is a one dimensional vector space over O, /20,.
Taking x-parts in the above diagram, we get a diagram of O, /20, vector spaces,
and we obtain E, /E?(x) & P/P.(x) for every x. Therefore P/Py = E, /E? and
the result follows from the exact sequence

0— P/P, — Clg°(K) — Cly — 0.

Theorem 2. Cl.(x) is trivial if and only if Fy /F?(x) is trivial.
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Proof. Suppose Fy /F?(x) is trivial. Then so is (E?NF)/F?(x). Taking the y-part
of the exact sequence

(2) 0— (E*NF)/F? - F/F? - E/E* - (E/F)®Z/2 —0
and using Lemma 2, we get E(x) = F(x). The following are equivalent:

L (F}/F?)(x) =0

2. (F/F?)(x) =0 and E(x) = F(x);
3. (E4+/E?)(x) =0 and E(x) = F(x);

4. (E1+/E?*)(x) =20 and Clg(x) = 0 by equation (1);
5. Clg°(x) = 0, by Lemma 3;

6. Cle(x) 0, by Corollary 2.

This concludes the proof.

We introduce some new notation. Let Ey and Fy be the subgroups of the elements
of E (F respectively) whose square roots give an extension of Ky which is unramified
over 2.

Another important ingredient is G. Gras’s theorem (cf. [6]):

Theorem 3 (G. Gras). For every 2-adic character x we have an isomorphism of
abelian groups Fy/F?(x) = Fy/F?(x~!). Besides, Cly has even order if and only
if (Fo/F?) N (Fy/F?) is nontrivial.

Proof of Theorem 1. Suppose Cly(x) and Clg(x~!) are both trivial. Then E(x) =
F(x) and E(x7!) = F(x™!) by equation (1). So we can apply Gras’s theorem to
E rather than to F. The ring E(x) is a free rank one O,-module. We have the
following inclusions:

E*(x) C E+(x), Eo(x) C E(x)

and each one of E, (x) and Eg(x) must be equal to E?(x) or to E(x). Suppose
Ey(x) = Eo(x) = E(x). Then the group E/E?(x) generates a nontrivial Kummer
extension of Ky which is abelian and unramified over Ky. This corresponds, via
Kummer duality and class field theory, to a nontrivial quotient of Clp(x 1), contrary
to our assumption. So either E(x) = E?(x), or Eo(x) = E%(x). In the first case
Lemma 3 and the hypothesis give CI15°(x) 2 0; hence Cl.(x) = 0. In the second
case, by Gras’s theorem we get Fy(x~!) = E?(x~!) and as above we conclude
Cle(x~ 1) =0.

Now suppose Cl.(x) 2 0. By Theorem 2 we know that (F}/F?)(x) = 0. Gras’s
theorem implies (Fp/F?)(x™!) = 0. Thus we have that (E* N F)/F?(x) and
(E?2 N F)/F%(x~ ') are trivial. Using lemma 2 and sequence (2) we get that
(E/F)(x) and (E/F)(x~') are trivial; hence Cly(x) and Clg(x~!) are trivial as
well. This completes the proof of the theorem.
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