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ABSTRACT. We consider the Hausdorff measures H®, 0 < s < oo, defined on
R>° = T]72, R with the topology induced by the metric

oo
p(x,y) = D |z — il /20 (L + |as — wil),
i=1
forallz = (x;)$2,,y = (yi)52; € R*°. We study its properties, their relation to
the “Lebesgue measure” defined on R*° by R. Baker in 1991, and the associated
Hausdorff dimension. Finally, we give some examples.

1. INTRODUCTION

In this paper we study the Hausdorff measures H*, 0 < s < oo, defined in the
usual way on R = []°2, R with the metric

— |zi — yil
(1) pT,y) =) s
; 21+ | — wil)

= (z:)Z1,y = (y:)iZ1 € RY,
and the topology induced by it.

We define the Hausdorff dimension on R* showing that the Lebesgue measure,
defined on R* by R. Baker in [1], operates as a measure H.

Then we study the behaviour of the measures and dimension under some trans-
formations defined on R*> or between this space and R™. Finally, we give some
examples.

The plan of the paper is as follows. In §2 we present the preliminary results that
we will need for our work. In §3 we study the Hausdorff measures and dimension
on R*°. In §4 we give some examples.

In this paper, we will use the word “measure” to mean “outer measure”, and
every infimum taken over an empty set of real numbers has the value 4oc.

2. PRELIMINARIES

In R® =J[Z, R ={z = ()2, = (z1,%2, ., Tn,...) : 7; € R, i > 1} we
consider the metric p defined in (1). Observe that p induces the product topology
on R*>.

For each A C R*® we will denote by p(A) the diameter of A with respect to p.
Since the metric is bounded by 1, then 0 < p(A4) < 1, for all A C R*°.
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Let R be the class of all infinite-dimensional rectangles R C R of the form
R= H(ai,bi) , —oo<a; <b <+oo,
i=1

such that 0 <[], (b; — a;) < +00, together with the empty set. Let 7 be the set
function on R defined by
0, ifR=0,
7(R) = { 1%, (b — ai), it R # 0.
Then (7,R) is a pre-measure. If we apply to it Method I of the generation of
measures (see [3]) we obtain the measure

o0

V(E) = inf {Z T(Rl) : FC [j R;, {Rz}?il C R} s

i=1 i=1
for all E C R*°. R. Baker proves in [1] that this measure coincides with the measure
obtained applying Method IT (see [3]) to the same pre-measure. Then

v(E) =limvs(E) = supvs(E),
610 6>0

for all E C R*, where

udE)zhﬁ{E:TUﬁ):Ec:LJRh{RJﬁ1C7&pUﬁ)<6},
i=1 i=1
for each 6 > 0.

To finish this section we will give a result on the behaviour of the Hausdorff
measures under some transformations between metric spaces.

Let (2,d) be a metric space and 0 < s < oco. We define the s-dimensional
Hausdorff measure by

H*(E) =lim H{(E) =sup H{(FE),
610 6>0

for all E C , where

=1

for all § > 0. The sets {U;}$2, in this definition are arbitrary subsets of €2, and

d(A) denotes the diameter of A with respect to the metric d. We will denote by H*

the generic s-dimensional Hausdorff measure defined on an arbitrary metric space.
The proof of the next theorem can be found in [2, 3].

Theorem 2.1. If (Q,d) and (¥',d') are metric spaces, E C Q and f : E —
satisfies

a-d(x,y) <d(f(z), f(y) <b-d(z,y), Vr,yeckE

where a and b are positive and finite constants, then
@ H*(E) < H*(f(E)) < b"H*(E)

for each s > 0.
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3. HAUSDORFF MEASURES AND DIMENSION ON R

In this section we consider the s-dimensional Hausdorff measures H*, 0 < s < oo,
defined on (R, p) as in section §2, where the metric p is defined in (1). In this
definition we have considered covers by arbitrary sets, but if we consider covers by
convex, open or closed sets we obtain the same measures (see [2, 3]).

By the standard theory of Hausdorff measures (see [3]), the measure H® is a
regular, Gs-regular, metric measure, the Borel sets are H®-measurable and each
H*-measurable set of finite H*-measure contains an F,-set of the same measure.
The Lebesgue measure v satisfies these properties too.

We now study the behaviour of the Hausdorff measures with respect to the
embedding i, : R™ — R defined by

in(x1,@2,... ,xy) = (1,22, ... ,X,,0,0,...),
forallz = (21, x2,... ,x,) € R™, and with respect to the projection p, : R® — R"
defined by
Pn(T1,22,...) = (T1,X2,... ,Tp),

for all x = (x1,22,...) € R®. We consider the euclidean metric d on R™.

Lemma 3.1. For every bounded set E C R™ we have
1 s _~
———— | H3E)< H®(i,(F)) < (=) H(E),
and for every E C R such that p,(F) is a bounded set in R™, we have
H* (pn(E)) < [2" (1 + d(pn(E)))]" H*(E) .
Proof. For all z,y € E C R", we have
p (in(x),in(y)) =

| — i 1 & n
1 21(1+|:1ci—yi|) 2; 2

K3

and
n

. . |5L‘l —yi| 1 n
p(in(z),in(y)) = ; 51+ o — o) > (1 1 d(B)) ; |25 — il
> b
— 2n(1+d(ER))
Now, for all z,y € E C R*>®, we have

<Z(f€i - yi)2> < Z |z — vl
=1

i=1
< 2" (L+d(pa(E))) p(,y) .
Then, applying Theorem 2.1, we obtain the results of this lemma. O

d(z,y) .

d (pn(z),Pn(y))

It is easy to show (see [2]) that, for all E C R*® and 0 < s < t < o0,
HY(E)>0 = H*(E)= o0,
H*(E) <00 = HYE)=0.

Moreover, we prove in the next theorem that the Lebesgue measure v operates as
a measure H*°.
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Theorem 3.2. Let E C R and 0 < s < oo satisfy the condition H*(E) = 0.
Then

v(E)=0.

Proof. Let n > s be an integer with H"(FE) = 0, and denote by E,, = p,(FE) the
projection of E on R™. For each N > 1 we consider

N—{zecFE:|r/<N,i>1}=FEn[-N,N]*

Since H"(EN) = 0, and using Lemma 3.1, we have that H"(p,(EY)) = 0. In
consequence

e = U e ) 32 1 ) -
N=1 N=1
and hence L"™(E,) = 0, where L™ is the n-dimensional Lebesgue measure on R".
If we call

E'={y=(y:)2; : 3z € R" with (z1,... ,Zn,¥1,Y2,...) € E},

then £ C E,xE} = E*. To prove the theorem it is enough to prove that v(E*) = 0.
Let € > 0 be given. Let {R}}32; C R be a cover of E;. As L"(E,) = 0, for all

j > 1 we can cover E, by a famlly {RJ 1 of n-dimensional open rectangles such
that

S ViR < { Ty T >

= 57 if 7(R;)=0
where, for each open rectangle R = [[i_, (a;,b;) C R™, V(R) = [[;_, (b — a;) is its
volume. Then the set of infinite-dimensional open rectangles { R? x R} CR
is a cover of E* that satisfies

o0 oo oo o0 c
J ) 7) —
S (B X R = SR S VR <Y 5
i,j=1 j=1 i=1 j=1
and, since € > 0 is arbitrary, we conclude that v(E*) = 0. (]

Thus, if we denote the measure v by H*°, we can affirm that for each £ C R*®
there exists a unique number s € [0, co] such that

" oo, 0Lt <s,
H(E)_{O, if s <t < oo.
This number is called Hausdorff dimension of E and it will be denoted by s =
dim F.
To finish this section we will give some properties of these Hausdorff measures
and dimension.

Properties 3.3. 1. The Hausdorff measures and dimension are invariant by trans-
lations. For each E C R* and a € R*> we have that H*(a + E) = H*(E), for all
s> 0, and dim(a + E) = dim E, where a+ E ={a+x : x € E}.

2. It is easy to show that for all s, 0 < s < oo, E CR*® and A >0

NHY(E) <H'(AE)< H*E), if0<A<]I,
H(E) < HS(AE)< XHE), ifA>1,

where A\F = {\z : x € E}. In consequence dim(\F) = dim E.



HAUSDORFF MEASURES AND DIMENSION ON R* 3271

3. If $: R*® — R is a similitude of ratio r > 0, then H*(S(E)) = r*H*(E)
for all E C R*® and 0 < s < 0o. So the Hausdorff dimension is invariant with
respect to similitudes.

4. For each a = (a1, as,... ,a,) € R, we define the shift operator associated to
a by

x=(z1,22,...) — ax = (a1,... ,An, T1,T2,...)
for all z € R*®, and we denote aE = {ax : x € E}. It is easy to see that

plax,ay) = 5-p(z,y)

271
for all z,y € R*, and hence

H?(aFE) =

o H(B)
forall E C R*, a € R™ and 0 < s < 0o. Thus the Hausdorff dimension is invariant
with respect to this operator.

5. If a €e R™, b € R*® and F C R" is a bounded set, we consider the function
f+ E — R defined by f(x) = axb. Using the preceding properties and Lemma
3.1 we have that

n

(m)smm < H(F(B) < (5mr) H(E)

for each s, 0 < s < co. Consequently the Hausdorff dimension is invariant with
respect to this function.

4. EXAMPLES

In this section we give some examples of fractals in R> and we compute their
Hausdorff dimension.

Example 4.1. Let I = {0,1} and 0 < r < 1/2. For each ¢ > 1 we consider the
set B = (2r)'] = {0,(2r)"}. Then the set E" = [[;2, EI C R* has Hausdorff
dimension s = s(r) = —log2/logr.

Proof. We consider the generalized Cantor set C" C [0,1] C R, which is the self-
similar set associated to the similitudes Sq(z) = rz and Sy(z) = re + (1 —r) of
Hausdorff dimension s = s(r) in R, and H*(C") =1 (see [2]).

Each point € E" has a unique representation x = (z;) where z; = (2r)’a; with
a; = 0 or 1. Now we consider the one-to-one function f: K™ — C" defined by

oo

f(a:): X:aZ Y1—r)

that satisfies

5@~ sl < Y G vl 220 )

r

Applying Theorem 2.1, we see that

0<1=HC") < (M) H*(E").
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To see that H*(E") < oo we consider, for each N > 1, the set P = Hivzl Er CRY
of 2V points. Then

ET:UUE, where Umz{xy:ye ﬁ EZT}

zeP i=N+1

and

o0 PN+
U;) =su TY,T2) Y,z € ET 3 < =6(N).
p(Us) = sup< play,2) : y i:l;lﬂ — =0(N)

Since 2r® = 1, we have that

N (TN ro\°
H; (E") <2 = )
é(N)( )< <1—r> (1—7")
Taking the limit when N T oo, we obtain that

HS(ET)<( 4 )S<oo

1—r

and we conclude the proof of this example. O

By similar methods we can prove the next example.

Example 4.2. If I = {0, 1} is as in the previous example, the Hausdorff dimension
of the set I = {z = (;) : &y =0or 1} CR®is 1, and H!(I*®) = 1/2.

Example 4.3. If C C [0,1] C R is the generalized Cantor set of ratio r = 1/4 and
E =(C x I*®°, where I*° is as in the previous example, then

3
dimFE = —.
im 5

Proof. We consider the one-to-one function f : E — C x [0, 1] defined by
) z;
0= (357 )
i=2
for each z = (2;)52, € E. It is easy to see that

4@, F@) <ler —ml + 3 T <oy
1=2

and applying Theorem 2.1, we obtain that
BPHP(E) > HY?(C % [0,1]) > b- HY/?(C) - H'([0,1]) = b

where b > 0 is a positive constant (see [2]).
To see that H3/?(E) < oo we consider, for all N > 1, the natural cover of C'
by the 2% intervals {IiN}?il, each of length 4=~ which appear in step N of its

construction, and the set P = []-25" " I of 22V elements. Then

2N
EclJ U Ua

i=1lx€P
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where U,; = {yzz : y € IV, 2 € I*®} and

p(Uri) = sup{p(yzz,y'zz') : y,y' €I}V, 2,2/ € I™}
ly— /| — 1
< o VL S
v,y €IN 2(1+|y_y |) j=2N+2 27-2
4—N 1 1
frng < — = 6 N .
2(144-N) t N < g (N)
Then
3/2 N 62N 1\*?
Hy) (B) < 27270 (22_N> =1
and taking limits when N 1 oo, we obtain that H3/2(F) < 1 < cc. O

Applying property 3.3(5), it is easy to see that

Example 4.4. If m > 0 and n > 1 are two integer numbers, the set
@m = {0} x [0, 1]" x {0}

has Hausdorff dimension n and 0 < H™(Q},) < oo.

Example 4.5. If G C R* is a non-empty open set, then dim G = oc.

Proof. Applying Lemma 3.1 and that p,(G) C R", for all n > 1, is a non-empty
open set, we have that

dim G > dimp,(G) =n
and hence dim G = co. |
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