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ABSTRACT. Let m € Z71 be given. For any € > 0 we construct a function
71} having the following properties: (a) f{¢} has support in [—¢,1 +€]. (b)
flet € ¢ (=00, 00). (c) If h denotes the Haar function and 0 < & < oo, then
lried — hllpsry < (1 +28)1/6(2¢)1/6 (d) f{} generates an affine Riesz basis
whose frame bounds (which are given explicitly) converge to 1 as € — 0.

Let ‘H be a Hilbert space with inner product (-,-) and norm || - || := (-,-)}/2. Let
Z* denote the natural numbers. A sequence {f,,n € Z1T} C H is called a frame if
there are constants A and B such that for every f € H

AlFIP < D0 IF f0P < B

nezZ+t

The constants A and B are called bounds of the frame. If only the right-hand
inequality is satisfied for all f € H, then {f,,n € Z*} is called a Bessel sequence
with bound B. A frame is called exact, or a Riesz basis, if upon the removal of any
single element of the sequence, it ceases to be a frame. However, not every frame
is a Riesz basis: as is well known, a sequence {f,,n € Z+} C H is a Riesz basis
if and only if it is the image of an orthonormal basis under a bounded invertible
linear operator U : H — H ([1, 11]). Clearly for an orthonormal basis both frame
bounds equal 1.

In [5] it is shown that adding a Bessel sequence with a small bound to a Riesz
basis transforms the original basis into another Riesz basis. It is also shown how
frame bounds for the new basis are obtained from frame bounds of the original basis.
Given an arbitrary positive integer m, in the present paper we use these results to
perturb the Haar function into a function f{&} € C™(—o00,00) with support in
[—£,1 4+ €] (thus having good time and frequency localization) that preserves the
symmetry of the Haar wavelet and generates an affine Riesz basis in L?(—o0, 00).
The lack of orthogonality precludes the use of the fast wavelet transform. On the
other hand the functions f{¢} are given explicitly in terms of cardinal B-splines.
Other wavelets do not have a closed form representation and have to be obtained
recursively, using the cascade algorithm [4, 10]. Since frame bounds are given
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explicitly, the frame algorithm or other algorithms can be used to reconstruct a
function from its wavelet coefficients ([4, 6]).
Let Z denote the integers, R the real numbers, and

djr(x) = aj/ZQS(ajx — bk),

where ¢ > 1 and b > 0. Our construction is based on a sequence of auxiliary
propositions, some of which are of independent interest. We begin with:

Lemma 1. Let ¢ € L*(R). If

3" 1y b )| < B,

jkeZ
for every j' k' € Z, then {¢; 1};rez is a Bessel sequence with bound B.

Proof. From Schur’s lemma ([3, Lemma 5] or [11, p. 159]) we deduce that the
operator generated by {(®; k. ¢ ), 7,3, k, k' € Z} is bounded in ¢%(Z?), and the
assertion follows from the discussion in [11, p. 159]. O

Remark. This lemma was implicitly used in the proof of [3, Lemma 9]. See also [7,
Proposition 9.10].

The next result is a quantitative version of [2, Lemma 9], and its proof is based
on the concept of A-bounded mean variation introduced by Shi [8]:

Let A := {A,k = 1,2,...} be a nondecreasing sequence of positive numbers
such that Y /\Ln = o0o. For any locally integrable function f and a bounded interval
I; of length |I;|, define

1
m:mﬁmm

1
pr (f) == m/lj |f(t) — f1,]dL.

The function f is said to be of A-bounded mean variation on an interval I, and
we write f € ABMV(I), if

MA(f,I)zsupiMI;\—m < 00,

j=1 "7

where the supremum is taken over all sequences of nonoverlapping subintervals I}
of I.
Let BV (R) denote the set of functions of bounded variation over R. We have:

Lemma 2. Assume that ¢ satisfies the following conditions:
(a) supp ¢ C[e,d] =: 1,
(b) ¢ € BV(R),

(c) [z o(t)dt =0.
If Vi, denotes the total variation of ¢ on R, then {¢; 1};kez is a Bessel sequence
with Bessel bound

Ja
Ja—1

)=l = + 10V + o)),

My = [[pllos (
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Proof. Let 01k = 37 [(&5,k, ¢jr k)| Then
JkEZ

Opa=2 D +D D> =¥+l

>3 keZ2  j<j' keZ
If iy, == {z: adz—kb € (¢,d)} = (a7 (c+ kb),a™I(d + kb)), K(j,j', k') =
{k LN L g #* (Z)},

Famit |IJ J’k|/ Ha = Kb)de,

it 04) 1= M / o)~y s
from [3, (3.13)] we conclude that
0 S <ldleld—c) 3 a2 ST (o).

and

Jj—3'20 kEK(j—j’70,k’)
As remarked in [3] (following (3.14)),
(2) Yoo @< @d=epTt 1

kEK (j—5,0,k")

Let I, be an arbitrary sequence of non-overlapping intervals in [¢,d] and for
n=1,2,... let a,, = infyes, #(x) and 3, = sup,c; ¢(z). Then for every ¢ > 0,
we can select two points v, and 8, in each interval I,, so that
3) D(yn) < +27"7L B(6,) > B, —e27" 7L

Clearly

pr, (9) = |¢( ) = ¢1,ldx < Bn — .

|I |
Hence by (3),

S (8) < S IoI] + 3 o

(4) <Vy+e,

where I, = [yn, 6n] and ¢(I),) = ¢(vn) — ¢(6n).
Since (4) holds for every € > 0, we obtain

(5) > g (6) < Vg,
implying that ¢ € ABMV (¢,d), and
(6) M/\(¢7I) < Vd”

with Ai={ A\, :k=1,2,...}and \y =1for k=1,2,....
Thus (2), (6) and [3, Lemma 7] yield

Z Iy, k((bo k’) [( - C)b_l + 1]V¢,

kEK(j—j/,O,k’)

and from (1) we conclude that

B

(7) 31 < |9lloc(d =€) [(d—c)p™" +1]V5.

VJa-1
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From [3, (3.17)]

B q(a+1)(d—-e¢)
8) Mo < gl b a+1)(d—0) Y a2 = ||% b it
J; (Va—1)
Combining (7), (8) and Lemma 1, the conclusion follows. |

The following lemma follows immediately as a corollary of Lemma 2.

Lemma 3. Let ¢(z) satisfy the hypotheses of Lemma 2, let a, 3 € R and p(z) :=
¢(ax + ). Then {p;i}jkecz is a Bessel sequence with Bessel bound

Va_\([@d=c) (d=cp! (a+ 1),
() Ao+ Ve b o)

In the sequel, we assume that a = 2 and b = 1. From Lemma 2, we also readily
obtain

Lemma 4. Let 0 < ¢ < L, and let p{=}(t) = Xi21—e,1)(t) = X(1,110(t). Then

{w}?}j,kez is a Bessel sequence with bound

V2e
V2-1

If N,,(x) denotes the m-th order cardinal B—sphne (12, 9]), and

(85+4+3/\/—)

(9) 9(t) = Xjo,m-1)(t ZN (t—Fk

then we have:

Lemma 5. Let m > 2. Then
(a) g € Cm=D[0,m — 1],

Proof. From, e.g., [2, Theorem 4.3] we know that

(10) N1 (2) = Nop1(2) = Ny (2 — 1),
and
(11) supp Ny, = [0,m],

whence (a) and (b) follow.
Since (11) implies that N,,(m —k —1) =0 for k <0 or k > m — 2, (c) follows
from the identity ([2, Theorem 4.3])

(12) > Nplz—k)=1.

keZ
Applying (10) we have:

NJ

m—

9'(x) = Xjo.m-1)(x k) — Npy—1(z — k — 1)]
kZO

= X(0,m—1](T)[Nm-1(x) = Npp—1(z — m + 1)},
and (d) follows from (11).

(13)
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Finally, integrating by parts, and using (11), (10) and [2, (3.2.16)] we have:
m—1
V2rg(z) :/0 e~ "g(t)dt
= Gifa) gt~ ifo) [T e o
= (i/x)e="" 1“9( -1
- (i/a:)/o =1 [Ny 1 (£) — N1 (£ — m + 1)] dt
= (i/z)e"(m—Dz (z/x)/ e TN, 1 (t)dt
= (i/x)e” "V — (V2mif2) Ny ()
= (i/a)e=(m =7 _ (i fq)em(m= e/ (_Si”/ 2)m_1

x/2
. m—1
(m—1)zi/2 —(m—1)zi/2 _ Sin x/2
— (i/a)e” [ ()]
Separating the expression in brackets into real and imaginary parts, passing
to the limit and noting that g = f t)dt is real, we conclude that
V2mg(0) = , i.e. fR glt 1 O

Lemma 6. Let m > 2 and

m—2
1
q(t) =gt —m+1) —§kZ_ONm

Then
(a) supp q C [0,2m — 2],
(b) ¢ € C™~2(—00,2m — 2],
(c) q(0) =0,
(d) ¢(2m —2) =1,
(€) Lq(0) = L g2m—2) =0, 1<k <m—2
(f) [z a(t)dt =0,
(8) ¢ € BV(R) with V; < 2(m —1)
(h) llglle <1

Proof. (a), (b), (¢), (d) and (e) follow from (10), (11) and Lemma 5. To prove (f),
note that

/R q(t)dt

Il
\
T
3
+
T
N | =
i
S
=
T
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To prove (g), note that on [0,m — 1], g(¢t — m + 1) = 0, which implies that
g(t—m+1)=0for 0 <t <m—1. Hence,

m—2
——(1/2) Y Nt = k) = —(1/2)[Nom-1(8) = N1t — m+ 1)].
k=0
Thus for 0 <t <m —1, |¢/(t)| < %, which implies that V,[0,m — 1] < 2L,

On [m — 1,2m — 2], we have
m—2

) = Jt-m+1)=3 > Nt
k=0

—_

= [Nm_l(t —-m + 1) — Nm_l(t —2m + 2)] + §[Nm_1(t —m + 1) — Nm_l(t)].

Thus, (m — 1) <t < 2(m — 1) implies that |¢/(t)| < 2, and so Vy[m — 1,2m — 2] <
3(m — 1). Hence,

Vy(R) = V[0,2m — 2] < 2(m — 1).
Finally, to prove (h) note that for t € R,

1
< g(t — <1 do< - N, -
0<g({t—m+1)<1land0 Z 2
implying that
1 m—2
la®) =19t —m+1) =5 > Nn(t-k)|<1,
k=0
and the assertion follows. O
Let
2m — 2 2m — 2
ril @) =a(F—{r+e)), P @) =a(— {1t}
2m—2 1 2m — 2 1
p @) =a(——{5 ). P @) =a(——{r - 3)).

1
A{E} = [-=.0)U (5

P (@) = pt (@) — piT (@) + i (@) — pI7 (@) — 01 (@),
‘We have:

Lemma 7. Let € > 0. Then
(a) supp pls} C Ale),
(b) p {e} ¢ gm—2 (A {a})
(0 #H) = pH(E e = PN (G o) = pH 1 2) = 0, 5 (07) = 1,

1
—5,§+5)U(1,1+5],

p{a}(1+) =1,
(d) For 1 <k <m —2 we have
dk dk dk 1 dk 1
2 oolet oy 2 le gy =2 2 let 2 vty = 2 {er 2
Tl () = T 0) = (G o) = T (5)
d* eyl P - g
— 15 - -\ __ €1 _ €1 _
S NG+ e) = ) = Sl (1 e) =0,
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(e) {pj{sk} }ikez is a Bessel sequence with bound

\/§€ 3 1 \/56 1
————{(e + 1)(@m — 2) + —=}]2 + [—=—— {8 + 4+ 3/V2}]2}>.
(V2-1) V2 (V2-1)

Proof. (a), (b), (c¢) and (d) follow from Lemma 6. By Lemmas 3 and 6, each of the
functions pz{s} (z), 1 <14 <4, generates a Bessel sequence with bound

{4]

V2e
— " _{(e4+1)(2m —2) + 3/V2}.
(V2-1)
Applying Lemma 4 and Minkowski’s inequality, (e) follows. O

Theorem. Let m > 2 be an integer and let € > 0 be such that

V2e 3 V2e

B := {4[m{(6+1)(2m—2)+ﬁ m
Let h := X[0,1] — X[1 1] and f .= h + plet. Then

(a) fi € O™ 72 (—00, 00),

(b) supp f1=} C [—£,1 +¢],

(c) {f;{;}}j,kez is a Riesz basis of L*(R) with frame bounds (1 — v/B)? and
(1+vB)?,

(d) If 0 < § < oo, then || f1&} — h||ps(ry < (14 2°)1/°(2e)1/8.

{8e+4+ )32 < 1.

02+ NG

Proof. (a) and (b) follow from Lemma 7. Since the Haar system {h; r};rez is an
orthogonal basis of L2(R) ([2, 4]), (c) follows from Lemma 7 and [5, Theorem 5].
To prove (d), note that f{&} — h = p{=}. Since the functions pz{s}, 1 <1 < 4, have
disjoint support, Lemma 6 and the definition of p{*} imply that [pfe}(z)| < 1 on
[—&,0]U[1, 1+¢], |ptet(2)| < 20n [1/2—¢,1/2+¢], and [ple}(z)| = 0 elsewhere. O
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