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ABSTRACT. It is proved that Triebel-Lizorkin spaces for some Laguerre and
Hermite expansions are well-defined.

1. INTRODUCTION

Let D be a self-adjoint positive operator acting on L?(9), and let dE be its
spectral resolution, that is,

(1.1) Df = / MEO) .
0

For a € R, 0 < p,q < 00, and a C* function ¢ satisfying
(1.2) suppe C [1/2,2], |e(N)] >ec>0 for Xe[3/4, 7/4],
we define the Triebel-Lizorkin norm associated with D (and with ¢) by
(1.3) 1 fllpg 1) = I 4 1Qus Nl o),

HEZL
where
(14) Quf =p2"D)f = [ 2PN dEWS.

0
Note that if D = A = —Z;l:l % is the Laplacian on R?, then the norm

[ fllag () is equivalent to the classical Triebel-Lizorkin norm || f| FRe

Triebel-Lizorkin spaces associated with the one-dimensional Hermite operator
2

9 2
H——@—f—f

were studied by J. Epperson in [E1] and [E2]. It was proved there, using Mehler’s
formula, that the definition of the corresponding space Fy g is independent of the
particular choice of the function ¢.

The present paper continues these studies. We consider Triebel-Lizorkin spaces
associated with some Laguerre expansions and multidimensional Hermite expan-
sions. We use some ideas from [E1] combined with Heisenberg group methods (cf.
[HJ]). Symbolic calculus for sublaplacians on Heisenberg groups (cf. Theorem 2.3)
plays an essential role in our paper.
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2. SYMBOLIC CALCULUS ON HEISENBERG GROUPS

Let Hy be the 2d + 1 dimensional Heisenberg group, that is, Hq = C? x R with
the multiplication hh' = (2,t)(z, ') = (z + 2/, t +t' + $3(22")). Let X;, Y; be the
elements of the Lie algebra of H,; which we identify with the left-invariant vector
fields

0 1 0 v 0 n 1 0
— — ZYim = — 4+ -x;i=.
ox;  2%or 7T oy, T2Vt
The corresponding right-invariant vector fields are:

0] 1 0 ~ 0] 1 9

o, 2ar VT a2V

The sublaplacian L on H defined by

(2.1) X, =

(2.2) X; =

d
L==> Xj+Y]
j=1

is a positive, homogeneous of degree 2, left-invariant subelliptic differential operator.
Let dE be the spectral resolution for L, that is, Lf = fooo MENf. If mis a
bounded function on (0, 00), then the operator

mL)f = [ mOWEW
0
is left-invariant and bounded on L?(Hy).
The following theorem due to Hulanicki (cf. [H]) is the basic tool in our paper.
Theorem 2.3. If m € S(R), then
(2.4 m(L)f = [+ M,

with M in the Schwartz space S(Hy) of functions on Hy.
Moreover, if for s > 0 we set m*(X) = m(sA), then

(2.5) m®(L) = f * M,
where

M) = s@2pp A by
(26) Ma(h) = Mz, ) = 5722, )

Here QQ = 2d + 2 is the homogeneous dimension of Hy.

3. LAGUERRE FUNCTIONS

Let
B\
(3.1) LM (w) = (2m)71/2 (m) w™ AL (w)e 2w >0,
be the Laguerre function of type m, m = 0,1,2, ..., where
k .

N E+m\ (—w)’

(32) Lk<w>—zo(,€_j) -
J:

is the corresponding Laguerre polynomial of type m, m =0,1,2,....
Let H/T denote the reduced Heisenberg group, where I' = {(0,2wn) :n € Z} is
a normal discrete central subgroup of H = H;. For p > 0 and nonnegative integer
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m we consider the space L? (H/T') which consists of L? functions f which have the
form

(3.3) f(z,t) =ete ™0 fo(r) , z=re®.

It is well known (cf. [T]) that if a C? function f on H/T has the form (3.3),
then Lf is of the same form, where L = —X? — Y2 is the sublaplacian on H/T.
Moreover, the functions

(34) O (z,u) = e ML (|22 /2)
form an orthonormal basis of L2 (H/T'), and

(3.5) Lot = dio)', where di =2k + 1.

Note that the map W : LP(RT) — LP (H/T') given by
(3.6)  flzou) = (Wg)(z,u) = e™e™™g(|2[*/2), where z=e"[2],

is an isometry from LP(R™) onto L? (H/T). If, moreover, f and g are related by
(3.6), then

(3.7) (9. Li") = ([, &")-
Consequently, if g = 3", (g, L") L}", then
(3.8) Wg =2 (Wg,¢i")éi"

k

4. TRIEBEL-LIZORKIN SPACES FOR LAGUERRE EXPANSIONS

Let ¢ be a C* function satisfying (1.2). We define the linear operators @, on
L*(R*) by

(4.1) QuLy" = (27" dy) L}

For g = 3, axL},0 < p,q < 00, and « € R, the Triebel-Lizorkin norm ||g| 2o (.
is defined by

(4.2) l9llcg o) = 11D (2**1QugDTM Ul Lo +)-
HEZ

On the space L2,(H/T') we define the corresponding operators @,, by setting

(4.3) Quéi = p(27"dr)g}".

Obviously for f and g related by (3.6),

(4.4) gl zg 7o) = 1D 2**1Quf )l Loy -
HEZL

Our goal in this section is the following

Theorem A. Let a € R, 0 < p < o0, and 0 < ¢ < oo. If V) and ¢ are two
C™ functions satisfying (1.2), then there exists a constant C'such that

C Mgl ez ooy < llgllzs ooy < Cliglles 2(pm)-
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On the reduced Heisenberg group H/T let d((z,t), (2,t")) be a distance function
given by

(4.5) d((,1), (/1)) = inf {|(z, 1)/, ¢)(0, 2mn)},
where |(z,t)| = |2| + |t|'/? is a homogeneous norm on H.

For a > 0 and f of the form (3.3) we define an analogue of the Peetre maximal
operator:

. Quf )
(46) Auf @)= s TR ((e ), (D)

Note that if

A _ |Q f(ZI7 0)|
@) Auf(z) = i AT 2Z/2|Z e
then
(4.8) A, f(2) :[lﬂf(z,t)_
Let
(4.9) Buf(zt)= sup VQuf (', 1)

(2/,t')€H/T (1 + 2N/2d((z, t)v (2/7 t/)))a7
where [VQ,f(=',t)] = [X@,f (', #)] + Y Quf (', ).
Lemma 4.10. For every a > 0 there is a constant C' > 0 such that

(4.11) B, f(z,t) < C2/2 A, f(2,1).

Proof. Let ¢ be a C* function satisfying (1.2) such that

(4.12) D> @ 7HN)p@7MA) =1 for A>0.
HEZ

For the function (()\) = Zjil_l ©(270)1(27\) we denote by My—u(z,t) the con-
volution kernel on H that corresponds to the operator ((27#L), where L is the
sublaplacian on H. By Theorem 2.3

X0, f(2 )] = |X /H/F S Qut (2, )My (2, )1 (2, 1)(0, 27m) ) d='dt |

ne”z

_ |ooul? /R/O TS XM @Rz - ) 2o~ %%(2’2) + 2mn))

nez

x Quf (2, t")dZdt'|
< 9/ / / |(XM)(2/2(z — '), 24(~1))Quf (2. 0)|d='dt!
R2 JR

<O [ (1422 = ) MNQu A 0]
< C2M2 A, F(2") (1 + 222" — 2))°.
Similarly,
YQuf(2,1) < Cp2t/2 A, f(2") (1 + 202" — 2[)°.
Now, applying (4.8), we get (4.11). |
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For h = (z,t) € H/T and § > 0, let B, (6) be the ball in H/I" centered at h and
radius ¢, that is, Bj,(6) = {h1 = (21, 1) : d(h1,h) < 6}. We shall denote by |B,()]
the volume of this ball. Note that |B,(6)| is comparable with §* for § < 1 and with
62 for § > 1. Since |Q, f(2,t)| does not depend on t, we set |Q,, f(2)| = |Q.f(z,1)|.

Lemma 4.13. A, f(2,t) < CIM(|Q.f|")(2)]Y/", where M is the classical Hardy-
Littlewood mazimal operator on R? and r = 2/a.

Proof. We conclude from the mean value theorem for stratified groups (cf. [FS],
Theorem 1.41) that there is a constant C' such that for hz € By(27#/26)

|Quf(hiha)| < C|Q,f(hihahs)| + C27H/28 sup IVQ,.f(hihahy)|.
ha€Bo(C2—1/26)

This gives
1/r
Quf(hihs)| < C <|30(2_”/25)|_1/ |Quf(h1h2h3)|Tdh3>
Bo(2-1/26)
+C27#%  sup VQ,uf (hihoha)l (1 + 2#/%4(0, h2h4))“>

haeBo(Ca-n/26) \ (1+21/2d(0, hahy))®

min (27,274 62%) 5 r
<c <|30(2_”/25)|_1 / / |Quf<h1h2hs>|rdhs>
0 |zg|<2—1/28

+C27"28B, f(hy) sup  (1422d(0, haha))”
ha€Bo(C2-1/26)

1/r
<C ((2_“/26)_2/ |C_2Mf(21 + 29 + Z3)|Td23>
|z3|<2— /28

+ C27M25(1 + 6 + 2M2d(0, he))* B, f (h1).
Using Lemma 4.10, we get

9 —n/2 9N L/7
1Quuf (haha)| < C (W)

1/r
1 / -
N\ somr e 1Quf(z1 + 23)|"dz3
<(2_“/26 + [22])? |23 <2=1/264] 25 g

+ C6(1 + 8+ 2#/2d(0, ha))* A, f (hy).
Finally there is a constant C' such that for any ¢ € (0,1)
|Quf (haha)| < C672/7(1+222d(0, h2))*" (M(1Quu f (1)) "
+ C8(1+2"72d(0, hg))* A, f (ha),

which completes the proof of the lemma. O
Proof of Theorem A. Let 0 < r < min{p,q} and a = 2/r. For ¢® let 9/ be a
C* function satisfying (1.2) such that (4.12) holds. If R is the linear operator
determined by R,(f)qb}f =@ (277d},)p}", then

pt1

(414 oY= Y QUEDGY.

v=p—1
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By Theorem 2.3 the kernels K, ,((2,t), (2/,t')) of the operators QE})R(?), lv—u| <1,
are bounded by C2%/2(1 4 2v/2|2' — 2|)~°, thus

pt+1

|Q~,(J,1)f(27t)| <, Z / 2du/2(1 + 2v/2|zl . Zl)a_bf_l,(j2)f(z) dz’
v=p—1 R?
ptl
<G Y AP f(2).
v=p—1
From Lemma 4.13 we conclude
~ M+l _
QP f(z ) <C > MIQP I (=)
v=p—1

Using the Fefferman-Stein vector-valued maximal inequality, we get

o0

1 g oy < CIC DY @ IMAQPD )]

p=—00
o

ar| N r r\NT 1/r
<ClC > @ RPN ()T 19300 < Clf g ooy O
H=—00
5. TRIEBEL-LIZORKIN SPACES ASSOCIATED WITH THE HERMITE OPERATOR
Let
H=—-A+ |z

be the Hermite operator on R¢. Our main goal in the present section is to prove
the following theorem which states that the definition of the Trieblel-Lizorkin space
Hp(¢p) does not depend on the particular choice of ¢ (cf. (1.3)).

Theorem B. Let a € R, 0 < p < 00, and 0 < q < oco. If 1) and o are two
C™ functions satisfying (1.2), then there exists a constant C'such that

—1
CT N f g 2oy < N fllag 2oy < Cllifllag @)
Let hpy be normalized eigenfunctions of H with corresponding eigenvalues apm,
that is, Hhym = amhm-

For m € S(R), where S(R) is the Schwartz class of functions on R, and p € Z
define

(5.1) Q. =m(27"H).
Then
(5.2) Quhm = m(27 am)hm.

Obviously, for f =3 (f, hm)hm, we have
Quf () =3 m@ ™ am)(f hm)ham(2) = | | FW)EKu (@ y)dy.

where

Ku(xv y) = Z m(27"am ) hm (%) h (y).

m
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Let 7 be the Schrodinger representation of Hy defined by
(5.3) T(af (u) = € HEVEO f(y ).

Then 7y, = %, Tx, = ix;, and consequently 7, = —A + [z|* is the Hermite
operator on RY. For m € S(R), let M(z,y,t) be the convolution kernel for the
operator m(L) on Hy (cf. Theorem 2.3). Then

(5.4) m(H)f = maif = | M(z,y, 070 f dudyd.
Hg

Applying (5.4) and Theorem 2.3, we get
(5.5) Ky(w,y) = / / 22N (w, 242 (y — ), 1) (32w D20 gy
R4 J —o0

Lemma 5.6. For every b > 0 there is a constant Cy such that

(5.7) | K@, y)| < Cp2®/2(1+ 202z —y|) 7",
0

| g K@, y)l < G221 4 222z =y )0 for j=1,2,....d.
Ly

Proof. The estimate (5.7) is a consequence of (5.5) and Theorem 2.3.
In order to obtain (5.8) we use the fact that %Kﬂ(x,y) is the kernel which
corresponds to my; Ty,

(5.8)

- As TV My = Ty pp, s W have

0 e ~ -
8—Ku($ay) = —/ / 24/2(Y; M ) g (w, y — , £)e T @00 gy,
€ R4 Joo
This gives
0 0
69 oK)l < W?zdw/ / IV M (w, 272 (y — @), 0)|dtdu.
Lj R4 J—o00

The function )%M is in the Schwartz class on Hy, therefore (5.8) follows from
(5.9). O

Using Lemma 5.6, Theorem B can be proved in the same way as Theorem 1.1
in [E1].

Remark. Standard arguments show that the norms of the Triebel-Lizorkin spaces
for Laguerre and Hermite expansions for parameters « =0, 1 < p < 0o, and g = 2
are equivalent to the LP norms.
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