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ABSTRACT. In this paper, we study the convergence of the sequence defined
by

20 €C, Tpt1 =anz+ (1 —an)Tzn, n=0,1,2,...,
where 0 < oy, < 1 and T is a nonexpansive mapping from a closed convex
subset of a Banach space into itself.

1. INTRODUCTION

Let C be a closed, convex subset of a Banach space F and let T" be a nonexpansive
mapping from C into C, i.e., [Tz — Ty|| < ||z — y|| for all z,y € C. We deal with
the iterative process

(1.1) 20 €C, zpy1 =apz+ (1 —a,)Tx,, n=0,1,2,...,

where 0 < «,, < 1 and «,, — 0. Concerning this process, Reich [5] posed the
following problem:

Problem. Let E be a Banach space. Is there a sequence {«,,} such that whenever
a weakly compact, convex subset C' of E possesses the fixed point property for
nonexpansive mappings, then the sequence {x,} defined by (1.1) converges to a
fixed point of T for all x in C' and all nonexpansive T : C' — C?

Though Reich [4, 5] showed an answer in the case when E is uniformly smooth
and a,, = n~® with 0 < a < 1, the problem has been generally open. Recently,
Wittmann [7] solved the problem in the case when E is a Hilbert space and {a, }
satisfies

(1.2) 0<a, <1, lim a, =0, Zan:oo and Z|an+1—an| < 0.
n=0 n=0

In this paper, we extend Wittmann’s result to Banach spaces. Our result is the
following:

Theorem. Let E be a Banach space whose morm is uniformly Gateaux differen-
tiable and let C' be a closed, conver subset of E. Let T be a nonerpansive mapping
from C into C such that the set F(T) of fized points of T is nonempty. Let {a,}
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be a sequence which satisfies (1.2). Let x € C and let {x,,} be the sequence defined
by (1.1). Assume that {z} converges strongly to z € F(T) as t | 0, where for
0 <t< 1,z is a unique element of C which satisfies zz = tx + (1 — t)Tz;. Then
{z,} converges strongly to z.

If C satisfies additional assumptions then {z;} defined above converges strongly
to a fixed point of T. We know the following [4, 6]:

Let E be a Banach space whose norm is uniformly Gateaux differentiable, let C
be a weakly compact, convex subset of E and let T be a nonexpansive mapping
from C into C. Let x € C and let z; be a unique element of C' which satisfies
zt =tx+(1—t)Tz for 0 <t < 1. Assume that each nonempty, T -invariant, closed,
convex subset of C contains a fized point of T. Then {z:} converges strongly to a
fixed point of T.

So our theorem gives an answer to Reich’s problem in the case when the norm
of E is uniformly Gateaux differentiable and each nonempty, closed, convex subset
of C' possesses the fixed point property for nonexpansive mappings.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, all vector spaces are real and we denote by N and N,
the set of all nonnegative integers and the set of all positive integers, respectively.
Let E be a Banach space and let E’ be its dual. The value of y € E' at x € E will
be denoted by (x,4). We also denote by J the duality mapping from E into 27,
ie.,

Jo={y € B': (z,y) = || = ly|*}, =€E.

Let U = {z € E : ||z|| = 1}. The norm of E is said to be uniformly Gateaux
differentiable if, for each y € U, the limit

o) et tyl ]

t—0 t

exists uniformly for x € U. E is said to be uniformly smooth if the limit (2.1)
exists uniformly for x,y € U. It is well known that if the norm of E is uniformly
Gateaux differentiable then the duality mapping is single-valued and norm to weak
star, uniformly continuous on each bounded subset of E.

Let u be a continuous, linear functional on [*° and let (ag, a1, --) € [*°. We
write pu, (ay,) instead of u((ag,ay,---)). We call p a Banach limit [1] when p satisfies
leell = pn (1) = 1 and pin(an+t1) = pn(ay) for all (ag, a1, ) € 1.

To prove our result, we need the following propositions, which can be deduced
by the same lines as those in [3]. For the sake of completeness, we give the proofs
in our appendix.

Proposition 1. Let a be a real number and let (ag, a1, -+ ) € 1°°. Then py(an) < a

for all Banach limits p if and only if for each € > 0, there exists py € Ny such that

an + Ap+41 + -+ Gp4p—1
p

(2.2) <a+e forallp>pg andn € N.
Proposition 2. Leta be a real number and let (ag, ax,- - -) € I°° such that py(an) <
a for all Banach limits pp and lim (apy1 — an) < 0. Then lim a, < a.

n—oo n—oo
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3. PROOF OF THEOREM
The following is obtained in [7]. For the sake of completeness, we give the proof.

Lemma 1. lim ||z,41 — 2,| =0.
n—oo

Proof. We remark that {z,} and {Tz,} are bounded by F(T) # (. Set M =
sup{||Tx,|| : n € N}. Then since ||[Tn+1 — Zn| < |an — an—1|(||lz]] + M)+
(1 — ap)||wn — ©p—1]| for each n € N4, we have

||Q7n+m+l - $n+m||

ntm—1 n+m-—1
< (% towsa =l (el + 20+ (TT 0= aw) e = ol

k=m k=m
n+m—1 n+m-—1

<( 3 |ak+1—ak|)<||x||+M>+exp(— 3 akﬂ)mmﬂ—xmu
k=m k=m

for all m,n € N. So the boundedness of {z,} and Y7, ai = co yield

o0
T e — @all = T [@nsmis — Enim]| < (Z o — ak|) (2] + M)

n—o00 n—o00
k=m

for all m € N. Hence by Y 7°  |ar+1 — o] < 00, we get the conclusion. O

Using Proposition 2, we obtain the following.

Lemma 2. lim (z — z,J(z, — 2)) <0.

n—oo

Proof. Let u be a Banach limit and let 0 < ¢ < 1. Since {a;,} converges to 0, T is
nonexpansive and p is a Banach limit, we get

pnllzn — Tzel|* < pinllwn — 2|,
From (1 — t)(zp, — Tz:) = (v, — 2¢) — t(x, — ), we have
(L= t)?llen = Tzll* = llon — 2ell* — 260 — 2, T (@n — 21))
= (1 =2t)||lzn — 2e||* + 2tz — 24, T (2 — 21))

for each n € N. These inequalities yield

t
5 /1471”1'71 - ZtHZ > Nn<x — 2t J(xn - Zt)>

Tending ¢ to 0, we get
0> pnlx —z,J(zn — 2)),

because E has a uniformly Gateaux differentiable norm. On the other hand, we
have

lim ‘(x—z,J(a:nH—z)}—(a:—z,J(a:n—z)ﬂ =0

n—oo

by Lemma 1. Hence by Proposition 2, we obtain

lim (z — 2, J(x, — 2)) <0. O

n—oo
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Now we can prove our theorem.

Proof of Theorem. Since (1 — ap)(Txy — 2) = (Tpt1 — 2) — an(x — z), we have
11 = @) (T = D)2 2 ns1 — 2l = 200 (0 = 2, (@nt1 — 2),
which yields
lzns1 = 21? < (1 = an)llzn — 2] +2(1 = (1 = an)){(z = 2, J (Tnt1 — 2))
for each n € N. Let € > 0. By Lemma 2, there exists m € N such that
(x —z,J(zn, — 2)) < g
for all n > m. Then we have

[ — 2112 < (n+ﬁ_1<1 — ) llom = #1P + (1 I a- a))e

k=m k=m
for all n € N. Hence by Y77, ai = oo, we get

lim |z, — 2| = lim ||zpem — 2|* <e.
n—oo

n—oo

Since € is an arbitrary positive real number, {z,} converges strongly to z. O

Remark. Halpern (2] showed that a;, — 0 and >~ j,, = oo are necessary con-
ditions for the convergence of the sequence {z,} defined by (1.1). The condition
oo o lamt1 — ap| < oo is used only to show @41 — ;, — 0. For other conditions
which ensure z,+1 — x, — 0, see [7].

APPENDIX

In this appendix, we prove Proposition 1 and Proposition 2.

Proof of Proposition 1. First we shall prove the only if part. Assume that p,(a,) <
a for all Banach limits p. Define a sublinear functional ¢ from [* into the set of
real numbers by

L 1n+p—1
q((bo,by,-++)) = Tm sup= > by, (bo,by, ) €1
p—ooneN P

We write ¢y, (by,) instead of ¢((bo, b1, -+ )) for (bg, b1, - --) € *°. By the Hahn-Banach
theorem, there exists a linear functional p from [°° into the set of real numbers such
that p < g and p,(an) = qn(an). It is easy to see that p is a Banach limit. From
the assumption, we have g, (a,) < a. So for each £ > 0, there exists py € N4 which
satisfies (2.2).

Next we shall prove the if part. Assume that for each € > 0, there exists pg € N,
which satisfies (2.2). Let p be a Banach limit and let € > 0. By the hypothesis,
there exists pg € N4 which satisfies (2.2). So we have

an, + An+1 + -+ Qn4po—1
Po

un(an)Zun( ) <a+e.

Since € is an arbitrary positive real number, we get p,(a,) < a. O
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Proof of Proposition 2. Let € > 0. By Proposition 1, there exists p > 2 such that

an+an+1+"'+an+p—l<a+i

P 2
for all n € N. Choose ng € N such that a,+1 —a, < €/(p—1) for all n > ng. Let
n > ng + p. Then we have
A =0n—i + (@n—it1 — Gn—i) + (@n—it2 — QGn_iy1) + -+ (@n — Gpn_1)
i€
p—1

foreach7=0,1,--- ,p— 1. So we get

S Gp—i +

an+an—l+"'+an—p+1+1.p(p_1)_ €

a, < <a-+e.
P P 2 p—1
Hence we have
lim a, <a-+e.
n—oo
Since € is an arbitrary positive real number, we get the conclusion. O
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