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A SINGULAR INTEGRAL OPERATOR WITH ROUGH KERNEL
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(Communicated by J. Marshall Ash)

Abstract. Let b(y) be a bounded radial function and Ω(y′) an H1 function
on the unit sphere satisfying the mean zero property. Under certain growth
conditions on Φ(t), we prove that the singular integral operator

TΦ,bf(x) = p.v.

∫
Rn

f(x−Φ(|y|)y′)b(y)|y|−nΩ(y′) dy

is bounded in Lp(Rn) for 1 < p <∞.

1. Introduction

Let Rn, n ≥ 2, be the n-dimensional Euclidean space and Sn−1 be the unit sphere
in Rn equipped with normalized Lebesgue measure dσ = dσ(x′). Let Ω(x)|x|−n be
a homogeneous function of degree −n, with Ω ∈ L1(Sn−1) and∫

Sn−1

Ω(x′) dσ(x′) = 0,(1.1)

where x′ = x/|x| for any x 6= 0.
Suppose that b(t) is an L∞ function on (0,∞) and Φ(t) is a real-valued smooth

function on (0,∞) satisfying

|Φ(t)| ≤ C1|t|d, |Φ′′(t)| ≤ C2|t|d−2,(1.2)

C3|t|d−1 ≥ |Φ′(t)| ≥ C4|t|d−1,(1.3)

for some d 6= 0 and t ∈ (0,∞), where C1, C2, C3 and C4 are positive constants
independent of t. A simple example of such Φ is Φ(t) = t.

For given Φ(t), b(t) and Ω(y′), we define the singular integral operator TΦ,b(f)
by

TΦ,b(f)(x) = p.v.

∫
Rn
K(y)f(x− Φ(|y|)y′) dy,(1.4)

where y′ = y/|y| ∈ Sn−1, K(y) = b(|y|)Ω(y′)|y|−n and f ∈ S(Rn).
For the sake of simplicity, we denote TΦ,b = Tb if Φ(t) = t and TΦ,b = T if

Φ(t) = t and b(t) ≡ 1.
The investigation of the operators Tb began with Calderón-Zygmund’s pioneering

study of the operator T (see Theorem A below). The operator Tb, whose kernel
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has the additional roughness in the radial direction due to the presence of b, was
first studied by R. Fefferman ([Fe]) and subsequently by many other authors ([Ch],
[DR], [Fa], [FP2], [Na]). We list some of the known results below.

Theorem A ([CZ2], also see [SW]). If Ω ∈ LLog+ L, then the operator T is
bounded in Lp(Rn) for 1 < p <∞.

Theorem B ([Ch], [Na], see also [DR]). If Ω ∈ Lq(Sn−1) for some q > 1, then
the operator Tb is bounded in Lp(Rn) space for 1 < p <∞.

Theorem C ([Fa]). If Ω ∈ H1(Sn−1), then Tb is bounded in L2(Rn).

The space H1(Sn−1) in Theorem C represents the Hardy space on the unit
sphere, whose definition will be reviewed in section 2. In order to make comparisons
among the conditions imposed on Ω in Theorems A–C, we point out that on Sn−1,
for any q > 1, Lq ⊆ LLog+ L ⊆ H1(Sn−1) and all inclusions are proper.

In both T and Tb, the singularity is along the diagonal {x = y}. Recently many
problems in analysis have led one to consider singular integrals with singularity
along more general sets, some in the form of {x = Ψ(y)} (see [St]). Here we focus
our attention on singular integrals TΦ,b which have singularity along sets of the
form {x = Φ(|y|)y′}. We are able to obtain the Lp boundedness of TΦ,b under the
assumption Ω ∈ H1(Sn−1). We state our result as follows:

Theorem D. Let TΦ,b be the singular integral operator defined by (1.4). If Ω ∈
H1(Sn−1) and satisfies (1.1), then TΦ,b is a bounded operator in Lp(Rn) for 1 <
p <∞.

By the relationship among Lq(Sn−1), LLog+ L(Sn−1), and H1(Sn−1) displayed
above, one sees that, even in the special case Φ(t) ≡ t (TΦ,b = Tb), Theorem D
represents an improvement over previous results. The method we use to prove
Theorem D is quite flexible and can be used to prove the Lp boundedness of TΦ,b

under a weaker condition on b(·) than b ∈ L∞ (see [DR], [Fa], and the remark at
the end of this article).

Throughout this paper, the letter C will denote a positive constant that may
vary at each occurrence but is independent of the essential variables.

2. Definitions and lemmas

Recall that the Poisson kernel on Sn−1 is defined by

Pry′(x
′) = (1− r2)/|ry′ − x′|n,

where 0 ≤ r < 1 and x′, y′ ∈ Sn−1.
For any f ∈ S ′(Sn−1), we define the radial maximum function P+f(x′) by

P+f(x′) = sup
0≤r<1

∣∣∣∣∫
Sn−1

f(y′)Prx′(y′) dσ(y′)
∣∣∣∣ ,

where S ′(Sn−1) is the space of Schwartz distributions on Sn−1. The Hardy space
H1(Sn−1) is the linear space of distributions f ∈ S′(Sn−1) with the finite norm
‖f‖H1(Sn−1) = ‖P+f‖L1(Sn−1) < ∞. The space H1(Sn−1) was well-studied in

[Co] (see also [CTW]). In particular, it was shown that H1(Sn−1) has the atomic
decomposition property, which will be reviewed below.
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An exceptional atom is an L∞ function E(x) satisfying ‖E‖∞ ≤ 1. A regular
q-atom is an Lq (1 < q ≤ ∞) function a(·) that satisfies

supp(a) ⊂ Sn−1 ∩ {y ∈ Rn : |y − ζ| < ρ for some ζ ∈ Sn−1 and ρ ∈ (0, 1]};(2.1) ∫
Sn−1

a(ξ′) dσ(ξ′) = 0,(2.2)

‖a‖q ≤ ρ(n−1)(1/q−1).(2.3)

A q-block is an Lq (1 < q ≤ ∞) function that satisfies the above conditions (2.1)
and (2.3).

From [Co] or [CTW], we find that any Ω ∈ H1(Sn−1) has an atomic decompo-
sition Ω =

∑
λjaj , where the aj ’s are either exceptional atoms or regular q-atoms

and
∑ |λj | ≤ C‖Ω‖H1(Sn−1). In particular, if Ω ∈ H1(Sn−1) has the mean zero

property (1.1), then all the atoms aj in the atomic decomposition can be chosen to
be regular q-atoms for a fixed q, 1 < q ≤ ∞.

In the rest of this paper, for any non-zero ξ = (ξ1, ξ2, . . . , ξn) ∈ Rn, we write
ξ/|ξ| = ξ′ = (ξ′1, ξ′2, . . . , ξ′n) = (ζ1, ζ2, . . . , ζn) = ζ. Thus ζ ∈ Sn−1. Also we use ζ∗
to denote (ζ2, . . . , ζn) and use ξ∗ to denote (ξ2, . . . , ξn).

Suppose n ≥ 3 and a(·) is an ∞-atom on Sn−1 with supp(a) ⊆ Sn−1 ∩B(ζ, ρ),
where B(ζ, ρ) is the ball in Rn centered at ζ. Let

Fa(s, ξ
′) = (1− s2)(n−3)/2χ(−1,1)(s)

∫
Sn−2

a(s, (1− s2)1/2ỹ) dσ(ỹ),

Ga(s, ξ
′) = (1− s2)(n−3)/2χ(−1,1)(s)

∫
Sn−2

|a(s, (1− s2)1/2ỹ)| dσ(ỹ).

Then, we have the following estimates for Fa and Ga when n ≥ 3.

Lemma 2.1. Up to a constant multiplier independent of a(·), Fa(s, ξ′) is an ∞-
atom on R and Ga(s, ξ

′) is an ∞-block on R. More precisely, there is a constant C
which is independent of a(·) such that

supp(Fa) ⊆ (ξ′1 − 2r(ξ′), ξ′1 + 2r(ξ′));(2.4)

supp(Ga) ⊆ (ξ′1 − 2r(ξ′), ξ′1 + 2r(ξ′));(2.4′)

‖Fa‖∞ ≤ C/r(ξ′); ‖Ga‖∞ ≤ C/r(ξ′);(2.5) ∫
R
Fa(s) ds = 0,(2.6)

where r(ξ′) = |ξ|−1|Aρξ| and Aρξ = (ρ2ξ1, ρξ∗).

The functions Fa and Ga can be similarly defined in the case n = 2. Suppose
n = 2 and a(·) is an ∞-atom on S1 satisfying (2.1)–(2.3). The center of the support
of a(·) is ξ′ = ζ = (ζ1, ζ2) ∈ S1. Let

fa(s, ζ) = (1− s2)−1/2χ(−1,1)(s)(a(s, (1 − s2)1/2) + a(s,−(1− s2)1/2)),

ga(s, ζ) = (1− s2)−1/2χ(−1,1)(s)(|a(s, (1 − s2)1/2)|+ |a(s,−(1− s2)1/2)|).
Similar to Lemma 2.1, we have

Lemma 2.2. Up to a constant multiplier independent of a(·), fa(s, ζ) is a q-atom
on R and ga(s, ζ) is a q-block on R whose support is the same as that of fa, where
q is any fixed number in the interval (1, 2). The radius of their support is r(ξ′) =
|ξ|−1{ρ4ξ21 + ρ2ξ22}1/2, and the center of their support is ξ′1.
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Lemma 2.1 and Lemma 2.2 are essentially Proposition 2.5 in [FP1]. For the sake
of completeness, we state the proofs of (2.4) and (2.5) for the function Ga.

If ρ > 1/4, clearly supp(Ga) ⊆ (−1, 1) and ‖Ga‖∞ ≤ C. So we can assume

0 < ρ ≤ 1/4. Let ζ = (ζ1, (1− ζ2
1 )1/2ζ̃) for some ζ̃ ∈ Sn−2. If Ga(s) 6= 0, then

(s, (1 − s2)1/2ỹ) ∈ B(ζ, ρ)

for some ỹ ∈ Sn−2. Therefore we have

2ζ1s+ 2(1− s2)1/2(1− ζ2
1 )1/2〈ζ̃, ỹ〉 ≥ 2− ρ2

for some ỹ ∈ Sn−2. Since 〈ζ̃ , ỹ〉 ≤ 1, we obtain

(s− ζ1)
2 + |(1 − s2)1/2 − (1− ζ2

1 )1/2|2 ≤ ρ2,(2.7)

which implies that

|s− ζ1| ≤ ρ,(2.8)

|(1− s2)1/2 − (1− ζ2
1 )1/2| ≤ ρ,(2.9)

and

|s− ζ1| ≤ 2|ξ|−1|Aρξ|.(2.10)

Inequalities (2.8) and (2.9) follow from (2.7) trivially. To see (2.10) we shall consider
the following two cases.

Case a: |ζ1| > 3/4. Then by (2.8) and (2.9) we have

|s+ ζ1| ≥ 2|ζ1| − |s− ζ1| > 1

and

|s− ζ1| ≤ |s2 − ζ2
1 |

= |(1− s2)1/2 − (1− ζ2
1 )1/2| |2(1− ζ2

1 )1/2 + (1− s2)1/2 − (1− ζ2
1 )1/2|

≤ ρ2 + 2ρ(1− ζ2
1 )1/2 = ρ2 + 2ρ|ζ∗| ≤ 2|ξ|−1|Aρξ|.

Case b: |ζ1| ≤ 3/4. Then 1/2 ≤ (1− ζ2
1 )1/2. By (2.8) we find

|s− ζ1| ≤ ρ < ρ2 + 2ρ(1− ζ2
1 )1/2 = ρ2 + 2ρ|ζ∗| ≤ 2|ξ|−1|Aρξ|,

which proves (2.10).
By letting r(ξ′) = |ξ|−1|Aρξ|, we see that (2.4) is satisfied.

It remains to verify (2.5) for Ga. To this end, we first assume that (1− ζ2
1 )1/2 =

|ζ∗| ≤ 99ρ. Then by (2.3) we find

‖Ga‖∞ ≤ (100ρ)n−3ωn−2‖a‖∞ ≤ 100n−3ωn−2ρ
−2 ≤ Cr(ξ′)−1,

where C = 100n−3ωn−2 and ωn−2 =
∫
Sn−2 dσ(ỹ).

Next we assume that (1− ζ2
1 )1/2 = |ζ∗| > 99ρ. By (2.9) we find

(1− ζ2
1 )1/2/2 ≤ (1− s2)1/2 ≤ 2(1− ζ2

1 )1/2.(2.11)

For ε > 0, let

Γ(ε) = {y ∈ Rn−1 : 1− ε ≤ 〈y, ζ̃〉 ≤ 1}.
When ε is small we have ∫

ỹ∈Sn−2∩Γ(ε)

dσ(ỹ) ∼= ε(n−2)/2.
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By (2.1) we find

{ỹ ∈ Sn−2 : a(s, (1− s2)1/2ỹ) 6= 0}
⊆ {ỹ ∈ Sn−2 : 2ζ1s+ 2(1− s2)1/2(1 − ζ2

1 )1/2〈ζ̃ , ỹ〉 ≥ 2− ρ2}
⊆ {ỹ ∈ Sn−2 : 1− (1 − ζ2

1 )−1/2(1− s2)−1/2ρ2/2 ≤ 〈ζ̃, ỹ〉 ≤ 1} = Γ(ε),

where ε = ρ2/2(1− ζ2
1 )−1/2(1− s21)

−1/2. Thus by (2.11) we have

‖Ga‖∞ ≤ 2n−3(1− ζ2
1 )(n−3)/2ρ−n+1

∫
ỹ∈Sn−2∩Γ(ε)

dσ(ỹ)

≤ C(1 − ζ2
1 )(n−3)/2ρ−n+1ρn−2(1− ζ2

1 )(n−2)/2

= C|ζ∗|−1ρ−1 ≤ Cr(ξ′)−1.

This completes the proof of Lemma 2.1 for the function Ga.

Let Ψ ∈ S(R) such that Ψ̂(t) = e−t
2

and define Ψk on Rn by Ψ̂k(ξ) =

Ψ̂(2dkr(ξ′)|ξ|). Then we have the following

Lemma 2.3. The maximal operator f → supk |Ψk ∗ f | is bounded in Lp(Rn) for
1 < p <∞.

Proof. By the definition of Ψk we find

Ψk(x) = 2−dkρ−2Ψ(x12
−dkρ−2)

n∏
j=2

{2−dkρ−1Ψ(xj2
−dkρ−1)}.

Thus we have

sup
k
|Ψk ∗ f | ≤ CM1M2 · · ·Mn(f),

where

Mjf(x) = sup
h>0

1

2h

∫ h

−h
|f(x1, . . . , xj−1, xj − u, xj+1, . . . , xn)| du.

By the Lp boundedness of the 1-dimensional Hardy-Littlewood maximal function,
we obtain the Lp boundedness of the operator f → supk |Ψk ∗ f |. The lemma is
proved.

3. Proof of Theorem D

We shall only prove the Lp boundedness of TΦ,b under the assumption that Φ
satisfies (1.2) and (1.3) for some positive d. The argument for the case d < 0 is
similar and requires only minor modifications.

Noting that TΦ,b(f) is equal to∫
Rn
|y|−nb(|y|)Ω(y′)f(x− Φ(|y|)y′) dy,(3.1)

where Ω ∈ H1(Sn−1) satisfies the mean zero property (1.1), we can write Ω =∑
λjaj , where

∑ |λj | ≤ C‖Ω‖H1(Sn−1) and each aj is an ∞-atom. So

‖TΦ,bf‖p ≤ C
∑

|λj |‖Bj(f)‖p,(3.2)

where

Bj(f)(x) =

∫
Rn
b(|y|)|y|−naj(y′)f(x− Φ(|y|)y′) dy
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with aj being an ∞-atom. Therefore, it suffices to show

‖Bj(f)‖p ≤ C‖f‖p,(3.3)

where C is independent of the atoms aj(·).
For simplicity in our argument, we denote aj(·) by a(·) and Bj(f) by B(f). Also

without loss of generality we may assume that supp(a) is the ball B(1, ρ) ∩ Sn−1,
where 1 = (1, 0, . . . , 0). Let Ik = (2k, 2k+1); then B(f)(x) is equal to∫

Rn
b(|y|)|y|−na(y′)

∞∑
−∞

χIk(|y|)f(x− Φ(|y|)y′) dy =

∞∑
−∞

σk ∗ f(x),

where

σ̂k(ξ) =

∫
2k≤|y|≤2k+1

b(|y|)|y|−na(y′)e−iΦ(|y|)|ξ|〈y′,ξ′〉 dy.

Let

µ̂k(ξ) =

∫
2k≤|y|≤2k+1

|y|−n|a(y′)|e−iΦ(|y|)|ξ|〈y′,ξ′〉 dy,

and

σ∗f(x) = sup
k
|µk ∗ f(x)|.

Then we easily verify that ‖µ̂k‖∞ < C, ‖σk‖1 < C uniformly for k ∈ Z and

σ̂k(0) = 0 for all k ∈ Z. The following lemma is an easy modification of Theorem
B in [DR].

Lemma 3.1. Suppose that there exist α > 0, β > 0, d > 0 and ρ > 0 such that

|σ̂k(ξ)| ≤ Cmin{|2kdAρξ|α, |2kdAρξ|−β},(i)

and suppose also that

‖σ∗f‖p ≤ C‖f‖p, 1 < p <∞,(ii)

where C > 0 is independent of k ∈ Z, ξ ∈ Rn and ρ > 0. Then the following two
operators are bounded in Lp(Rn) for 1 < p <∞:

B(f) =
∑
k

σk ∗ f, g(f) =

(∑
k

|σk ∗ f |2
)1/2

.

Also the bounds for these operators are independent of ρ > 0.

We now verify that our σk satisfies (i) in Lemma (3.1). We will only prove the
case n > 2, since the proof for n = 2 is essentially the same (using Lemma 2.2
instead of Lemma 2.1).

For any ξ 6= 0, we choose a rotation O such that O(ξ) = |ξ|1 = |ξ|(1, 0, . . . , 0).
Let y′ = (s, y′2, y′3, . . . , y′n). Then it is easy to see that

σ̂k(ξ) =

∫
Ik

b(t)t−1

∫
Sn−1

a(O−1(y′))e−iΦ(t)|ξ|〈1,y′〉 dσ(y′) dt,

where O−1 is the inverse of O. Now a(O−1(y′)) is again an ∞-atom with support
in B(ζ, ρ) ∩ Sn−1, where ζ = ξ′. Thus we have

σ̂k(ξ) =

∫
Ik

b(t)t−1

∫
R
Fa(s, ξ

′)e−iΦ(t)|ξ|s ds dt(3.4)
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where Fa(s, ξ
′) is the function defined in Lemma 2.1. By Lemma 2.1, without loss

of generality we may assume that Fa is a q-atom with support in (−2r(ξ′), 2r(ξ′))
for 1 < q < 2. Thus A(s) = r(ξ′)Fa(r(ξ′)s, ξ′) is a q-atom with support in the
interval (−1, 1). After changing variables we have

σ̂k(ξ) =

∫
Ik

t−1b(t)

∫
R
A(s)e−iΦ(t)r(ξ′)|ξ|s ds dt.(3.4′)

So by the cancellation property of A(·) and (1.2), we obtain that

|σ̂k(ξ)| ≤ ‖b‖∞
∫
Ik

∣∣∣∣∫
R
A(s){e−iΦ(t)r(ξ′)|ξ|s − 1} ds

∣∣∣∣ t−1 dt

≤ C‖b‖∞
∫
Ik

t−1+dr(ξ′)|ξ| dt ≤ C2kd|Aρξ|.
(3.5)

On the other hand, using Hölder’s inequality, we have

|σ̂k(ξ)| ≤ C‖b‖∞2−k/2Jk,
where

Jk =

{∫
Ik

∣∣∣∣∫
R
e−iΦ(t)r(ξ′)|ξ|sA(s) ds

∣∣∣∣2 dt
}1/2

.

To estimate Jk, we choose a function ψ ∈ C∞(R) satisfying

ψ(t) ≡ 1 for |t| ≤ 1, ψ(t) ≡ 0 for |t| ≥ 2.

Define Tk by

(Tkf)(t) = χIk(t)

∫
R
e−isΦ(t)r(ξ′)|ξ|ψ(s)f(s) ds.

Then

TkT
∗
k f(t) =

∫
R
L(t, s)f(s) ds,

where

L(t, s) =

∫
R
eiv(Φ(s)−Φ(t))r(ξ′)|ξ|ψ2(v) dvχIk (t)χIk(s).

We easily see that

|L(t, s)| ≤ CχIk(s)χIk(t).

On the other hand, by integration by parts, we have

|L(t, s)| ≤ C{|Φ(s)− Φ(t)|r(ξ′)|ξ|}−1χIk(t)χIk(s).

So

|L(t, s)| ≤ C{|Φ(s)− Φ(t)|r(ξ′)|ξ|}−1/2χIk(t)χIk (s).

Now by (1.3) we have

|L(t, s)| ≤ C2k/2{r(ξ′)|ξ| |s− t|2dk}−1/2χIk(s)χIk(t).

Therefore,

sup
s>0

∫
R
|L(t, s)| dt ∼= sup

t>0

∫
R
|L(t, s)| ds ∼= 2k(2dkr(ξ′)|ξ|)−1/2.
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This shows

‖Tkf‖2 ≤ 2k/2(r(ξ′)|ξ|)−1/42−dk/4,

which leads to

|σ̂k(ξ)| ≤ C(|Aρξ|2dk)−1/4.(3.6)

By (3.5) and (3.6), we have

|σ̂k(ξ)| ≤ Cmin{|2kdAρξ|, |2kdAρξ|−1/4}.(3.7)

Now (i) in Lemma (3.1) is proved. Thus to prove the theorem, by Lemma (3.1), it
remains to show (ii) in Lemma 3.1.

By the method of rotation again we have

µ̂k(ξ) = C

∫
2k≤|y|≤2k+1

|y|−n|a(y′)|e−iΦ(|y|)〈y′,ξ〉 dy

=

∫
Ik

t−1

∫
R
Ga(s, ξ

′)e−iΦ(t)s|ξ| ds dt.

By Lemma 2.1, we know supp(Ga) = supp(Fa) = (ξ′1 − 2r(ξ′), ξ′1 + 2r(ξ′)). Define
the measures {λk} on R by

λ̂k(ξ1) = ‖a‖L1(Sn−1)

∫
Ik

t−1e−iΦ(t)ξ1 dt.

It is easy to see that, for each k, λk is a positive measure. Also, by (1.2) and (1.3)

|λ̂k(ξ1)− λ̂k(0)| ≤ C2dk|ξ1|, |λ̂k(ξ1)| ≤ C|2dkξ1|−1.

So by Theorem A of [DR], we know that supk |λk ∗ h| is bounded in Lp(R) for
1 < p < ∞. Let δ be the Dirac Delta function acting on (x2, . . . , xn). Then
supk |(λk ⊗ δ) ∗ f | is bounded in Lp(Rn).

Also we notice

|µ̂k(ξ)− λ̂k(ξ1)| ≤ Cr(ξ′)|ξ|2dk = C2dk|Aρξ|.(3.8)

By the proof of (3.6), we also have

|µ̂k(ξ)| ≤ C|Aρξ2
dk|−1/4.(3.9)

Choose the function Ψk as in Lemma 2.3 and define, for each k,

νk(ξ) = µk −Ψk ∗ (λk ⊗ δ).

By (3.8) we have

|ν̂k(ξ)| ≤ |µ̂k(ξ)− λ̂k(ξ)|+ |λ̂k(ξ)| |Ψ̂(2dk|Aρξ|)− 1|
≤ C|2dkAρξ|.

(3.10)

Therefore by (3.9) and (3.10) we easily see that

|ν̂k(ξ)| ≤ Cmin{|2dkAρξ|, |2dkAρξ|−1/4},(3.11)

where ρ > 0 is the same as in (3.7).
By the definition of µk, we have

σ∗f ≤
( ∞∑
−∞

|νk ∗ f |2
)1/2

+ CM1 · · ·Mn

(
sup
k

(λk ⊗ δ) ∗ |f |
)
.
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Now by Lemma 2.3 and (3.11), we find ‖σ∗f‖2 ≤ C‖f‖2. Therefore, by Theorem
A in [DR] and its proof (after a slight modification), we easily see ‖σ∗f‖p ≤ C‖f‖p
for all 1 < p <∞. This proves the theorem.

Remark. In Theorem D, the condition b ∈ L∞ can be replaced by a weaker condi-
tion

R−1

∫ R

0

|b(t)|q dt ≤ C,

∣∣∣∣1p − 1

2

∣∣∣∣ < min

{
1

2
,

1

q′

}
,

where C is a constant independent of R > 0. Readers may see [Fa] for more details
about this condition.
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