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ABSTRACT. Let b(y) be a bounded radial function and Q(y’) an H' function
on the unit sphere satisfying the mean zero property. Under certain growth
conditions on ®(t), we prove that the singular integral operator

T (@) = pov. [ fe = 2wy o)yl "2 dy

is bounded in LP(R") for 1 < p < oo.

1. INTRODUCTION

Let R™, n > 2, be the n-dimensional Euclidean space and S"~! be the unit sphere
in R™ equipped with normalized Lebesgue measure do = do(z’). Let Q(z)|x|™™ be
a homogeneous function of degree —n, with Q € L*(S"~1!) and

(1.1) /Si Q@) do(a') = 0,

where 2’ = z/|z| for any x # 0.
Suppose that b(t) is an L function on (0,00) and ®(¢) is a real-valued smooth
function on (0, 00) satisfying

(1.2) @) < Cultl”, " ()] < Calt|,
(1.3) Cslt|™™! > | (1)] > Cult]*,

for some d # 0 and t € (0,00), where Cy,C5,C3 and Cy are positive constants
independent of ¢t. A simple example of such ® is ®(t) = ¢.

For given ®(t), b(t) and Q(y’), we define the singular integral operator Tg 5(f)
by

(1.4) Tob(f)(x) = p.v. . K(y)f(z —2(ly)y') dy,
where y' = y/|y| € "7, K(y) = b(ly)Q(y') |yl and f € S(R").

For the sake of simplicity, we denote Tep = Tpp if ®(t) = ¢t and Top = T if
®(t) =t and b(t) = 1.

The investigation of the operators Tj began with Calderén-Zygmund’s pioneering
study of the operator T' (see Theorem A below). The operator T}, whose kernel
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3696 DASHAN FAN AND YIBIAO PAN

has the additional roughness in the radial direction due to the presence of b, was
first studied by R. Fefferman ([Fe]) and subsequently by many other authors ([Ch],
[DR], [Fa], [FP2], [Na]). We list some of the known results below.

Theorem A ([CZ2], also see [SW]). If Q € LLog" L, then the operator T is
bounded in LP(R™) for 1 < p < co.

Theorem B ([Ch], [Na], see also [DR]). If Q € L4(S"~ 1Y) for some q > 1, then
the operator Ty, is bounded in LP(R™) space for 1 < p < co.

Theorem C ([Fa]). If Q € H(S"1), then Ty, is bounded in L*(R™).

The space H*(S™™!) in Theorem C represents the Hardy space on the unit
sphere, whose definition will be reviewed in section 2. In order to make comparisons
among the conditions imposed on € in Theorems A-C, we point out that on S"~!,
for any ¢ > 1, LY C LLog™ L € H'(S™!) and all inclusions are proper.

In both T and T, the singularity is along the diagonal {z = y}. Recently many
problems in analysis have led one to consider singular integrals with singularity
along more general sets, some in the form of {x = U(y)} (see [St]). Here we focus
our attention on singular integrals Tg; which have singularity along sets of the
form {z = ®(|y|)y’}. We are able to obtain the L? boundedness of T under the
assumption ) € H*(S"~1). We state our result as follows:

Theorem D. Let Tgp, be the singular integral operator defined by (1.4). If Q €
HY(S"1) and satisfies (1.1), then Top, is a bounded operator in LP(R™) for 1 <
p < o0.

By the relationship among L9(S"~1), L Log™ L(S™~1), and H'(S™~!) displayed
above, one sees that, even in the special case ®(t) =t (Tpp = T3), Theorem D
represents an improvement over previous results. The method we use to prove
Theorem D is quite flexible and can be used to prove the L” boundedness of T 3
under a weaker condition on b(:) than b € L™ (see [DR], [Fa], and the remark at
the end of this article).

Throughout this paper, the letter C' will denote a positive constant that may
vary at each occurrence but is independent of the essential variables.

2. DEFINITIONS AND LEMMAS
Recall that the Poisson kernel on S®~! is defined by
Pry (') = (1 =r*)/Iry —2'|",

where 0 <7 < 1 and 2,9’ € S* 1.
For any f € 8'(S"~ 1), we define the radial maximum function P+ f(z') by

PYf(a') = sup
0<r<1

L 16 Pew) dat).

where S&'(S™1) is the space of Schwartz distributions on S"~!. The Hardy space
H(S™71) is the linear space of distributions f € S'(S"~1) with the finite norm
[ fllz1(sn-1) = IIPTfllpign-1) < oo. The space H'(S"™1) was well-studied in
[Co] (see also [CTW]). In particular, it was shown that H!(S"~!) has the atomic
decomposition property, which will be reviewed below.
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An exceptional atom is an L* function E(x) satisfying ||E||ec < 1. A regular
g-atom is an L7 (1 < ¢ < oo) function a(-) that satisfies

(2.1) supp(a) C " 'n{y € R": |y — (| < p for some ¢ € S" ! and p € (0,1]};

2.2 Ndo(€') =0,
(22) [ a@ante)
(2. Jall, < ptn-10/2-D,

A g-block is an L7 (1 < g < o0) function that satisfies the above conditions (2.1)
and (2.3).

From [Co] or [CTW], we find that any Q € H'(S""!) has an atomic decompo-
sition Q = )" \ja;, where the a;’s are either exceptional atoms or regular g-atoms
and Y [A\;| < C[Q]l g2 (sn-1y. In particular, if @ € H'(S™"!) has the mean zero
property (1.1), then all the atoms a; in the atomic decomposition can be chosen to
be regular g-atoms for a fixed ¢, 1 < ¢ < oc.

In the rest of this paper, for any non-zero & = (£1,&2,...,&,) € R™, we write
£/|€| =¢ = (fia&év s 7&1) = (C1,G2; - - - 7471) =¢. Thus C e S, Also we use @
to denote ((a,...,(,) and use &, to denote (&2, ...,&,).

Suppose n > 3 and a(-) is an cc-atom on S™~! with supp(a) C S"~* N B((, p),
where B((, p) is the ball in R™ centered at (. Let

Fufa€) = (1= (s) [ ale. (1= 57)1/%5) doi),

Ga(s,8') = (1 - 52)("_3)/2x<_171)(8)/ la(s, (1 — s*)"2§)| do (7).
Sn72
Then, we have the following estimates for F,, and G, when n > 3.

Lemma 2.1. Up to a constant multiplier independent of a(-), Fu(s,&’) is an oo-
atom on R and G,(s,&’) is an co-block on R. More precisely, there is a constant C
which is independent of a(-) such that

(2.4) supp(Fy,) C (& — 2r(¢'), & +2r(£));
2.4") supp(Ga) C (§ —27(), & +2r(£));
2.5) [Fallo <C/r(€);  [Gallse < C/r(€);

(
(2.
(2.6) /RF,I(S) ds =0,

where 7(§') = [§] 71 Ap¢| and A& = (p*¢1, p&s).-

The functions F, and G, can be similarly defined in the case n = 2. Suppose
n =2 and a(-) is an co-atom on S satisfying (2.1)—(2.3). The center of the support
ofa(:) is & =¢ = ((1,¢2) € S*. Let

fa(s,¢) = (1= %) 2x 1y (s)(als, (1 = s%)?) + a(s, —(1 = 5*)'/?)),
9a(5,¢) = (1= 8*)72x 1y (s)(Jals, (1 = 8°)1/2)| + |a(s, —(1 = s*)/%))),
Similar to Lemma 2.1, we have

Lemma 2.2. Up to a constant multiplier independent of a(-), fa(s,{) is a g-atom
on R and g.(s, () is a g-block on R whose support is the same as that of f., where
q is any fized number in the interval (1,2). The radius of their support is r(¢') =
€] p2e? + p2€2}Y/2, and the center of their support is &) .
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Lemma 2.1 and Lemma 2.2 are essentially Proposition 2.5 in [FP1]. For the sake
of completeness, we state the proofs of (2.4) and (2.5) for the function G,.
If p > 1/4, clearly supp(Ga) C (—1,1) and [|Galls < C. So we can assume
0<p<1/4 Let ¢ = (C1, (1 —¢3)V2C) for some ¢ € S"72. If Gy (s) # 0, then
(s, (1= s%)"/%5) € B(C,p)
for some § € S"~2. Therefore we have
2G5 +2(1 =57 2(1 = D) 2(C9) 2 2 p?

for some § € S"2. Since <§, 7) <1, we obtain

(2.7) (s =)+ (1= )2 = (1= ¢)?P < p?,
which implies that

(2:8) ls — Gl < p,

(29) (=82 = (1 =) < p,

and

(2.10) |5 — Caf < 20€[7HA¢]-

Inequalities (2.8) and (2.9) follow from (2.7) trivially. To see (2.10) we shall consider
the following two cases.
Case a: (1] > 3/4. Then by (2.8) and (2.9) we have

Is+ Gl =2Gl—]s—Gl>1
and
s =Gl < [s* =
=1 =)= (=) R0 - )P+ (1 =)= (1=
< PP+ 2p(1 = )V = p? + 20| G| < 20871 ALE
Case b: |¢1] < 3/4. Then 1/2 < (1 — ¢})Y/2. By (2.8) we find
s = il < p < p” +20(1 = ()2 = p* + 2p[¢| < 21¢[7H AL,

which proves (2.10).
By letting r(&') = [£]71 A,€], we see that (2.4) is satisfied.
It remains to verify (2.5) for G,. To this end, we first assume that (1 —¢?)1/? =

|C+] < 99p. Then by (2.3) we find
Galloo < (100/’)”_3“}71—2”@”00 < 100n—3wn_2p—2 < 07"(5/)_17

where C' = 100" w,, 3 and wy 2 = [¢._, do(7).
Next we assume that (1 — ()2 = |¢.| > 99p. By (2.9) we find

(2.11) (1=¢HV?/2< (1 =) <201 =)
For € > 0, let
Te)={yeR" ' :1-e<(y() <1}

When ¢ is small we have

/ do(g) = en=2/2,
gES™—2NT(¢)
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By (2.1) we find
{7 €852 a(s, (1 —s*)Y2g) # 0}
C{ge s 2s+2(1 )21 = V2 9) 22— p?)
C{res"?:1-(1-)7?2(1=")72p?2 < ((.9) <1} =T(e),
where £ = p?/2(1 — ¢?)"'/2(1 — s2)71/2. Thus by (2.11) we have
[Gall < 27731 = )92t [ o (7)
FeSn—2nT(e)
< C(l o C12)(n—3)/2p—n+lpn—2(1 _ <12)(n—2)/2
=ClG T < orE)
This completes the proof of Lemma 2.1 for the function G,. R
Let ¥ € S(R) such that ¥(t) = et and define U, on R" by V(&) =
W(2%7(¢)|€]). Then we have the following

Lemma 2.3. The mazimal operator f — supy |V * f| is bounded in LP(R™) for
1<p<oo.

Proof. By the definition of ¥ we find

\-[/k(ff) — 2—dkp—2\11(x12—dkp—2) H{2_dkp_1\11(xj2_dkp_1)}~
=2
Thus we have
sup |Uk * f| < OMiMs - My(f),

where
1 h
M; f(x) = sup — lf(z1,. ., 25—, %5 — U, @jq1, ..., Tn)| du.
h>0 2h J_p,

By the LP boundedness of the 1-dimensional Hardy-Littlewood maximal function,
we obtain the L? boundedness of the operator f — supy |Uy * f|. The lemma is
proved. O

3. PROOF OF THEOREM D

We shall only prove the LP boundedness of Ty, under the assumption that ®
satisfies (1.2) and (1.3) for some positive d. The argument for the case d < 0 is
similar and requires only minor modifications.

Noting that Tg ,(f) is equal to

(3.1 [ 1ol b(0)2) @~ (i) .

where 2 € H'(S™"1) satisfies the mean zero property (1.1), we can write Q =
> Ajaz, where ) [Aj| < O g1(gn-1) and each a; is an oo-atom. So

(3.2) ITasfllp < C D INIBI() s

where

BN = [ llulyl a0 = 2w}y dy
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with a; being an oo-atom. Therefore, it suffices to show

(3-3) 1B (Dl < CllF1p

where C is independent of the atoms a;(-).

For simplicity in our argument, we denote a;(-) by a(-) and B;(f) by B(f). Also
without loss of generality we may assume that supp(a) is the ball B(1,p) N S~ 1,
where 1 = (1,0,...,0). Let I}, = (2¥,2%+1); then B(f)(x) is equal to

/b|y| I "a) > i () — 2yl dy—zak*f

where
7= [ BlyDly| " aly!ye=IDIEN ) gy,
2k< |y|<2k+1
Let
mz/ " lay!) e~ DIE € gy
26 <Jy|<2+
and

o f(z) = sup |k + f(2)].

Then we easily verify that ||fkllcc < C, ||ok]l1 < C uniformly for £ € Z and
0r(0) = 0 for all k € Z. The following lemma is an easy modification of Theorem

B in [DR].

Lemma 3.1. Suppose that there exist a > 0, 3 >0, d > 0 and p > 0 such that
(i) ok(©)] < Cmin{|2404,€]°, (2" 4,¢| 7},

and suppose also that

(i) lo*fllp < Clifllp 1 <p<oo,

where C' > 0 is independent of k € Z, £ € R™ and p > 0. Then the following two
operators are bounded in LP(R™) for 1 < p < oco:

1/2
B(f) =Y oxxf, 9(f)=<Z|0k*f|2> '
k k

Also the bounds for these operators are independent of p > 0.

We now verify that our oy satisfies (i) in Lemma (3.1). We will only prove the
case n > 2, since the proof for n = 2 is essentially the same (using Lemma 2.2
instead of Lemma 2.1).

For any & # 0, we choose a rotation O such that O(§) = |£]1 = [¢|(1,0,...,0).
Let y' = (s,y5, Y5, ..., y)). Then it is easy to see that

7@ = [ b [ a0 e O oty ar

where O~! is the inverse of O. Now a(O~1(y’)) is again an co-atom with support
in B(¢,p) N S™ 1, where ¢ = ¢. Thus we have

(3.4) o4 () :/1 b(t)t_l/RF,I(S,E')e_“’(t”g'Sdsdt
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where F,(s,&’) is the function defined in Lemma 2.1. By Lemma 2.1, without loss
of generality we may assume that F, is a g-atom with support in (—2r(¢’),2r(¢’))
for 1 < ¢ < 2. Thus A(s) = r(£)Fu.(r(£')s, &) is a g-atom with support in the
interval (—1,1). After changing variables we have

—

(3.4) on(@) = /1 ) /R A(s)e= PO EIEls 4o gy

So by the cancellation property of A(-) and (1.2), we obtain that

or(6)] < ||b||oo/1

/ A(s){e O EEls _ 11 gg| ¢ dt
(3.5) ®
< Clblle [ 710t < C2H1A,4)

Iy,
On the other hand, using Holder’s inequality, we have

|0k(8)] < CIbl| 272 T,
9 1/2
dt} |

a-{J,

To estimate Ji, we choose a function ¢ € C*°(R) satisfying
Y(t)=1 for |t <1, P(t) =0 for |t| > 2.

where

/e_@(t)r(g/)\f\sA(s)ds
R

Define T}, by
TP = 0 0) [ 20 () f(s) .
Then
IO = [ L9)f(5)ds
where

Lit,s) = [ e @202 0) dos, (), 5)
R
We easily see that

IL(t, s)| < Cxr, (s)x1, (1)
On the other hand, by integration by parts, we have
|L(t,s)| < C{|®(s) = 2(t)|r(€)IE} ™ xn (D)X, (5)-
So
|L(t,5)] < C{I®(s) = ®(&)|r(€NIEN} " xn () x1. (5)-
Now by (1.3) we have
|L(t,5)] < C22{r(€") €] s — 1127} 2z, (8)xr, (1)-

Therefore,

Sup/ IL(t, s)|dtgsup/ IL(t, )| ds = 25 (2% (&) |E])~1/2.
s>0 JR t>0 JR
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This shows
I Twfll2 < 25/2(r(&)[g])~ 42790/,
which leads to

(3.6) ok (€)] < C(14,€]2%) /4,
By (3.5) and (3.6), we have
(3.7) ok (€)] < Cmin{|24,€], |2 4,71/},

Now (i) in Lemma (3.1) is proved. Thus to prove the theorem, by Lemma (3.1), it
remains to show (i) in Lemma 3.1.
By the method of rotation again we have

—

p(§) = C ly| =" |a(y) e~ 20D © gy

2k <yl <2k+t

:/ t_l/Ga(s,g’)e_@(t)s‘E‘ ds dt.
I R

By Lemma 2.1, we know supp(G,) = supp(F,) = (& — 2r(&’), & + 2r(€’)). Define
the measures {\r} on R by

)@ = ”a”Ll(S"*l)/ t— 1M gt

Iy

It is easy to see that, for each k, i is a positive measure. Also, by (1.2) and (1.3)

k(&) = M (0)] < 2161 ], [A(&)] < CJ2%ke |7

So by Theorem A of [DR], we know that supy |\r * h| is bounded in LP(R) for
1 < p < co. Let § be the Dirac Delta function acting on (z2,...,x,). Then
supy, |(Ax ® 6) * f| is bounded in LP(R™).

Also we notice

(3.8) |1 () — A (€1)] < Cr(€)[€27" = C29%|A ).
By the proof of (3.6), we also have
(3.9) k()] < ClA 28|71/,

Choose the function ¥y as in Lemma 2.3 and define, for each k,
vE(§) = e — Wi * (A ®0).
By (3.8) we have

()] < (€)= Me©)] + ()] [ B2 4,¢]) — 1]

(3.10)
< C|12% AL
Therefore by (3.9) and (3.10) we easily see that
(3.11) Vk(€)] < Cmin{|27%4,¢], |27 4,¢| /1),

where p > 0 is the same as in (3.7).
By the definition of uy, we have

- 1/2
U*f<<Z|l/k*f|2> +CM1"'Mn<Sllip()\k®5)*|f|)'
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Now by Lemma 2.3 and (3.11), we find |[o*f|l2 < C||f|l2. Therefore, by Theorem
A in [DR] and its proof (after a slight modification), we easily see ||o* f|, < C|/fll,
for all 1 < p < co. This proves the theorem.

Remark. In Theorem D, the condition b € L*° can be replaced by a weaker condi-

tion
R
1 1 11
R™! b(t)|9dt < - = in{=,—
/0 |b(t)]9 dt < C, ‘p 2‘<m1n{2,q/},

where C' is a constant independent of R > 0. Readers may see [Fa] for more details
about this condition.
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