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ABSTRACT. We prove that every separable Banach lattice is lattice isometric
to a closed sublattice of the Banach envelope of Weak L!.

For a finite nonatomic separable measure space (X, X, ) we study lattice iso-
metric and order isometric embeddings into the Banach envelope W of the Lorentz
space L(1,00). It was shown in [4] that L' and ¢°° are lattice isometric to closed
sublattices of W, and it was shown in [9] that a separable Banach lattice with
order continuous norm is lattice isometric to a closed sublattice of W. Using a dif-
ferent approach than in [4] and [9], we show in this paper that every separable
Banach lattice is lattice isometric to a closed sublattice of W and that L> as well
as Weak LP,1 < p < o0, of a separable measure space is lattice isometric to a closed
sublattice of W. See also [7], in which the first author has given a characterization
of the dual space of L(1,00).

Let (X,%, ) be a measure space. The Lorentz space L(1,00) consists of all
(equivalence classes of) p-measurable functions f on X for which

I f 1l = sup sp{|f] > s} < oo.
s>0

This space with the topology defined by the quasinorm ||| - ||| is called Weak L'. Let
U be the convex hull of V.= {f : || f || < 1} and let ||-|| be the Minkowski functional
of U. Since V is solid, i.e., f € V,|g| < |f| implies g € V, U is solid. Hence || - || is
a lattice seminorm on L(1,00) and || - || < || - |II- Let I be the ideal {f : ||f|| = 0}.
Then L(1,00)/I with the quotient order and the norm ||f + I|| = ||f|| is a normed
vector lattice. Its completion W is a Banach lattice, which is called the Banach
envelope of Weak L'. By identifying f with f 4 I, we can identify Weak L! with a
dense sublattice of W.
It has been shown in [1] and [2] that in the nonatomic case

. q

\fll =timsup [ [ldu /1.
a/p—oo Jp<|fl<q p

We will only consider Weak L! and its Banach envelope in the case where

(X,X, u) is a finite nonatomic separable measure space. Thus, we can restrict

ourselves to the case X = (0,1] and p = A, where A denotes Lebesgue measure on

Received by the editors March 13, 1995.

1991 Mathematics Subject Classification. Primary 46B30, 46E30.

Key words and phrases. Banach lattice, Banach envelope, Lorentz space, Weak L1, Weak LP,
lattice isometry, order isometry.

©1998 American Mathematical Society

75



76 HEINRICH P. LOTZ AND N. T. PECK

(0,1]. Throughout this paper, A denotes Lebesgue measure on (0, 1] and L! denotes
the space L'((0,1], \).

Let E and F' be Banach lattices. A linear operator T from FE into F is called a
lattice homomorphism if |Tz| = |z| for every x € E. If, in addition, ||Tz|| = ||=||
for all x € F, then T is called a lattice isometry.

1

We start with embeddings of L' and L°>°(0,cc0) into Weak L! and its envelope
W. We use the unit square X = (0,1] x (0, 1] with Lebesgue measure p rather than
the unit interval (cf. g) of the proof of Theorem 1 below).

Proposition 1. For f € L' define T'f by
(Tf)(s,t)=f(t)/s, (s,t) € X.

Then T is a lattice isometry from L' into the Banach envelope of Weak L' on X
and a lattice “isometry” into the quasinormed space Weak L.

Proof. An easy calculation shows that

quAl
HUWwwg// dsdt = | /]|

M”u
rai=tmsw [ [ " O s St = .
q/p—oo ELGINT

0<p<q

and that

|

Proposition 2. There exists a lattice homomorphism T from the Banach lattice
L>°(0,00) into Weak L' with

T =WTFI = 11
for all f e L.

Proof. Let {(tn,vn] : un < v,} be an enumeration of the subintervals of (0, o)
with rational endpoints. Define ), : (0,1] = (un, vn] by ¥n(t) = un + (vn — up)t.
For f € L*° let f,, = f o4,. Then

[|f]] = lim sup/|fo1/;n|d,\,

Choose 0 < an < by < 1 with by11 < @y and lim 2= = co. For f € L™ and
0 < s,t <1 define

Int) g an < 5 < by,

(Tf)(s,t) = {0 ’ for s ¢ Ulan, by].

Suppose that f € L° and that |[f|| = 1. Then |(Tf)(s,t)] < 1/s and hence
NTfIl <1.Fix0<é <1 andlet p, =6/b, and ¢, = 1/ay,. If a, < s < b, and
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5 < |f(1)], then p, < [(Tf)(s,1)] < gy Hence

bn
/ T f| dp 2/ / —|fn(t)|dsd)\(t)
Pn<|Tf|<dn |ful>6 Jan 8

:/ | ful dX <1nq—"+1n5>.
| fn>6 Dn
Therefore, ||Tf|| > limsup |,

(> [ fnl dA. Since limsup [ |fn|d\ = 1 and |f,| <
1, there exists a subsequence (f,,) which converges A-uniformly to the function
1. Hence limsup [, | 4 |faldX = 1. Consequently, 1 < [[Tf]], and thus ||Tf|| =
ITFI=1. O

In order to embed other Banach lattices into W a somewhat more elaborate
construction is needed. We will construct lattice homomorphisms from nonclosed
sublattices of (3. @ L)y~ into Weak L' which are isometries for || - || but which
are not continuous for || - ||| (see Remark 1 below), in contrast to the situation of
Propositions 1 and 2.

At first we need a lemma which actually characterizes Weak L' functions on any
measure space.

Lemma 1. Let (X,X, 1) be a measure space and let f be measurable, f finite a.e.
If there exist constants v and K, K > 1, such that fK'i<\f|<K'i+1 |fldp <~ for all
1 €Z, then f € L(1,00).

Proof. Let A; = {t : K" < |f(t)| < K'™'}. The condition implies that Ku(4;) <
v. Let s > 0 be given. Then for some j € Z,K/ < s < KJ/*1. Therefore,
sp{lfl > s} < KITH{[f] > K7} < KIFH50  u(A;) < yK?/(K — 1). Hence,
feL(l,00). O

Theorem 1. Let E = (3. @& L)y~ and let M; > 1 for i € N. Then the closure of
the sublattice G = {(h;) € E : sup M; *||hi||oo < 00} is lattice isometric to a closed
sublattice of the Banach envelope of Weak L.

Proof. a) Choose ¢ : N — N such that for every i € N the set ¢~1({i}) is infinite.
Let d, = maxj<j<n My(;). Then the operator S : (h;) — (fn), where fr, = hy(n),
is a lattice isometry from F into itself which maps G into

F ={(fa) :supdy || falloo < 00}
Let X = (0,1] x (0, 1] with Lebesgue measure p. We will construct a lattice homo-
morphism 7" from F into the Banach envelope of Weak L' on X with ||T|| < 1 and
T £l > ||f|] whenever f € SG.
b) Choose a,, > 0 and b,, > 0 such that

1) bl = 1
i) ap 1 < bn+1 < ap < by,
iii) li = 00,
iv) In bkdk > i:l ln% for I < k.

We denote the set {(s,t) : an < s<b,, 0<t <1} by A,.
c) For f=(fn) € Fand 0 <s,t <1 define

I for (s,t) € Ay,

(T = {o " for (s,) ¢ UAy.
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Obviously, T defines a lattice homomorphism from F' into the space of measurable
functions on the square X. We note that [, |Tf[du = [|f,[|In aZ

d) Let f = (fn) € F be given and let v = supd,,!||fn||cc- Suppose that there
exists 6 > 0 such that f,(¢t) > ¢ for all n and all ¢t. Fix p and ¢, 0 < p < ¢, and let

A={(s,t) : p<Tf(s,t) < q}. We claim that

(1) /deu<||f||max{1n— In ﬁ}'

We may assume that A is not empty. Let B, = AN A,. Then A = UB,. If
(s,t) € By, then 6/q¢ < fu(t)/a < s < fu(t)/p < ~vdn/p. Let | and k be the
minimum and maximum respectively of {n : B,, # ®}. We consider two cases:

1) If I = k, let a(t) = min{max{ar, 8}, b}, b(t) = max{min{bs, £} a};

then
®)
/de // f ) ds dt
g/ / g fk—tdsdt
0o Ji@ s

q
= [[fx[| 0 =
p

2) If I < k, then 6/q < by, < a; < vdi/p < ~dy/p. Hence a;/brdr, < q7v/pé.
Therefore,

k k b
/AdeusZ/B TS <3 alln 22

n

<||J“||Zln_<||f||1 g, = I/l

This proves (1). It follows easﬂy from Lemma 1 that T'f € L(1, oo). Moreover,

[|ITf]] —hmsup/ |Tf|du/1n 4

q p—00

:hmsup/ de,u/ln -
A p

q/p—o0
<|IfII

e) Let ¢ = (gn) € F be arbitrary. Choose n > 0 and let f,, = (|gn| + 7).
Then f = (f,) € F and satisfies the assumptions of d). Hence T'f € L(1,00) and
TSI 11l Z llgll +n. Since [Tg| < Tf, Tg € L(1,00) and ||Tg|| < [lgl| + . Since
n > 0 is arbitrary, ||Tg|| < ||g||.- This shows that T" maps F into Weak L' and that
ITAI1 < ||f]] for every f € F.

f) Let f = (fn) € F be given. Fix a and 3,0 < a < 3, and let p,, = a/b,, and

= B/a,. Then

Pn<|TfI<qn a<lf®l<8 Jan 5

b
= |fn()|dt ) In .
<~/a<fn(t)§ﬁ ) an
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Since ¢y, /pr, tends to oo,

751 = timsup [ [Ful0)ldt
a<|fn(t)|<B
If f = Sh, where h = (h;) € G, then for every i there exist infinitely many n’s
with f, () = h;. Therefore,

ITSh| 2/ \ha(t)] dt
a<|hi(t)|<B

Consequently, ||T'Sh|| > sup||h;|| = ||h]]-

g) Finally, let ¢ : (0,1] — X be a measure-preserving transformation. Then
U: f— (I'SF) o1 is a lattice isometry from G into the Banach envelope of Weak
L' on (0,1] which can be extended to a lattice isometry from the closure of G into
W. |

Corollary 1. The sublattice H = {(f,) : {fa} is relatively weakly compact in L'}
of (32 @ LY) e is lattice isometric to a closed sublattice of the Banach envelope of
Weak L.

Proof. Tt is easily checked that H is the closure of the sublattice F = {(f;) :
sup || filloo < 00} of (3 @ L1)%°. Now the Corollary follows from Theorem 1 with
M; =1. |

Corollary 2. For every sequence (k;) of natural numbers, the Banach lattice
(3= @0 (ki))e is lattice isometric to a closed sublattice of the Banach envelope
of Weak L*.

Proof. Clearly, for every i there exists a lattice isometry T; from £*(k;) into L* with
||Tiz||oo < killz|| for all z € £1(k;). Hence, T : (x;) — (Tyx;) is a lattice isometry
from (3 @ L')4~ into the sublattice {(f;) : supk; || fi]lc < 00} of (3" @ L)pe.

O

Remark 1. The map T from F into Weak L' in the proof of Theorem 2 is not || - |||-
continuous (this follows from Theorem 5 below). However, the restriction to any
sublattice F; of F' will be continuous if Fy is closed in (Y. @ L) (indeed, every
positive linear map from a Banach lattice into (Weak L, || - |[) is continuous).
Consequently, if G is a sublattice of the space G in Theorem 2 and G is closed in
(3> @® L')4oc, then the restriction of T'S is a topological isomorphism from G into
(Weak L, || - |I). In particular, the space (3. @ £1(k;)¢) is lattice isomorphic to
a closed sublattice of (Weak L, ||| - ||

2

A positive element u of a Banach lattice E is called a quasi-interior point if the
interval [0,u] = {z : 0 <z < u} is total in E. Every separable Banach lattice has
a quasi-interior point.

Every Banach lattice is lattice isometric to a closed sublattice of an £°°- product
of AL-spaces ([5], Lemma 3.4). We will show that if F is a separable Banach lattice
or if F is the dual of a separable Banach lattice and has a quasi-interior point, then
FE is lattice isometric to a closed sublattice of the Banach lattice H of Corollary 1.
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Lemma 2. Let E be a separable Banach lattice, let 0 < u € E be a quasi-interior
point, and let 0 < ' € E'. Then there exists a lattice homomorphism T from E
into L' such that ||Tx|| = (|z|,2') for every x € E and Tu = {u,z’)1.

Proof. Let I be the closed ideal {z : {|z|,2’) = 0} and let F' be the completion of
E/I with the norm ||z+1|| = (|z|, 2"). Then F'is an AL-space and the canonical map
¢ from E into F is a lattice homomorphism with ||¢(z)|| = (|z|, 2") for every xz € E.
Thus, ¢ is continuous and therefore F is separable. Moreover, v = (u, 2') ~tp(u) is a
weak order unit of F' with ||v|| = 1. Hence by Kakutani’s theorem there is a measure
space (S,3,v),v(s) = 1, and a lattice isometry T} from F onto G = L1(S,3,v)
which maps v onto the function 1. Since G is separable, there is a lattice isometry
Ty from G into L' with T51 = 1. Thus, T = T o T} o ¢ is the desired lattice
homomorphism from E into L*. O

Theorem 2. Fvery separable Banach lattice E is lattice isometric to a closed sub-
lattice of the Banach envelope of Weak L.

Proof. We may assume that F # {0}. Since F is separable, E has a quasi-interior
point u. Also, there is a normalized sequence (z;) C E’, z; > 0, such that ||z|| =
sup({|z|, z;) for every x € E. By Lemma 2, there exist lattice homomorphisms 7; :
E — L' such that ||Tiz|| = (|Jz|,2}) for every z € E and Tyu = (u,z})1. Obviously,
x +— (Tyx) is then a lattice isometry from E into (3. @ L'). If 0 < 2 < u, then
0 < Tz < (u,z;)1 <|lu||l, since sup ||z}|| < 1, and hence {T;x} is relatively weakly
compact. Since the interval [0,u] is total in E, T maps F into the sublattice H
of (3 @ L)y~ of all relatively weakly compact sequences. Now it follows from
Corollary 1 that E is lattice isometric to a closed sublattice of the Banach envelope
of Weak L*. |

Let E be a Banach lattice and let 0 < x € E. The linear hull of the order interval
[0, 2] is called the principal ideal generated by x and denoted by E,.

Lemma 3. Let E be a separable Banach lattice and let0 <z € E and 0 <v' € E'.
Then there exists a lattice homomorphism T from the closure G of the principal ideal
E!, into L' with Tv' = (z,v')1 and ||TYy'|| = (z, |y'|) for everyy' € G.

Proof. By Kakutani’s representation theorem for AM-spaces with unit, there exist
a compact space K and a lattice isomorphism S from C(K) onto the principal
ideal F, with S1 = z. Since S is a lattice homomorphism and preserves order
intervals, S’ is a lattice homomorphism from E’ into the AlL-space C(K)' with
S’[0,v'] = [0,v] where v = S’v" ([5], Proposition 1.2). Clearly, ||S’2'|| = {(«, |2'|)
for every 2’ € E’. Also, S’ maps the ideal G into the band L'(K,v). Since E is
separable, [0,v'] is separable for the weak™ topology. Hence [0, 1] is also weak”™-
separable. Now, [0,v] is weakly compact, and so weakly separable. Therefore,
LY(K,v) is separable. Thus there exists a lattice isometry T from L'(K,v) into
L with Tov = (x,v)1. Let T} be the restriction of S’ to G. Then T = T o T} is the
desired lattice homomorphism. O

Theorem 3. If E is a separable Banach lattice, then the closure of any principal
ideal in E' is lattice isometric to a closed sublattice of the Banach envelope of
Weak L.

Proof. Let 0 < v’ € E’ be given and let G be the closure of the principal ideal E/,.
Choose 0 < x; € FE such that ||2’|| = sup(x;, |z’|) for every ' € E’. By Lemma
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3, there exist lattice homomorphisms 7} from G into L' with Tjv' = (x;,v")1 and
| Tix'|| = (xi,|2'|) for every ' € G. As in the proof of Theorem 2, it follows
easily that T : ©/ — (T32’) is a lattice isometry from G into the sublattice W of
(3= @ LY)y of all relatively weakly compact sequences. Now, Corollary 1 implies
that G is lattice isometric to a closed sublattice of the Banach envelope of Weak L*.

O

Corollary 3. Let E be a separable Banach lattice. If the dual E' has a quasi-
interior point, then E’ is lattice isometric to a closed sublattice of the Banach
envelope of Weak L.

Corollary 4. Let (S,3,v) be a separable measure space. Then the Banach lattice
L>(S,X,v) is lattice isometric to a closed sublattice of the Banach envelope of
Weak L.

Of course, Corollary 4 also follows from Proposition 2.
Let (S, %, v) be a measure space. The space Weak LP consists of all (equivalence
classes of) measurable functions f on S for which

sup s(v{|f] > s})P < 0.
s>0
If 1 < p < oo, then Weak LP with the norm
1Fl= sw w(m [ fa
0<v(B)<oo B

is a dual Banach lattice, which we denote by L(p,o0,v). Except in the finite di-
mensional case, this space does not have a quasi-interior point.

Theorem 4. Let (S,X,v) be a separable measure space and let 1 < p < oc.
Then Weak LP is lattice isometric to a closed sublattice of the Banach envelope
of Weak L.

Proof. At first we consider the real interval (0,a),0 < a < oo, with Lebesgue
measure p. Since the predual L(p/(p — 1),1) is separable, there is a sequence (B,,)
of measurable subsets of (0, «) such that

1£1] = sup p(By) /7" / fldu, [ e Lip,oo,p).

For each n there exists a bijection 1, from (0, 1] onto B,, such that A C (0, 1] is mea-

surable if and only if 1,,(A) is measurable and such that (¢, (A)) = AM(A)u(By).
An easy calculation shows that for every measurable subset A C (0, 1],

p(B)V/? /A 1 o bl dA = u(By) /7! /w i

< 1u(B) P (@ (A)) VP £
< AAP £l

This shows that {u(B,)Y?f o 1,} is relatively weakly compact in L'. Also, the
first equation with A = (0, 1] shows that f + (1u(B,)"/? fo1p,) is a lattice isometry
from Weak LP into (3 @ L')se. It follows from Corollary 1 that Weak L” is lattice
isometric to a closed sublattice of the Banach envelope of Weak L' . Now let
(S, X, v) be separable and o-finite and let o = v(S). Then (S, X, v) is isomorphic
to a o-subalgebra X7 of the real interval (0,a) with Lebesgue measure u. It is
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clear that L(p,o0,v) is lattice isomorphic to the sublattice of all ¥;-measurable
functions of L(p, 0o, i). It follows from Lemma 8 of [6] that this isomorphism is an
isometry. O

Remark 2. Let 1 < p < oo and let 1/p+ 1/qg = 1. The inclusion map from LP(0, 1]
into Weak LP on (0,1] is a lattice isomorphism but not an isometry. For f € LP,
define T'f by

(Tf)(s,t) = af(t)/s7,  (s,1) € X =(0,1] x (0,1].

Let ¢ : (0,1] — X be a measure-preserving transformation. Then f +— (T'f) o ¢ is
a lattice isometry from LP into the Lorentz space L(p, 0o, ).

3

It follows from Theorem 2 that there is a lattice isometry from (3 @ L')., into
the Banach envelope of Weak L'. However, no such embedding factors through
Weak L! as we will see. This shows that the operator T" in the proof of Theorem 2
is not a continuous operator into the quasinormed space Weak L!.

Lemma 4. Let 0 < f € Weak L' with ||f|| > 1. Then for every a > 1 there exists

p > 0 such that
/ fdx >Ina.
p<f<ap

Proof. Choose k € N such that ||f|| > (kK + 1)/k. Then there exist 0 < r < ¢ such
that o < ¢/r and (k + 1)/k In(q/r) < fdX\. Let m = [In(¢/r)/Ina]. Then

r<f<q
m >k and
m+ma< (14 mina< (142 )m2
m na < . mlna < v nr
g/ fdAg/ fd)\:Z/ FdA
r<f<q r<f<amtilr i—0 atr< f<aitlr

§(m+1)max{/ fd)\}.
air< f<aitlr

Hence, for some j, Ina < fa fd\. Now let p = odr. O

ir<f<aitlr

Lemma 5. Let T be a lattice homomorphism from L' into Weak L' and let 0 <
f € L' and p < q be given. Suppose that fp<Tf<q TfdX > 0. Then for every v > 1

there exists 0 < g € L' with ||g|| <||f|| and

/ Tgd\ = / TfdM.
Yr<Tg<~q p<Tf<gq

Proof. The assertion is trivial if v = 1. So we assume that v > 1. Let D = {p <
Tf < q}. For every A-measurable set A let v(A) = [, T(fxa)dA. Since T is
a continuous map from L! into Weak L' (indeed, ||f;|| < 272 implies |T'f,| <
27T (5229 £il), T(fxa) tends to zero in measure as A\(A) tends to zero. By the
dominated convergence theorem [, T(f4)d\ tends to zero as A(A) tends to zero.
Hence v is a measure which is absolutely continuous with respect to A.

Therefore, there exists 0 < h; € L' with v(A) = fA hid\. It is clear that hq
vanishes A-almost everywhere on the set {f = 0}. Let h(t) = hq(t)/f(t) if f(¢t) >0
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and h(t) = 0 elsewhere. Then v(A) = [, hfd\ for every measurable set A. Let
B =if{a: [ hfd\ <7y} Then [, ghfd\ <7 vl < [ [,ozhf dX
There exists a measurable set B with {h > 8} € B C {h > } and [y hfd\ =
v H[v|[- Then 3 [, fdX < y7Y[v|| and (1 —y~Ylv|| < B(If]l = [ fdN), and
so [ fdN/(IfIl = [5fdN) < ~71/(1 —~71). This easily implies that [, fdX\ <
v IS Let g = fxp. Then ||g]| < ||| and

/ ng)\:*yu(B):v/ hfd/\:||u||=/ Tfdx.
p<Tf<q B p<Tf<q

Since T is a lattice homomorphism, T'(fxg) and T'(fx¢p) are disjoint. Hence

/ T(fundi= [ T(fxs)ar
p<T(fxs)<q p<Tf<gq
Therefore

/ ng)\:'y/ T(fxB)d)\:/ TfdM.
Yp<Tg<~q p<Tf<gq p<Tf<gq

Theorem 5. Let T be a lattice homomorphism from (3. @® L')., into Weak L' .
Then T as a map into the Banach envelope of Weak L' factors through L.

Proof. For i € N define ¢; : L' — (3 @ LY)., by ¢:(f) = (fn), where f, = f if
n =i and f, = 0 otherwise, and let T; = ¢ o ¢;. We may assume that ||T;]| > 0
for all i. Suppose that Y ||Ti|| = co. Then there exist 0 < f; € L', lim||fi|| = 0,
with > ||Tifi]] = oo. Let {A,} be a partition of N into finite subsets such that
>iea, ITifil] > n for every n.

By Lemma 4, for every i € A,, we can choose p; > 0 such that fpi o fo<enp, Tifi >
n||T; fil (1 —=n~1). Let r, = max{p; : i € A,,}. By Lemma 5, for i € A,, there exists
0 < gi € L', |lgil| < |Ifil], such that f'r‘n<TifiSe"Tn Tigi > n||T;fil|(1 —n~1). Let
g = (g9i).- Then g € F,Tg = Y T;g;, and the functions T;g; are pairwise disjoint.

Therefore,
/ Tgdp = Z / Tigi dp
rpn<Tg<emry rn<Tigi<emry

= Z/ Tigi dp > n(n —1).
icA, Jra<Tigi<enry

|

Obviously, this contradicts the fact that

limsup/ ngu/ln 1« .
p<Tg<q p

q/p—o0
Thus, > ||T3|]| < oo. Let G be the completion of F for the norm ||(f;)|1 =
ST £i]l- Then G is isometric to L' and T’ as a map into W factors through
G. O

4

A positive linear operator T from a Banach lattice E into a Banach lattice
F is called an order isometry if Tx > 0 implies x > 0 and if ||Tz|| = ||z|| for all
x € E. It follows from Theorem 5 that no lattice isometry from (> & L), into the
Banach envelope of Weak L' factors through Weak L! by a lattice homomorphism.
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However, there is an order isometry from (3. @ L')s~ into the Banach envelope of
Weak L!.

Theorem 6. The Banach lattice (3. @ L')y is order isometric to a closed sub-
space of the Banach envelope of Weak L'.

Proof. For f € L' let P, f be the conditional expectation of f with respect to the
o-subalgebra generated by the intervals ((j—1)27", j27"]. We may also consider P,
as a positive operator from L' into ¢1(2"). Since the P,’s are positive contractions
and P, f converges to f in L!, the map f — (P,f) is an order isometry from
L' into (37 @ LY)gec. Then also T : (f;) — (Pnfi) is an order isometry from E =
(> @® L) into F = (3 @ £ (ki n)))eee , where k; )y = 2" for every (i,n) € NxN.
By Corollary 2, there is a lattice isometry S from F into the Banach envelope of

Weak L' . Hence S o T is an order isometry from E into the Banach envelope of
Weak L1. O

Corollary 5. Let E be a separable Banach lattice and let 0 < x' € E’. Then the
band generated by x' in E' is lattice isometric to a closed sublattice of (3. @ L')ge.

Proof. A slight modification of the proofs of Lemma 3 and Theorem 3 shows that the
band generated by 2’ is lattice isometric to a closed sublattice of (3 @& L)j~. O

Corollary 6. Let E be a separable Banach lattice. If E' has a weak order unit,
then E' is order isometric to a closed subspace of the Banach envelope of Weak L.

Corollary 7. Let E be a separable Banach lattice. If E does not contain a closed
subspace order isometric to C(A), A the Cantor set, then the dual E' is order
isometric to a closed subspace of the Banach envelope of Weak L.

Proof. Since FE is separable, it follows easily from Theorem 2 of [8] that E’ has a
weak order unit if and only if E does not contain a closed subspace order isometric

to C(A). O

Remark 3. It follows from Remark 1 that the spaces in Theorem 6 and Corollaries
5, 6, and 7 are order isomorphic (and thus topologically isomorphic) to closed
subspaces of (Weak L, || - |-
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