PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 126, Number 1, January 1998, Pages 15-23
S 0002-9939(98)03911-2

THE CLASSIFICATION OF COMPLETE LIE ALGEBRAS
WITH COMMUTATIVE NILPOTENT RADICAL

JIANG CUIPO AND MENG DAOJI

(Communicated by Roe Goodman)

ABSTRACT. The work in this paper is a continuation of an earlier paper of the
second author (Acta Math. 34 (1991), 191-202). We discuss the properties
of finite-dimensional complete Lie algebras with abelian nilpotent radical over
the complex field C. We solve the problems of isomorphism, classification and
realization of complete Lie algebras with commutative nilpotent radical.

1. INTRODUCTION

A Lie algebra L is called a complete Lie algebra if its centre C'(L£) is zero and
its derivations are all inner. The definition of complete Lie algebra was given by
N. Jacobson in 1962 (cf. [8]). But the first important result—the derivation tower
theorem—was obtained by E. V. Schenkman in 1951 (cf. [9]). In recent years,
the theory of complete Lie algebras has been developing (see [1]-[7]). In [1], the
properties of complete Lie algebras with commutative nilpotent radical have been
discussed. The work in this paper is a continuation of [1].

Let £ be a finite-dimensional Lie algebra over a field of characteristic zero. Then
L has the Levi decomposition:

(1.1) L=5s+r,

where s is a maximal semisimple subalgebra of £ and is called the Levi subalgebra
of £, and t is the maximal solvable ideal of £ and is called the radical of £. The
ideal

(1.2) ng =[L,L]Ne=[L,1]

is called the nilpotent radical of L.

Since [s,t] C t, t can be viewed as an s-module. The fact that s is semisimple
implies that v can be decomposed into a direct sum of irreducible submodules. Let
tg be the direct sum of trivial submodules, and t,, the direct sum of non-trivial
irreducible submodules. Denote by C(ty) the centre of vy and let Cy (v,) = {x €
to| [, tn] = 0}. It has been proved in [1] that £ can be decomposed into the direct
sum of complete ideals as follows:

(1.3) L=(54+C(tg)+1n) ®Cy(tn)
Received by the editors July 6, 1995 and, in revised form, April 9, 1996.

1991 Mathematics Subject Classification. Primary 17B10, 17B20, 17B65, 17B67, 17B68.
This research was supported in part by the National Science Foundation of China.

©1998 American Mathematical Society

15



16 JIANG CUIPO AND MENG DAOJI

and Cy, (ry,) is an extension of abelian Lie algebra by abelian Lie algebra, and if the
base field of L is algebraically closed, then Cy,(t;,) is a direct sum of 2-dimensional
simple complete ideals. A complete Lie algebra is called a simple complete Lie
algebra if it has no non-trivial complete ideals. By (1.3), if we study complete Lie
algebras with commutative nilpotent radical, it is sufficient to discuss s+C(tg) +t,.
In this case, ng = t,.

In [1], a complete Lie algebra G = g + V + a over the complex field C was
constructed in the following way. Let g be a complex semisimple Lie algebra and
(p, V) a representation of g which is decomposed into

V=ViiVad 4V,

where V; (i = 1,2,...,n) are irreducible invariant subspaces of p. Let I; (i =
1,2,...,n) be the linear transformations of V' such that

LY vi| =0 Llv=id|y.
J#i
Let a be the subalgebra of gl(V') generated by Iy, I, ..., I,. Then a is an abelian
Lie algebra. Set
G=g+Via
The bracket in G is defined by
[x1 + v1 + A1, 0 + v2 + Ag] = [21, 22] + p(x1)v2 — p(22)v1 — A2(V1) + A1 (v2),

where 1,22 € g, v1,v2 € V, A1, A5 € a. Then G is a complete Lie algebra with
commutative nilpotent radical.

In this paper, we discuss the properties of finite-dimensional complete Lie al-
gebras with commutative nilpotent radical ng = t,, over the complex field C. We
deduce that if t,, is the direct sum of ¢ irreducible submodules, then the dimension
of tg is t. We prove that v, can be decomposed properly so that the action of
every element of ad,, to on each irreducible submodule is scalar. Therefore, finite-
dimensional complete Lie algebras with commutative nilpotent radical ng = t,, over
C are in fact the Lie algebras constructed above. Hence, all finite-dimensional
complete Lie algebras with commutative nilpotent radical over C are known.

2. SOME LEMMAS
Let
(2.1) L=s+t=5+(tg+1,)
be the Levi decomposition of £. Then we have the following results.

Lemma 2.1 ([1]).

(2.2) [5, %] = (0),
(2.3) [5, tn] = tn,
(24) [‘CQ, to] Q To.

Lemma 2.2.

(2.5) [to,tn] C Ty
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Proof. By (2.3) and (2.2), we have

[t07tn] = [th [57tn]] c [[t075]7tn] + [[tn,to],s]
= [s, [to, tn]] C [s,t] = [5,t0 + tn] = ts.

The lemma holds. O

Lemma 2.3. Let L be a Lie algebra with abelian nilpotent radical ng = v,. Then
(2.6) [v0, To] = [tn, ta] = (0).
Proof. Since ng is commutative and ng = t,,, we have
ng =) = e, vl = (0)
and
ng =[5+ to + ty, to + tp] = ty, + [to, to)-

The lemma follows from (2.4) and Lemma 2.2. O

Let a be an irreducible s-module. Then a is a highest weight s-module since s is
semisimple and a is finite dimensional.

Let
(2.7) t,=a1 Dasd---Day
be the direct sum of submodules such that
(2.8) a;, =a;1 D ap®: D ay, (i:172a"'7m)5
where a;;, (k= 1,2,...,n;) are irreducible highest weight s-modules with highest
weight A; and, if ¢ # j, then A\; # A;, 4,7 =1,2,...,m.

Denote by z;; (j =1,2,...,n;) the highest weight vectors of a;; (j i)

=1,2,...,n
respectively, and by V; the linear space with basis {z;1,...,2in,} (i =1,2,...,m).
Then

(2.9) dimV; = n;, 1=1,2,...,m.

3 )

Let ho be a Cartan subalgebra of s and Ay the root system. Let IT = {1, aq, .. .,
o, } be the simple root system and s = ho+> 5, the root space decomposition
with respect to bg.

aEAg

Lemma 2.4. Let £ be a Lie algebra with commutative nilpotent radical, D €
Der(s + t,,) be such that D(s) = (0) and D(v,) C v,. Then

(2.10) DV,)CVi, i=12,....m,

and D is uniquely determined by D|y, (i =1,2,...,m).

Proof. Since D € Der(s + t,,) and D(s) = 0, for any h € o we have
(2.11) Dih, z;j] = Ai(h)Dz;;.

Note that z;; is a highest weight vector of a;;, therefore for a € AZ and e, € 54,
we have

[ea, Zij] =0.
Therefore

(2.12) e, Dzij] = Dlea, 2ij] = 0.
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It is clear from (2.11) and (2.12) that Dz;1, Dza,..., Dz, (i = 1,2,...,m) are
highest weight vectors associated to highest weight A\; (i = 1,2,...,m). So Dz;; €
Vi(j=12,...,n; ¢ =1,2,...,m). On the other hand, for z € a;;, z has the
form:
z = [z1,[z2, [ - -, [Tg, 2i5]] - - -],
where x; €5 (i =1,2,...,q). So
Dz = [171, [LIZQ, [ .y [J?q, DZW]] .. ]]

The lemma is proved. O

Lemma 2.5. Let L be a Lie algebra with abelian nilpotent radical ng = v,. D €
Der(s + t,) is such that D(s) = (0) and D(x,) Ct,. Then
1)
(2.13) D(a;) C a;, i=1,2,...,m.
2) Set
L; = {D € Der(s +t,)|D(s) = (0), D(tp) C v, and D|o; =0, if j # i}.

Then the Lie algebra L; is isomorphic to the general linear Lie algebra gl(V;) which
consists of all linear transformations of Vi, i =1,2,...,m.

Proof. 1) follows from Lemma 2.4. Define
(p(D)ZDVi, for D € L;.

Then ¢ is a linear mapping from £; to gl(V;). For Dy,De € L;, if D1 # Da,
then from Lemma 2.4 we know ¢(D1) # ¢(D2). Let A € gl(V;). Define the linear
transformation D of s + t,, by

D(s) =0, D|o, =0,  ifj #4,
D[Il, [$2,. ..,[$q,21‘j“ .. ] = [1?1, [LEQ,.. -7[$quZij]] . ] (] = 1,2,...,’”4),

where z1,22,...,24 € 6. Then D € Der(s + t,). So ¢ is a bijection.
For Dy, Dy € L;, we have
¢[D1, Do] = [D1, D2]lv,
= D1Dz|v, — D2D1lv; = Dilv, Dalv, — D2|v; D1lv;
= [p(D1), p(D2)].
Hence ¢ is a homomorphism from the Lie algebra £; to the Lie algebra gl(V;). The
lemma holds. (|

3. THE STRUCTURE OF RADICAL t

Lemma 3.1. Let D be an inner derivation of L and D(s) = (0). Then there exists
an element y € vy such that

D =ady.

Proof. Since D is an inner derivation of L, there exist x € s, y € vy, z € t,, such
that

D =ad(z +y+ 2).
D(s) = (0) implies that
[z +y+ 28 = [z,8] + [2,5] = (0).
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From the fact that [z,s] C s, [z,s] C v, we have
[z,5] = (0),  [z,8] = (0).
But s is semisimple and ¢, is the direct sum of non-trivial submodules. Therefore
r=2z=0.
O
Lemma 3.2. Let L be a Lie algebra with trivial centre and commutative nilpotent
radical ng = tv,,. Then

1) to is isomorphic to ad., to.
2) For x € vy, we have

ady, z(a;) C a;, ade, 2|y, € gl(V;) (i=1,2,...,m).

Lemma 3.3. Let L be a complete Lie algebra with commutative nilpotent radical
ng =t,. For x € vg, define the linear transformations D; (i =1,2,...,m) of L by

Di|5+t0 == 07 D’L
Then there exist y1,vya, ..., Ym € to such that
D; = ady; (1=1,2,...,m).

o =adzle, Dilo, =0 (=1,...,i—1,i+1,...,m).

Proof. For s1,s2 € 6, 21,22 € %0, Y1, Y2 € 65, 21,22 € A1+ -+ di—1+ g1+ -+,
by 2) of Lemma 3.2, we have [z1, y2], [T2,y1] € ai, [T1,22], [x2,21] € a1+ -+ a;_1+
aiy1+ -+ ap. So by (2.2) and (2.6) we deduce that

Di[sl +21+y1 + 21,82+ T2+ Y2 —|-22]
= adz([s1,y2] + [x1, 2] + [y1, s2] + [y1, 22])
= [s1,ad z(y2)] + [z1,ad z(y2)] + [ad z(y1), s2] + [ad z(y1), 22],

[Di(s1 + 21 +y1 + 21), $2 + T2 + Y2 + 22]
+ [s1+ 21 +y1 + 21, Di(s2 + 2 + y2 + 22)]
= ladx(y1), s2 + T2 + y2 + 22] + [s1 + 21 + y1 + 21, ad 2(y2)]
= [ad (y1), s2] + [ad 2(y1), x2] + [s1,ad z(y2)] + [z1, ad z(y2)].

Therefore D; € Der £ (i = 1,2,...,m). Since L is a complete Lie algebra, there
exist y1,v2, ..., Ym € L such that

D; = ady; (1=1,2,...,m).
By Lemma 3.1, y; €tp (i =1,2,...,m). |

Theorem 3.1. Let L be a complete Lie algebra with commutative nilpotent radical
ng =1t,. Set

(3.1) b;={adz|lr €vo and adzls, =0 (j=1,...,i—1,i+1,...,m)},

i=1,2,....m,
(32) Hi:hilVi :(P(bi|5+rn)7 1= 1,2,...,m.
Then
1) bilste, 48 a commutative subalgebra of L; and
(3.3) adtg =h1 Db @ D b = bilste, @ D binlse,,-

2) b; is isomorphic to H; which is an abelian subalgebra of gl(V;), i =1,2,...,m.
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Proof. The proof follows from Lemma 3.3 and Lemma 2.5. O

Lemma 3.4. Let L be a Lie algebra with commutative nilpotent radical ng = t,.
Let D € Der(s +t,) be such that D(s) =0 and D(x,) C t,. Extend D to the linear
transformation of L by

D|., =0.
Then D is a derivation of L if and only if
[D, ads 4, to] = 0.
Proof. D € Der L if and only if the formula

D[z1 +y1 + 21,22 + Y2 + 20]
= [D(xl + 1 +21),$2 + Y2 +Zz] + [$1 + vy + Zl,D(ftg + y2 + 22)]

holds, for any x1,z2 € 5, y1,y2 € to, 21,22 € ty.
Note that

Dlz1 4+ y1 + 21,22 + y2 + 22]
= Dlz1,z1] + D[z1,y2] + D[z1, 22] + D|y1, 22] + D[z1, 22],

[D(z1 4+ y1 + 21), T2 + y2 + z2] + [x1 + y1 + 21, D(z2 + y2 + 22)]
= [Dz1, x| + [Dz1,y2] + [x1, D22] + [y1, D22] + [Dz1, 22] + [21, D22]
and D € Der(s + t,,) is such that D(s) = 0. Therefore D € Der L if and only if
Dly, z] = [y, Dz], for any y € tg, 2z € t,,,
i.e.,
[D, ads 4, to] = 0.
O

Theorem 3.2. Let L be a complete Lie algebra with abelian nilpotent radical ng =
tn, and let b;, H;, L; (i=1,2,...,m) be as above. Then

(3.4) Cr,(Bilste,) = bilste, 1=1,2,...,m,
(3.5) Caivyy(H;) = H; 1=1,2,...,m.
Proof. Since v is commutative, we have
Bils+e, € Cr;(Dilste,)-
Let D; € L; be such that [D;, b;|str,,] = 0. Then by (3.3) we have
[D;,adstr, to] = 0.
Extend D; to the linear transformation of £ by
D;l:, = 0.

Then by Lemma 3.4, D; is a derivation of £. Note that £ is a complete Lie algebra,
therefore

D; =adz; € b, Z; € T (i=1,2,...,m).

Hence D;lstr, € Bilste, (¢ =1,2,...,m). This proves (3.4). (3.5) follows from the
fact that £; is isomorphic to gl(V;) and b;|s¢, is isomorphic to H;. O
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Corollary 3.1. There exist elements adz; € ; (i=1,2,...,m) such that
ad xilq, = id |q, (i=1,2,...,m).

Thus H; contains identical transformations I; = id

Vi = 1,2,...,777,.
From Corollary 3.1, we have
(3.6) H;, = H!® CI;
and H! Csl(V;) (i = 1,2,...,m), where sl(V;) is the special linear Lie algebra on
V;. Since b; is isomorphic to H;, we have
(3.7 f)l:f);@Cadxz (t=1,2,...,m),
where b} is isomorphic to H] and adz; is the same as in Corollary 3.1. In fact,
[’);|V7 = HZI, adxi|v,i = Ii (Z = 1,2, .. .,m).
We will show that H/ is a maximal torus subalgebra of sl(V;), i = 1,...,m.

Lemma 3.5. Let £ be a Lie algebra with trivial centre and nilpotent radical ng =
t,. Let D1 € Der(s + v,,) be such that D1(s) = (0) and D1(t,) C t,, and

(3.8) [D1, ads4r, to] € adsye,, To-
Then there exists D € Der L such that
D|5+tn = Dy,

and if [D1,adsc, to] # 0, then D is an outer derivation of L.
Proof. From (3.8), for any x € vty there exists y € tg such that
[D1, adstr, ] = adsye, y-
Define the transformation Dy of ty by
Dy(z) = y.
By Lemma 3.2 there is no ambiguity in the definition of Ds. It is clear that Dj

is a linear transformation of tg. D, is a derivation of ty since tg is commutative.
From (3.8), for z € vg and z € t,, we have

(3.9) D7z, 2] = [z, D12] + [Daz, 2].
Define the linear transformation D of £ by
Dls4r, = D1, D|;, = D>.
Then for any x1,z2 € 5, y1,¥y2 € to, 21, 22 € t,, We have
Dlxy +y1 + 21,02 + y2 + 22]
= [D12z1,22] + D1l21, 2| + [21, D122] + Di[y1, 22] + D121, 22],

[D(1+y1 + 21), 22 + y2 + 2] + [21 + 91+ 21, D@2 + 42 + 22)]
= [D1z1, 2] + [D121,y2] + [x1, D122] + [y1, D122] + [D121, 22]
+ [21, D122] + [Day1, z2] + [21, Day2).
Since D; € Der(s + v,,) is such that Dq(s) = (0) and (3.9) holds, we have

D[z1 + y1 + 21,22 + y2 + 29]
=[D(x1 +y1 + 21), 22 + y2 + 22] + [£1 + y1 + 21, D(x2 + y2 + 22)]-

Hence D € Der L. If D € ad £, then by Lemma 3.1, we have

D, € ad5+tn to.
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But tg is commutative. Therefore,
[Dl, ad5+tn to] =0.
Thus we have completed the proof. O

Theorem 3.3. Let L be a complete Lie algebra with commutative nilpotent radical
ng =t,. Then H! is a mazimal torus subalgebra of sl(V;), i =1,2,...,m.

Proof. Let T; € sl(V;) be such that [T;, H;] C H;. Then D; = ¢~ }(T;) € L;, and
D; satisfies the conditions of Lemma 3.5. Thus there exists D) € Der £ such that

D§|s+tn =D, 1=1,2,...,m.
Note that £ is a complete Lie algebra, so by Lemma 3.1, we have
D; € ad o, i=1,2,...,m.

The fact that D;|a; = 0 (when j # i) implies D; € b; (i = 1,2,...,m). Thus we
have

T; = ¢(D}ls+r,) = ¢(D;) € H}, 1=1,2,...,m.

From this we know that H/ is a self-normal subalgebra of sl(V;). Since H] is
commutative, we deduce that H] is a Cartan subalgebra of sl(V;). But sl(V;) is a
simple Lie algebra, therefore H! is a maximal torus subalgebra of sl(V;). |

Corollary 3.2. Let L be a complete Lie algebra with abelian nilpotent radical ng =
tn. Then H; = H! 4+ CI; is a mazimal torus subalgebra of gl(V;), i =1,2,...,m.

Corollary 3.3. Let L be a complete Lie algebra with abelian nilpotent radical ng =
t,. Then

(3.10) dim b; = n,, 1=1,2,...,m.
Thus we have
(3.11) dimtg =n1 +no+ -+ ngy.

Since H; is a maximal torus subalgebra of gl(V;), we can choose a basis {y;1,
Yi2y -« s Yin,  Of V; such that the matrix of every element of H; relative to the basis
is diagonal, ¢ = 1,2,...,m. On the other hand, y;1,¥i2, .. ., Yin, are highest weight
vectors associated to highest weight \;. So the highest weight s-module agj whose
highest weight vector is y;; is irreducible and

a; = aj; @ ajo @ -~ D ag, i=1,2,...,m.
From this we deduce that

Theorem 3.4. Let L be a complete Lie algebra with abelian nilpotent radical ng =
t,. Let v, be the direct sum of t irreducible submodules. Then

dimvg =1t
and t, can be decomposed properly into the direct sum of irreducible submodules:
=1 OmxD---Omy
so that
g ~ade, to=ClLL e ClL & --&Cl,
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where I; is the linear transformation of v, such that

LY mi| =0), ILilw, =id|m, (i=1,2,...,%).
J#i
So L is in fact the complete Lie algebra constructed in section 1.

Theorem 3.5. Let L1 and Lo be complete Lie algebras. Let n; be the nilpotent
radical of L; and s; be the Levi subalgebra of L; (i = 1,2). Then Ly is isomorphic
to Ly if and only if the Lie algebra s, is isomorphic to so and the s1-module ny is
isomorphic to the so-module no.

Theorem 3.6. Let s be a semisimple Lie algebra and n an s-module. Define
(312) [81 +x1,82 + 1‘2] = [81, 82] =+ s (xz) — 82(1'1),

where s1,82 € 5, T1,x2 € n. Then there is a unique up to isomorphism complete
Lie algebra L such that n is its nilpotent radical and s is its Levi subalgebra and its
bracket satisfies (3.12).
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