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AVERAGE CURVATURE

OF CONVEX CURVES IN H2
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(Communicated by Ronald A. Fintushel)

Abstract. A well-known result states that, if a curve α in H2 has geodesic
curvature less than or equal to one at every point, then α is embedded. The
converse is obviously not true, but the embeddedness of a curve does give
information about the curvature. We prove that, if α is a convex embedded
curve in H2, then the average curvature (curvature per unit length) of α,
denoted K(α), satisfies K(α) ≤ 1. This bound on the average curvature is
tight as K(α) = 1 for α a horocycle.

1. Introduction

In the Euclidean plane the curves of constant curvature are circles and the cur-
vature of a circle of radius r is 1/r. Therefore as the radius of a circle increases
the curvature decreases to zero. In the hyperbolic plane, as the radius of a circle
increases the curvature decreases to one. It is a well-known fact that if a curve in
H2 has pointwise curvature less than or equal to one, then the curve is embedded
in H2. In this paper we study the converse: what does knowing that a curve is
embedded in H2 tell us about its curvature? We define the average curvature of a
curve and show that if a convex curve is embedded in H2, then its average curva-
ture is bounded by one. The proof is an application of the isoperimetric inequality
and the Gauss-Bonnett theorem.
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2. Background

Using elementary hyperbolic geometry we can show that a circle or radius r inH2

has circumference given by L(r) = 2π sinh(r) and area by A(r) = 2π(cosh(r) − 1).
By symmetry it is obvious that a circle of radius r in H2 has constant geodesic

curvature given by some function k(r). To find k(r) we use the Gauss-Bonnett
theorem.
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Theorem 1 ([S]). Let M be a two-dimensional Riemannian manifold and S be a
two-dimensional sub-manifold of M with boundary ∂S. Then∫

S

K · dA+

∫
∂S

k · ds = 2πχ(S)

where K is the gaussian curvature on M and k is the geodesic curvature of ∂S.

Thus applying this to the disk of radius r in H2 we get

−1 · A(r) + L(r) · k(r) = 2π · 1.
Substituting for L and A we get

k(r) =
cosh(r)

sinh(r)

where k is monotonically decreasing in r with limr→∞ k(r) = 1. A horosphere in
H2 can be considered a circle of radius infinity and it can be shown to have constant
geodesic curvature one. Therefore we extend k by defining k(∞) = 1.

In the Euclidean plane all curves with non-zero constant geodesic curvature are
closed circles. In the hyperbolic plane it is very different. Curves with constant
geodesic curvature greater than one are closed and curves of constant geodesic
curvature less than or equal to one are embedded. The following well-known lemma
gives a more general result about curves in H2.

Lemma 1. If α is a curve in H2 parameterized by arc length s and geodesic cur-
vature satisfying k(α(s)) ≤ 1 ∀ s ∈ R, then α is embedded in H2.

Thus if a curve has geodesic curvature less than or equal to one at every point,
then it cannot intersect itself. The converse is obviously not true but we will show
that if a curve is embedded, then we obtain a condition on its geodesic curvature.

3. Average curvature

Let α be a curve of finite length in H2.

Definition 1. The average curvature of α, denoted K(α), is given by

K(α) =

∫
α
k(α)ds∫

α |α′|ds
=

Total curvature along α

Length of α

where s is arc length along α. K(α) is the geodesic curvature per unit length.

Obviously for α a circle of radius r then K(α) = k(r).
If α is an infinite length curve we can still define K(α) by

K(α) = lim
L→∞

{K(α)|α is a subarc of α of length L}.
A curve α is convex if any geodesic joining two points of α intersects α only at

those two points. In the following we will restrict ourselves to convex curves in H2.
This restriction is necessary as embedded curves with arbitrarily large curvature
can be constructed by spiralling between two circles (Figure 1). In general a curve
with constant sign geodesic curvature either spirals or is convex.

Theorem 2. If α is a convex curve of length L in H2, then K(α) ≤ F (L) where
F is monotonically decreasing in L with limL→∞ F (L) = 1.

Corollory 1. If α is a bi-infinite convex curve embedded in H2, then K(α) ≤ 1.
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Figure 1. Spiralling curve
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Figure 2. Curve γ

As a horosphere has average curvature equal to one, the above bound on average
curvature is tight.

Proof of Theorem 2. From the above, we know that a circle of radius r has cir-
cumference L(r) = 2π sinh(r), area A(r) = 2π(cosh(r) − 1) and constant geodesic
curvature k(r) = cosh(r)/ sinh(r). Rewriting the area and geodesic curvature in
terms of the circumference L we get

k(L) =

√
1 + (

2π

L
)2 and A(L) = L · k(L)− 2π.

Now let

F (L) = k(2L) +
π

L
.

From the above, F is monotonically decreasing in L with limL→∞ F (L) = 1.
Let α be a convex curve of length L in H2 and assume K(α) > F (L). Join the

endpoints x1, x2 of α by a geodesic g. Reflect α in g to get another curve β. Let
γ be the closed curve α ∪ β and γ∗ be the disk bounded by γ. Label the interior
angles of γ∗ at x1, x2 by θ1, θ2 respectively (Figure 2). Applying the Gauss-Bonnett
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theorem to γ∗ we get∫
γ∗
K · dA+

∫
γ

k · ds = 2πχ(γ∗)

⇒ −A+ 2

∫
α

k · ds+ (π − θ1) + (π − θ2) = 2π

⇒ A = 2L ·K(α)− θ1 − θ2

where A is the area bounded by γ∗.
Since K(α) > F (L) we have that

A > 2L(k(2L) +
π

L
)− θ1 − θ2

⇒ A > 2L · k(2L) + 2π − θ1 − θ2 ≥ 2L · k(2L)− 2π,

since both θ1, θ2 ≤ 2π. Therefore

A > 2L · k(2L)− 2π = A(2L)

⇒ A > A(2L).

Thus the curve γ has length 2L and bounds an area greater than the circle of the
same length. This obviously contradicts the isoperimetric inequality which states
that the maximum area inscribed by a curve of length L is achieved only by a circle
of perimeter L. Therefore K(α) ≤ F (L).

Proof of Corollary 1. Let α be a bi-infinite convex curve embedded in H2. Then
for any subarc α of α of length L we have K(α) ≤ F (L). Therefore

K(α) = lim
L→∞

{K(α)|α is a subarc of α of length L} ≤ lim
L→∞

F (L) = 1.

Therefore K(α) ≤ 1.

4. Conclusion

For general convex curves the average curvature gives us a quantitative descrip-
tion of the general curvature of the curve. This can be extended to describe the
average bending of a convex pleated plane in H3. The author has applied this
([B]) to study the boundary of the convex core of a Kleinian manifold and limits of
Kleinian groups.
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