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ABSTRACT. In this paper we construct distal functions of another type dis-
cussed by Salehi (1991). Let a(t) be an almost periodic function with the
mean value 0, which has unbounded integral, and ® a continuous periodic
function with the prime period 1. If & satisfies some additional condition,
then f(t) = @(fg a(s)ds) is a distal function, which is not almost periodic,
and the set of eigenvalues of f is the module of a.

1. PRELIMINARIES

Let X be a metric space with the metric dx. Z, R and C' denote the set of
integers, the set of real numbers and the set of complex numbers, respectively. A
continuous mapping 7 : X x R — X is said to be a flow on (a phase space) X if ©
satisfies the following two conditions:

(1) m(x,0) =z for z € X.

(2) n(n(x,t),8) =7(x,t +s) forz € X and t,s € R.

For A C X and B C R we denote the set {n(z,t);x € A,t € B} by ©(A,B).
The closure of A C X is denoted by A. The orbit of 7 through = € X is denoted
by O (z), that is, Or(z) = w(z,R). M C X is called an invariant set of = if
Or(z) C M for each x € M. The restriction of 7 to an invariant set M of 7 is
denoted by w|M. A non-empty compact invariant set of 7 is called a minimal set
it Oz(x) = M for each x € M. If X is itself a minimal set of m, we say that 7 is a
minimal flow on X. We say that m is equicontinuous if for each € > 0 there exists
a § > 0 such that dx(m(z,t),7(y,t)) < € for dx(z,y) < § and t € R. 7 is said to
be distal if infiep{dx (7 (z,t),7(y,t))} >0 for z,y € X (x # y).

Let m be a minimal flow on a compact metric space X. A € R is called an
eigenvalue of w if there exists a continuous mapping y from X to K = {{ €
C; €] = 1} such that xa(7(z,t)) = exp(2miAt)xa(z) for (x,t) € X x R. In this
case x is said to be an eigenfunction belonging to A. The set of eigenvalues of 7
is denoted by A(w). We can easily see that A(7) is a countable subgroup of the
additive group R.
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C(R, C) denotes the set of continuous functions from R to C with the compact-
open topology. Then C(R,C) is a complete metric space. Define a flow n on
C(R,C) by n(f,t) = fi for (f,t) € C(R,C) x R, where fi(s) = f(t + s) for s € R.
For f € C(R, C) we denote the hull of f by H(f), that is, H(f) = Oy (f) = {ft};cr-
The restriction of n to H(f) (f € C(R,C)) is denoted by ny. L C R is said to be
relatively dense if there exists an ! > 0 such that [l —¢,/+¢]NL # @ for each t € R.
f € C(R,C) is said to be an almost periodic function if for each € > 0 there exists
a relatively dense set A. C R such that |f(t +7) — f(t)| <efort € Rand 7 € A..
It is well known that, if f is an almost periodic function, then H(f) is compact and
7y is an equicontinuous minimal flow on H(f). f € C(R,C) is said to be a distal
function if H(f) is compact, and if 7y is a distal flow on H(f). It is known ([4], p.
37) that, if f is a distal function, then n; is a minimal flow on H(f).

Let m and p be flows on X and Y, respectively. A continuous mapping h from
X to Y is said to be a homomorphism from w to p if h(w(z,t)) = p(h(x),t) for
(z,t) € X x R. Furthermore, if h is a homeomorphism from X onto Y, then h is
called an isomorphism from m to p. In this case, we say that 7 and p are isomorphic.

Proposition 1.1. Let w and p be minimal flows on compact metric spaces X and
Y, respectively. If m and p are isomorphic, then A(m) = A(p).

Proof. Easy.

2. SOME DISTAL FLOWS

In this section 7 is an equicontinuous minimal flow on a compact metric space
X, ¢ is a continuous mapping from X x R to R satisfying the condition

(%) oz, t + s) = p(x,t) + ¢p(n(z,t),s) forze X andt,s € R,
and p is a flow on X x K defined by
p((x,8),t) = (w(x,t), Eexp(2mid(x,t))) for (x,) € X x K and t € R.

Proposition 2.1. If ¢ is not uniformly continuous, then p is a distal minimal flow
on X x K, which is not equicontinuous, such that A(p) = A(r).

Proof. See [3], Theorems 4.3 and 4.5.

Remark 2.2. (1) lim¢—o 1¢(x,t) exists for # € X and this limit is constant.
(2) Assume that limy_.o $¢(z,t) = 0 for some € X. Then ¢ is not uniformly
continuous if and only if ¢(z,t) is unbounded on R for each z € X.

Proof. (1) See [1], Lemma 2.

(2) We assume that ¢ is not uniformly continuous on X x R. Assume there exists
zo € X such that |¢(zo,t)| £ M for t € R. Put ¢(z,t) = 15 ¢(x,t) for (z,t) € X x
R. Then we have |¢(z,t)| < 1, ¢ satisfies the condition (x), and it is not uniformly
continuous. Define a flow p on X x K by p((x,€),t) = (w(x, 1), £ exp(2mig(x, t))) for
(z,€) € X x K and t € R. By Proposition 2.1 p must be a minimal flow on X x K.
But, since |$(z0,t)| < %, O5(20,1) # X x K. This is a contradiction. Conversely, if
¢ is uniformly continuous on X x R, there exists a continuous function ¥ : X — R

such that

o(x,t) = —U(n(z,t)) + U(z) for (z,t) € X xR
([1]). Hence ¢(z,t) is bounded on R for each = € X.



EIGENVALUES OF SOME DISTAL FUNCTIONS 275

Remark 2.3. Let C'(X) be a set of real-valued continuous functions on X with the
topology of uniform convergence, and let
1 [t
Co(X)={beC(X); tlim n b(m(x,s))ds = 0}.
— 00 0
For b € Cy(X), put ¢p(z,t) = fot b(m(x,s))ds for (z,t) € X x R. Then ¢, satisfies
(%) and there exists b € Cp(X) such that ¢ is not bounded on R ([5], p. 362).

Let ® be a periodic continuous function on R with the prime period 1. For
7€ R, put D.(t) = (7 +1t) fort € R, and S = {®,;7 € R} with the topology of
uniform convergence. Then we can easily see that S is homeomorphic to K. Define
a flow pon X x S by p((z,®;),t) = (n(x,t), Prizy)) for (z,®,) € X x S and
t € R, where ¢ is as in Proposition 2.1.

Proposition 2.4. If ¢ is not uniformly continuous on X x R, then p is a distal
minimal flow on X x S which is not equicontinuous, and A(p) = A(w).

Proof. Let h be the mapping from X x S to X x K defined by
h(z,®;) = (z,exp(2miT)).
Then h is a homeomorphism and we have
h(p(z, @r),t) = h(m(z,t), Prigor)
= (m(z,t), exp(2miT) exp(2mwig(x, 1))
— p(h(z, ®,),1)

for (z,®,) € X x S and t € R. Hence p and j are isomorphic. Since notions of
minimality, distality and equicontinuity are invariant under isomorphisms, it is a
distal minimal flow on X x S which is not equicontinuous. Furthermore, we have
A(p) = A(m) by Proposition 1.1.

3. SOME DISTAL FUNCTIONS

Proposition 3.1. Let m be an equicontinuous minimal flow on a compact metric
space X. Then

(1) If w(xo,tn) — xo as n — oo for some sequence {t,} C R and xo € X, then
we have w(x,t,) — x as n — oo for each x € X.

(2) If m(xg,tn) — xo and w(xo,s,) — To as n — oo for some sequences
{tn},{sn} C R and xg € X, then w(xq,tn + Sp) — To a8 N — 0.

Proof. Easy.

Proposition 3.2. Let 7 be a distal minimal flow on a compact metric space X .
(1) For each (x,y) € X x X, there exists a sequence {t,} C R (t, — oo as
n — o0) such that (m(z,t,), 7(y,tn)) — (x,y) as n — oo.
(2) If F is a continuous function on X, then, for each x € X, f*(t) = F(n(x,t))
(t € R) is a distal function, and H(f*) = {F(n(y,-));y € X}.

Proof. (1) Since the product flow © x 7 on X x X defined by m x 7((z,y),t) =
(w(z,t),m(y,t)) for (z,y) € X x X and t € R is distal ([4], p. 37), it follows that
Onxx((z,y)) is a minimal set of m x 7 ([4], p. 37). Hence (1) holds.

(2) Let h be a mapping from X into C(R, C) defined by h(z) = F(rn(z,-)). Then
h is a homomorphism from 7 to 7. Hence, for each x € X, f*(t) = F(w(x,t)) for
t € R is a distal function ([4], p. 37). The second assertion is obvious.
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Proposition 3.3. Let f be an almost periodic function on R. Then A(ny) = /~&f,
where

A= {)\ € R;tlim /t f(s) exp(—2miAs) ds # O}
—% Jo

and /~\f is the least additive subgroup of R containing Ay.
Proof. See [2].

Lemma 3.4. Let m be an equicontinuous minimal flow on a compact metric space
X, let ¢ : X X R — R satisfy (x) which is not uniformly continuous on X X R,
and let ® be a continuous periodic function on R with the prime period 1. If
O (H(x, 1) = Pr(P(x,t)) for x,y € X, 7,7 € [0,1) and t € R, then we have
O (ng(z,t)) = @ (ng(y,t)) for each natural number n and t € R.

Proof. Let t € R. Since a flow p on X x K defined by
p((z,8),t) = (m(z, 1), exp(2mig(x, t)))

for (,€) € X x K and t € R is a distal minimal flow on X x K, there exists a se-
quence {t, } CR (t, — 0o asn — o0) such that w(w(z,t),t,) — w(z,t), 7(7(y,t),tn)
1y, 1), B (,1), ) — B, 1) (mod 1) and G(m(y, 1), ta) — (1) (mod 1) as
n — oo by Proposition 3.2. We shall show the lemma by mathematical induc-
tion. Since @, (¢(z,t) + ¢(w(z,t),t0)) = Pr(Pp(x,t + 1)) = P (@(y,t + ) =
D, (d(y,t) + d(7(y,t),t,)) for each n, we have @, (2¢(x,t)) = . (2¢(y,t)). As-
sume that

oyt +tp + 12+ + 1) — me(z,t) (mod 1)
and
By, t+tp + 17+ + ) — me(y, t) (mod 1)

as k — oo for m = 2, where {ti} are subsequences of {t,} for 1 < i < m — 1.
Then &, (m¢(z,t)) = B, (me(y,t)). Since m(m(x,t), th +12 4+ + 77" — m(z,)
and m(7(y,t),th + 7 +--- + 1) — 7w(y,t) as n — oo by Proposition 3.1, we can
choose a subsequence {k,} of natural numbers so that

(b(ﬂ-(ﬂ-(za t)7 tllcn + tzn +e 4+ tZ:L_1>a tn)) - QZS(ZIJ, t) (HlOd 1)
and
G(m(m(y,t),th, + 17, + -+ b)) = 6y, t) (mod 1)

as n — oo. For this sequence {k,} we have

(Pl t+ty, +th +- )+ o(m(m(m, ), b, +th, +- ) )
= O (p(x,t+th, +tp, + 0 1)
=B (p(y,t+th, +th +o T 1)
=0 (p(y,t+tp, +in +Fty,)FO(m(m(y,t),th, +th +- ) ).

Hence we have @,((m + 1)¢(z,t)) = @ ((m + 1)¢p(y,t)). Since t € R is arbitrary,
we obtain the relation ®,(n¢(x,t)) = .. (nd(y,t)) for each natural number n and
tcR.



EIGENVALUES OF SOME DISTAL FUNCTIONS 277
Lemma 3.5. Let a, 8 € R. If a is an irrational number, and if 8 # % — #a
(k,l,m € Z,m # 0), then, for each (z,y) € [0,1) x [0,1), there exists a sequence
{n;} € Z (n; > 0) such that n;a — = (mod 1) and n;3 — y(mod 1) as i — oo.

Proof. Consider a flow 7 on T2 = K x K defined by

(€1, &2),t) = (£162™ ™ P1)

for (£1,&) € T? and t € R. Then, since o and 3 are rationally independent by
the assumption, 7 is a minimal flow on T?. We can easily verify that A(m) =
{la+mp;l,m € Z} and that 1 ¢ {f;k € Z —{0},r € A(m)}. Hence the discrete
flow 71 defined by m((&1,&2),1) for (£1,&) € T? is minimal ([2]). Hence the orbit
of 71 is dense in T2. The lemma follows.

Theorem. Let 7 be an equicontinuous minimal flow on a compact metric space X,
¢ a continuous function from X X R to R, and ® a continuous periodic function
with the prime period 1. If ¢ and ® satisfy the following conditions:

(1) oz, t +s) = ¢(z,t) + ¢p(n(x,t),s) forx € X and t,s € R,

(2) limy—o 2&8 =0,

(3) ¢ is not uniformly continuous on X x R and ¢(z,-) # ¢(y, ) for each pair of
distinct points x,y € X,

(4) for each7,7" € [0,1), there exists t;- € [0,1) such that O (trr/) # Pr(—trr),

then f(t) = ®(¢(xo,t)) for xo € X and t € R is a distal function, which is not
almost periodic, and we have A(ny) = A(r).

Proof. It is enough to show 7y and p in Proposition 2.4 are isomorphic. Define
h:X xS — Rby h((z,2,)) = ©.(0) = &(7) for (z,P;) € X x S. Then h
is continuous, h(p((z, ®;),t)) = ®(7 + ¢(z,t)) for (z,P,) € X x S and t € R,
and h is a homomorphism from g to ny. Assume that h((z, ®.)) = h((y, 2,)),
that is, ®,(é(x,t)) = P (d(y,t)) for (z,P;),(y, ) € X x S and t € R. If
x # y, then ¢(z,-) Z ¢(y,-) by the assumption. Put 6(t) = ¢(z,t) — ¢(y,t) for
t € R. Then, since §(0) = 0 and 6(¢t) # 0, there exists ¢; such that 6(¢1) is
irrational. Put o = ¢(z,¢1) and 8 = ¢(y,t1). We can assume without loss of
generality that o is irrational. If 8 = —a+ £ (k,l € Z,k # 0), then ®,(nka) =
O (—nka + nl) = O (—nka) for n € Z (n 2 1) by Lemma 3.4. Since ka is
irrational, there exists a sequence {n,} C Z (n, = 1) such that nyka — t (mod 1) as
p — oo for each ¢ € [0,1). Hence we have ®.(t) = ®,,(—t). This is a contradiction
to the assumption on ®. Hence 3 is not of the form —a+ £. If g = £ — Lg
(k,m,l € Z,m # 0,|m| # |l]), then we have .. (nma) = @,/ (kn—nla) = @,/ (—nla)
forn € Z (n 2 1) by Lemma 3.4. Hence we have ®.(mt) = & (—1t). If |m| < |l
we obtain ®,(t) = ®,/(—Lt) for t € R, and ®,(t + 2) = & (—L(t+2)) =
®,(—Ltt—1) =&, (—Lt) = &, (¢). This implies ®, has a period |2| < 1. This is
a contradiction. If 3 # % - #oz (k,l,m € Z,m # 0), then, by Lemma 3.5, for each
t € 0, 1), there exists a sequence {n,} C Z (n, 2 1) such that npa — t (mod 1) and
npB — 0 (mod1) as p — oo. Hence we have ®(t) = ®,/(0). This is a contradiction.
The above implies that ¢(x,t) = ¢(y,t) for t € R. Since ¢(x,t) is unbounded, we
have ®, = ®.,. These imply x = y and 7 = 7/ (mod 1). Hence h is an injection,
that is, h is an isomorphism from p to 7¢. It follows that f is a distal function,
which is not almost periodic, and A(ny) = A(w).
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Remark. A periodic function ®(t) = sin(2nt) + sin(4nt) (for ¢t € R) satisfies the
conditions in the Theorem.

Corollary. Let a(t) be an almost periodic function such that
()limt lftas ds =0,
—o0 % Jo
fo s)ds is unbounded with respect to t,
and let @ be a contmuous pemodzc function satisfying the conditions in the Theorem.
Then f(t) fo ) is a distal function, which is not almost periodic, and

A(ny) = Aq.
Proof. In the Theorem, put © = 7, and ¢(a*,t) fo s)ds for a* € H(f) and
t € R. For the second assertion, use Proposmon 3.3.
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