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Abstract. In this paper we construct distal functions of another type dis-
cussed by Salehi (1991). Let a(t) be an almost periodic function with the
mean value 0, which has unbounded integral, and Φ a continuous periodic
function with the prime period 1. If Φ satisfies some additional condition,

then f(t) = Φ(
∫ t
0
a(s) ds) is a distal function, which is not almost periodic,

and the set of eigenvalues of f is the module of a.

1. Preliminaries

Let X be a metric space with the metric dX . Z,R and C denote the set of
integers, the set of real numbers and the set of complex numbers, respectively. A
continuous mapping π : X ×R→ X is said to be a flow on (a phase space) X if π
satisfies the following two conditions:

(1) π(x, 0) = x for x ∈ X .
(2) π(π(x, t), s) = π(x, t + s) for x ∈ X and t, s ∈ R.

For A ⊂ X and B ⊂ R we denote the set {π(x, t);x ∈ A, t ∈ B} by π(A,B).
The closure of A ⊂ X is denoted by A. The orbit of π through x ∈ X is denoted
by Oπ(x), that is, Oπ(x) = π(x,R). M ⊂ X is called an invariant set of π if
Oπ(x) ⊂ M for each x ∈ M . The restriction of π to an invariant set M of π is
denoted by π|M . A non-empty compact invariant set of π is called a minimal set

if Oπ(x) = M for each x ∈M . If X is itself a minimal set of π, we say that π is a
minimal flow on X . We say that π is equicontinuous if for each ε > 0 there exists
a δ > 0 such that dX(π(x, t), π(y, t)) < ε for dX(x, y) < δ and t ∈ R. π is said to
be distal if inft∈R{dX(π(x, t), π(y, t))} > 0 for x, y ∈ X (x 6= y).

Let π be a minimal flow on a compact metric space X . λ ∈ R is called an
eigenvalue of π if there exists a continuous mapping χλ from X to K = {ξ ∈
C; |ξ| = 1} such that χλ(π(x, t)) = exp(2πiλt)χλ(x) for (x, t) ∈ X × R. In this
case χλ is said to be an eigenfunction belonging to λ. The set of eigenvalues of π
is denoted by Λ(π). We can easily see that Λ(π) is a countable subgroup of the
additive group R.
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C(R,C) denotes the set of continuous functions from R to C with the compact-
open topology. Then C(R,C) is a complete metric space. Define a flow η on
C(R,C) by η(f, t) = ft for (f, t) ∈ C(R,C) ×R, where ft(s) = f(t + s) for s ∈ R.

For f ∈ C(R,C) we denote the hull of f by H(f), that is, H(f) = Oη(f) = {ft}t∈R.
The restriction of η to H(f) (f ∈ C(R,C)) is denoted by ηf . L ⊂ R is said to be
relatively dense if there exists an l > 0 such that [l− t, l+ t]∩L 6= ∅ for each t ∈ R.
f ∈ C(R,C) is said to be an almost periodic function if for each ε > 0 there exists
a relatively dense set Aε ⊂ R such that |f(t+ τ)− f(t)| < ε for t ∈ R and τ ∈ Aε.
It is well known that, if f is an almost periodic function, then H(f) is compact and
ηf is an equicontinuous minimal flow on H(f). f ∈ C(R,C) is said to be a distal
function if H(f) is compact, and if ηf is a distal flow on H(f). It is known ([4], p.
37) that, if f is a distal function, then ηf is a minimal flow on H(f).

Let π and ρ be flows on X and Y , respectively. A continuous mapping h from
X to Y is said to be a homomorphism from π to ρ if h(π(x, t)) = ρ(h(x), t) for
(x, t) ∈ X × R. Furthermore, if h is a homeomorphism from X onto Y , then h is
called an isomorphism from π to ρ. In this case, we say that π and ρ are isomorphic.

Proposition 1.1. Let π and ρ be minimal flows on compact metric spaces X and
Y , respectively. If π and ρ are isomorphic, then Λ(π) = Λ(ρ).

Proof. Easy.

2. Some distal flows

In this section π is an equicontinuous minimal flow on a compact metric space
X , φ is a continuous mapping from X ×R to R satisfying the condition

φ(x, t + s) = φ(x, t) + φ(π(x, t), s) for x ∈ X and t, s ∈ R,(∗)
and ρ is a flow on X ×K defined by

ρ((x, ξ), t) = (π(x, t), ξ exp(2πiφ(x, t))) for (x, ξ) ∈ X ×K and t ∈ R.

Proposition 2.1. If φ is not uniformly continuous, then ρ is a distal minimal flow
on X ×K, which is not equicontinuous, such that Λ(ρ) = Λ(π).

Proof. See [3], Theorems 4.3 and 4.5.

Remark 2.2. (1) limt→∞ 1
tφ(x, t) exists for x ∈ X and this limit is constant.

(2) Assume that limt→∞ 1
tφ(x, t) = 0 for some x ∈ X . Then φ is not uniformly

continuous if and only if φ(x, t) is unbounded on R for each x ∈ X .

Proof. (1) See [1], Lemma 2.
(2) We assume that φ is not uniformly continuous on X×R. Assume there exists

x0 ∈ X such that |φ(x0, t)| 5 M for t ∈ R. Put φ(x, t) = 1
4M φ(x, t) for (x, t) ∈ X×

R. Then we have |φ(x0, t)| 5 1
4 , φ satisfies the condition (∗), and it is not uniformly

continuous. Define a flow ρ on X×K by ρ((x, ξ), t) = (π(x, t), ξ exp(2πiφ(x, t))) for
(x, ξ) ∈ X×K and t ∈ R. By Proposition 2.1 ρ must be a minimal flow on X×K.

But, since |φ(x0, t)| 5 1
4 , Oρ(x0, 1) 6= X×K. This is a contradiction. Conversely, if

φ is uniformly continuous on X ×R, there exists a continuous function Ψ : X → R
such that

φ(x, t) = −Ψ(π(x, t)) + Ψ(x) for (x, t) ∈ X ×R

([1]). Hence φ(x, t) is bounded on R for each x ∈ X .
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Remark 2.3. Let C(X) be a set of real-valued continuous functions on X with the
topology of uniform convergence, and let

C0(X) = {b ∈ C(X); lim
t→∞

1

t

∫ t

0

b(π(x, s)) ds = 0}.

For b ∈ C0(X), put φb(x, t) =
∫ t
0
b(π(x, s)) ds for (x, t) ∈ X ×R. Then φb satisfies

(∗) and there exists b ∈ C0(X) such that φb is not bounded on R ([5], p. 362).

Let Φ be a periodic continuous function on R with the prime period 1. For
τ ∈ R, put Φτ (t) = Φ(τ + t) for t ∈ R, and S = {Φτ ; τ ∈ R} with the topology of
uniform convergence. Then we can easily see that S is homeomorphic to K. Define
a flow ρ̃ on X × S by ρ̃((x,Φτ ), t) = (π(x, t),Φτ+φ(x,t)) for (x,Φτ ) ∈ X × S and
t ∈ R, where φ is as in Proposition 2.1.

Proposition 2.4. If φ is not uniformly continuous on X × R, then ρ̃ is a distal
minimal flow on X × S which is not equicontinuous, and Λ(ρ̃) = Λ(π).

Proof. Let h be the mapping from X × S to X ×K defined by

h(x,Φτ ) = (x, exp(2πiτ)).

Then h is a homeomorphism and we have

h(ρ̃(x,Φτ ), t) = h(π(x, t),Φτ+φ(x,t))

= (π(x, t), exp(2πiτ) exp(2πiφ(x, t)))

= ρ(h(x,Φτ ), t)

for (x,Φτ ) ∈ X × S and t ∈ R. Hence ρ and ρ̃ are isomorphic. Since notions of
minimality, distality and equicontinuity are invariant under isomorphisms, it is a
distal minimal flow on X × S which is not equicontinuous. Furthermore, we have
Λ(ρ̃) = Λ(π) by Proposition 1.1.

3. Some distal functions

Proposition 3.1. Let π be an equicontinuous minimal flow on a compact metric
space X. Then

(1) If π(x0, tn) → x0 as n → ∞ for some sequence {tn} ⊂ R and x0 ∈ X, then
we have π(x, tn) → x as n→∞ for each x ∈ X.

(2) If π(x0, tn) → x0 and π(x0, sn) → x0 as n → ∞ for some sequences
{tn}, {sn} ⊂ R and x0 ∈ X, then π(x0, tn + sn) → x0 as n→∞.

Proof. Easy.

Proposition 3.2. Let π be a distal minimal flow on a compact metric space X.
(1) For each (x, y) ∈ X × X, there exists a sequence {tn} ⊂ R (tn → ∞ as

n→∞) such that (π(x, tn), π(y, tn)) → (x, y) as n→∞.
(2) If F is a continuous function on X, then, for each x ∈ X, fx(t) = F (π(x, t))

(t ∈ R) is a distal function, and H(fx) = {F (π(y, ·)); y ∈ X}.
Proof. (1) Since the product flow π × π on X × X defined by π × π((x, y), t) =
(π(x, t), π(y, t)) for (x, y) ∈ X × X and t ∈ R is distal ([4], p. 37), it follows that

Oπ×π((x, y)) is a minimal set of π × π ([4], p. 37). Hence (1) holds.
(2) Let h be a mapping from X into C(R,C) defined by h(x) = F (π(x, ·)). Then

h is a homomorphism from π to η. Hence, for each x ∈ X , fx(t) = F (π(x, t)) for
t ∈ R is a distal function ([4], p. 37). The second assertion is obvious.
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Proposition 3.3. Let f be an almost periodic function on R. Then Λ(ηf ) = Λ̃f ,
where

Λf =

{
λ ∈ R; lim

t→∞

∫ t

0

f(s) exp(−2πiλs) ds 6= 0

}
and Λ̃f is the least additive subgroup of R containing Λf .

Proof. See [2].

Lemma 3.4. Let π be an equicontinuous minimal flow on a compact metric space
X, let φ : X × R → R satisfy (∗) which is not uniformly continuous on X × R,
and let Φ be a continuous periodic function on R with the prime period 1. If
Φτ (φ(x, t)) = Φτ ′(φ(x, t)) for x, y ∈ X, τ, τ ′ ∈ [0, 1) and t ∈ R, then we have
Φτ (nφ(x, t)) = Φτ ′(nφ(y, t)) for each natural number n and t ∈ R.

Proof. Let t ∈ R. Since a flow ρ on X ×K defined by

ρ((x, ξ), t) = (π(x, t), ξ exp(2πiφ(x, t)))

for (x, ξ) ∈ X ×K and t ∈ R is a distal minimal flow on X ×K, there exists a se-
quence {tn}⊂R (tn →∞ as n→∞) such that π(π(x, t), tn) → π(x, t), π(π(y, t), tn)
→ π(y, t), φ(π(x, t), tn) → φ(x, t) (mod 1) and φ(π(y, t), tn) → φ(y, t) (mod 1) as
n → ∞ by Proposition 3.2. We shall show the lemma by mathematical induc-
tion. Since Φτ (φ(x, t) + φ(π(x, t), tn)) = Φτ (φ(x, t + tn)) = Φτ ′(φ(y, t + tn)) =
Φτ ′(φ(y, t) + φ(π(y, t), tn)) for each n, we have Φτ (2φ(x, t)) = Φτ ′(2φ(y, t)). As-
sume that

φ(x, t + t1k + t2k + · · ·+ tm−1
k ) → mφ(x, t) (mod 1)

and

φ(y, t+ t1k + t2k + · · ·+ tm−1
k ) → mφ(y, t) (mod 1)

as k → ∞ for m = 2, where {tik} are subsequences of {tn} for 1 5 i 5 m − 1.

Then Φτ (mφ(x, t)) = Φτ ′(mφ(y, t)). Since π(π(x, t), t1k + t2k + · · ·+ tm−1
k ) → π(x, t)

and π(π(y, t), t1k + t2k + · · ·+ tm−1
k ) → π(y, t) as n→∞ by Proposition 3.1, we can

choose a subsequence {kn} of natural numbers so that

φ(π(π(x, t), t1kn + t2kn + · · ·+ tm−1
kn

), tn)) → φ(x, t) (mod 1)

and

φ(π(π(y, t), t1kn + t2kn + · · ·+ tm−1
kn

), tn)) → φ(y, t) (mod 1)

as n→∞. For this sequence {kn} we have

Φτ (φ(x, t + t1kn + t2kn + · · ·+ tm−1
kn

) + φ(π(π(x, t), t1kn + t2kn + · · ·+ tm−1
kn

), tn))

= Φτ (φ(x, t + t1kn + t2kn + · · ·+ tm−1
kn

+ tn))

= Φτ ′(φ(y, t + t1kn + t2kn + · · ·+ tm−1
kn

+ tn))

= Φτ ′(φ(y, t + t1kn + t2kn + · · ·+ tkn) + φ(π(π(y, t), t1kn + t2kn + · · ·+ tm−1
kn

), tn)).

Hence we have Φτ ((m + 1)φ(x, t)) = Φτ ′((m + 1)φ(y, t)). Since t ∈ R is arbitrary,
we obtain the relation Φτ (nφ(x, t)) = Φτ ′(nφ(y, t)) for each natural number n and
t ∈ R.
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Lemma 3.5. Let α, β ∈ R. If α is an irrational number, and if β 6= k
m − l

mα
(k, l,m ∈ Z,m 6= 0), then, for each (x, y) ∈ [0, 1) × [0, 1), there exists a sequence
{ni} ⊂ Z (ni > 0) such that niα→ x (mod 1) and niβ → y (mod 1) as i→∞.

Proof. Consider a flow π on T 2 = K ×K defined by

π((ξ1, ξ2), t) = (ξ1e
2πiαt, ξ2e

2πiβt)

for (ξ1, ξ2) ∈ T 2 and t ∈ R. Then, since α and β are rationally independent by
the assumption, π is a minimal flow on T 2. We can easily verify that Λ(π) =
{lα+ mβ; l,m ∈ Z} and that 1 /∈ { rk ; k ∈ Z − {0}, r ∈ Λ(π)}. Hence the discrete

flow π1 defined by π((ξ1, ξ2), 1) for (ξ1, ξ2) ∈ T 2 is minimal ([2]). Hence the orbit
of π1 is dense in T 2. The lemma follows.

Theorem. Let π be an equicontinuous minimal flow on a compact metric space X,
φ a continuous function from X × R to R, and Φ a continuous periodic function
with the prime period 1. If φ and Φ satisfy the following conditions :

(1) φ(x, t + s) = φ(x, t) + φ(π(x, t), s) for x ∈ X and t, s ∈ R,

(2) limt→∞
φ(x,t)

t = 0,
(3) φ is not uniformly continuous on X ×R and φ(x, ·) 6= φ(y, ·) for each pair of

distinct points x, y ∈ X,
(4) for each τ, τ ′ ∈ [0, 1), there exists tττ ′ ∈ [0, 1) such that Φτ (tττ ′) 6= Φτ ′(−tττ ′),

then f(t) = Φ(φ(x0, t)) for x0 ∈ X and t ∈ R is a distal function, which is not
almost periodic, and we have Λ(ηf ) = Λ(π).

Proof. It is enough to show ηf and ρ̃ in Proposition 2.4 are isomorphic. Define
h : X × S → R by h((x,Φτ )) = Φτ (0) = Φ(τ) for (x,Φτ ) ∈ X × S. Then h
is continuous, h(ρ̃((x,Φτ ), t)) = Φ(τ + φ(x, t)) for (x,Φτ ) ∈ X × S and t ∈ R,
and h is a homomorphism from ρ̃ to ηf . Assume that h((x,Φτ )) = h((y,Φτ ′)),
that is, Φτ (φ(x, t)) = Φτ ′(φ(y, t)) for (x,Φτ ), (y,Φτ ′) ∈ X × S and t ∈ R. If
x 6= y, then φ(x, ·) 6≡ φ(y, ·) by the assumption. Put δ(t) = φ(x, t) − φ(y, t) for
t ∈ R. Then, since δ(0) = 0 and δ(t) 6≡ 0, there exists t1 such that δ(t1) is
irrational. Put α = φ(x, t1) and β = φ(y, t1). We can assume without loss of
generality that α is irrational. If β = −α + l

k (k, l ∈ Z, k 6= 0), then Φτ (nkα) =
Φτ ′(−nkα + nl) = Φτ ′(−nkα) for n ∈ Z (n = 1) by Lemma 3.4. Since kα is
irrational, there exists a sequence {np} ⊂ Z (np = 1) such that npkα→ t (mod 1) as
p→∞ for each t ∈ [0, 1). Hence we have Φτ (t) ≡ Φτ ′(−t). This is a contradiction
to the assumption on Φ. Hence β is not of the form −α + l

k . If β = k
m − l

mα
(k,m, l ∈ Z,m 6= 0, |m| 6= |l|), then we have Φτ (nmα) = Φτ ′(kn−nlα) = Φτ ′(−nlα)
for n ∈ Z (n = 1) by Lemma 3.4. Hence we have Φτ (mt) = Φτ ′(−lt). If |m| < |l|,
we obtain Φτ (t) = Φτ ′(− l

m t) for t ∈ R, and Φτ (t + m
l ) = Φτ ′(− l

m (t + m
l )) =

Φτ ′(− l
m t− 1) = Φτ ′(− l

m t) = Φτ (t). This implies Φτ has a period |ml | < 1. This is

a contradiction. If β 6= k
m − l

mα (k, l,m ∈ Z,m 6= 0), then, by Lemma 3.5, for each
t ∈ [0, 1), there exists a sequence {np} ⊂ Z (np = 1) such that npα→ t (mod 1) and
npβ → 0 (mod 1) as p→∞. Hence we have Φτ (t) ≡ Φτ ′(0). This is a contradiction.
The above implies that φ(x, t) = φ(y, t) for t ∈ R. Since φ(x, t) is unbounded, we
have Φτ = Φτ ′ . These imply x = y and τ = τ ′ (mod 1). Hence h is an injection,
that is, h is an isomorphism from ρ̃ to ηf . It follows that f is a distal function,
which is not almost periodic, and Λ(ηf ) = Λ(π).
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Remark. A periodic function Φ(t) = sin(2πt) + sin(4πt) (for t ∈ R) satisfies the
conditions in the Theorem.

Corollary. Let a(t) be an almost periodic function such that

(1) limt→∞ 1
t

∫ t
0
a(s) ds = 0,

(2)
∫ t
0
a(s) ds is unbounded with respect to t,

and let Φ be a continuous periodic function satisfying the conditions in the Theorem.

Then f(t) = Φ(
∫ t
0 a(s) ds) is a distal function, which is not almost periodic, and

Λ(ηf ) = Λ̃a.

Proof. In the Theorem, put π = ηa and φ(a∗, t) =
∫ t
0
a∗(s) ds for a∗ ∈ H(f) and

t ∈ R. For the second assertion, use Proposition 3.3.
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