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FOR DINI DOMAINS
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ABSTRACT. We show that the normal derivative of a harmonic function which
vanishes on an open subset of the boundary of a Dini domain cannot vanish
on a subset of positive surface measure.

1. INTRODUCTION

In [L], the following unique continuation question was raised: If u is a harmonic
function in a Lipschitz domain €2 which vanishes on an open subset I' of the bound-
ary 012, and if u is not identically zero, does it follow that the surface measure of
the set {x € T': Vu = 0} is zero? In [L], it was shown that the answer is affirmative
if Qis a C1! domain. In [AEK], it was proven that the answer is affirmative also
for convex domains. Further, in [AE], it was proven that the fact holds for Dini
domains, and thus, in particular, for C1'* domains for all « € (0,1]. The approach
in [AE] consists of a local change of variables around points on the boundary, which
transforms the harmonic operator to a more general elliptic one, while the boundary
becomes (in a certain sense) locally convex with respect to this operator.

The purpose of the present paper is to present a short and elementary proof of
the Adolfsson-Escauriaza result. By [AEK], it is sufficient to prove that u satisfies
a uniform doubling type condition on I'. This is done by studying the logarithmic
convexity of averages of u? over the balls centered at points xy € I', rather than
spherical shell averages as in [L], [AEK], and [AE], and take into account the fact
that a Dini domain is locally star-shaped with respect to suitably chosen points
close to xo.

2. THE MAIN RESULTS

In this section, we recall the definition of a Dini domain and state the main
results.

Definition 2.1. An open connected domain £ C R? is a Dini domain if for each
point zg € 99, there exists a local coordinate system (2, z4) € R4~ x R, Ry > 0,
and a function ¢: R%~! — R such that
(i) Br,(x0) NQ = {(2',24) € Br,(20) : za < ()},
(ii) Bro(wo) N OS2 ={(2', xa) € Br,(20) : x4 = ¢(a")},
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(iii) [V (1) — Vo(as)| < ¢(|a) —a5]) for all (z1, ¢(x1)), (23, ¢(x5)) € Bro(20)

where 1) satisfies
1
(2.1) / ¥lr) dr < oo.
O /r.

Theorem 2.2. Let () be a Dini domain, and let I’ be an open subset of the boundary

0. If u € C(T'UQ) is harmonic in ), and if u vanishes on T, then, for every
zg €T,

u?dx

sup sup Jutrone® 4T

xo€ll ’I‘E(O,l) fBr(ro)ﬁQ U dx

The following corollary of Theorem 2.2 is our main result.

Theorem 2.3. Let ) be a Dini domain, and letT" be an open subset of the boundary
N Ifu € C(T'UQ) is harmonic in Q, and if u vanishes on T, then the surface
measure of {x € T : [Vu(z)| = 0} is zero.

Proof of Theorem 2.3. It is proven in [AEK] (or cf. [L]) that Theorem 2.2 implies
Theorem 2.3. a

Theorem 2.2 is proven in the next section.

3. PROOF OF THEOREM 2.2

Let © C R? be a Lipschitz domain, and let u be harmonic in .

For any zo € §, denote
H,,(r)= / u? dx.
BT(IQ)QQ

Lemma 3.1. Let Bp,(z9) N be star-shaped with respect to some z¢ € Q, and
assume that u vanishes continuously on Bry(xo) NOQ. If0 < r; <1y <13 < Ry,
then

H,

logéL ) log =222 (r3)

H,
Hwo(rl) < Hwo(TQ)

T2 T3 '
log . log .
The interior version of the above lemma was obtained in [K].
Proof of Lemma 8.1. Assume x¢ = 0; also, denote H(r) = Hy(r) and B, = B,(0).

Fix an arbitrary r € (0, Rp). Since Bpr, N is star-shaped with respect to 0, and
since u vanishes on Bgr N 012,

1
H/(T) _ / uwldo = / wldo = —/ div(uQx)da:
(8B,)NQ 3(B,NN) " JB.na
(3.1) d 9
:_H(r)+—/ uzx - Vudr.
r T JB,.nQ
Denote

I(T‘)=2/ ux-Vudx:—/ uVu-V(r? — |z|?) dx
B.NQ B,.NQ

- / Vul2(? — [2]?) du,
B,.-NQ
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where we again used that u vanishes on Bgr, N 0X2 and that v is harmonic. Differ-
entiating the last expression, we get

I'(r) = 2r/ |Vu|? da +/ |Vul?(r? — |z|?) do = 2T/ |Vu|? dz.
B.NQ (9B)NQ B.NQ

Note that, using integration by parts,

1
—/ - V(|Vul2)(r? — [2]2) dz
T JB.NQ
d 2 1
Yy —/ 22|Vl dz + —/ Vul2(r? — |2?) 2 - ndo
r T JB.NQ T JB,.nox
d+2 2
= —LI(T) + —/ |Vul?(r? — |z|?) da
T T N0
2 2 2 1 2/ 2 2
+ - |z)*|Vul® de + — [Vu|*(r® = |z|*) z - ndo
T JB.NQ T JB,non
d+2 1
= — + I(r) + 27"/ |Vu|2dx+ —/ |Vu|2(7‘2 — |;1c|2):1c -ndo,
r 0 AN

where n denotes the outward unit normal on 9f2. Therefore,

V=SR] [ @@’ el de
r T JB,.nQ
1

- —/ |Vu|*(r* — |z|*) x - ndo,
B,NoQ

r

whence, integrating by parts (with respect to j) the second expression on the right-
hand side,

2 2 4
I'(r) = dt I(r) — —/ |Vul?(r* — |2|?) dx + —/ (z - Vu)?dx
B,.NQ r

r r B.NQ
2
+ - / (z - Vu)(n - Vu)(r?* — |z]*) do
T JB,noQ
1

- —/ |Vul|?(r? — |z*)z - ndo.
B,-NoN

r

The sum of the last two terms is nonnegative since on Br N 0 the tangential
derivative of u vanishes and x - n > 0 almost everywhere on B,. N 0€). We get

I'(r) > glI(T) + é/ (z - Vu)? d.
r " JB.NQ

Denoting by
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the frequency function, we obtain by differentiation

N'0) = g (U () = 10)H ()

| ar [ wae ( )
> — z-Vu)dx u®dr — ux - Vudr >0,
rH(r)? ( Bmﬂ( ) B,NQ B,NQ

and we conclude that N(r) is an increasing function of r € (0, Rg). Now, (3.1)
implies

H(ry) ) /T2 N(r) )
3.2 1 =dlog — ——=dr < (d+ N log —.
32 s =dlos + [T X dr < (4 N () log
Similarly,
H(rs) 3 /T3 N(r) T3
3.3 1 =dlog — ——=dr>(d+ N log —.
33 doxgt=diog s [T X dr > (@4 N log
The asserted inequality is then obtained by combining (3.2) and (3.3). O

Consider the following setting. Let ¢: R4~ — R be continuously differentiable.
Denote

Q=Byn{(z',24) eRI xR : ¢(z') < 24},
where By = Bo(0). For every r € (0,2), let
A(r) = sup[n(z2) — n(z1)]

where the supremum is taken over all x1,x2 € Bs N O such that |xe — x| < 7,
and where n(z) denotes the outward unit normal at © € Bs N 9. Note that A is
non-decreasing. Assume also ¢(0) =0 (i.e., 0 € 99).

Throughout this section, we assume that « € C(Q) is harmonic in Q and that
it vanishes on Bs N 02. Theorem 2.2 will be an immediate consequence of the
following lemma.

Lemma 3.2. Assume

2
(3.4) / Alr) dr < oo,
0 T
A(r) #0 forr € (0,2), and A(2) <1/32. Then
log 2 16A27™)
- 1—-16A(2™™)
) o=l e <>
&2 F16A(2 ™)
and for all xy € B1 NINY, we have
1
H,,(2r) < CoH,,(r) , re (O, 5) ,

where Cy = (Hmo(l)/Hw0(1/2))QCl.
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Proof of Lemma 3.2. Note that the function

lo 2+.’K
f(z) = gi 1—2z

1og r

is increasing and continuously differentiable on (—2,1). Since also f(0) = 1, we
have

1< f@) <1469, welo1/2,

for some constant C' > 0. Hence, the product in (3.5) converges provided

i A7) <

However, the last fact follows directly from (3.4) taking into account that A is
non-decreasing.

Without loss of generality, we may assume z9 = 0 and n(0) = (0, 1).

Fix any r € (0,1). Let (2}, é(x})), (x4, ¢(x})) € By be arbitrary points. It is
easy to check that |Vé(z})| < 3A(r)/2 for j = 1,2; the mean value theorem implies

3
@) = (1) < GA(r)|zy — a3

Denoting a = 4A(r)r and yo = (0, —a), we claim that B,_,(yo) N is star-shaped
with respect to xo. Indeed, if (2}, #(x})), (x4, ¢(x5)) € By are arbitrary points for
which 2} # a4 and z, # 0, then

006) ol IO B By By By s 6l — o)

> > —A(r) >
5] 2] w2 Py

and thus the points (0, —a), (2}, ¢(z})), and (x4, #(a4)) are not collinear.
Next, we claim

)

e TR e
r/2 16A(r
(3.7) log /) < o ; }gﬁgrg log Hir/2)

For this purpose, let 1 = r/4 —a, ro = 1/2 4+ a, and r3 = r — a. Note that, since
A(r) < 1/16, we have 0 < r1 < ry < rg < 0. Lemma 3.1 then implies

log r/2+a
log (r2) < 7“/4_— % Jog wo(r3)
Hyo (Tl) 1og ’1”72 +aa Hyo (TQ)

Now, noting that B, (yo) C B, /4, Br,(yo) 2 By /2, and By, (yo) C By, we get (3.7).
By using (3.7) for r = 27" with m = 0,1,... and then iterating the obtained
inequalities, we get

C1
H(2™™) < <HB([1(})2)) H(E2 ™), m=1,2,...,

and Lemma 3.2 follows. O
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Proof of Theorem 2.2. Note that, in the setting of Lemma 3.2,
Hq, (1)

su —_—

moeBﬁ]aQ Hzo(1/2)

and Theorem 2.2 follows from Lemma 3.2. O

< 00,
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