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Abstract. In this paper we investigate a structure of the fixed point algebra
under an action of compact matrix quantum group on a C∗-algebra B. We
also show that the categories of C-comodules in B and inner endomorphisms
restricted to the fixed point algebra coincide when the relative commutant
of the fixed point algebra is trivial. Next we show a version of the Tannaka
duality theorem for twisted unitary groups.

1. Introduction

In [6] Doplicher and Roberts developed the duality theory for compact groups in
the language of abstract symmetric, strict monoidal C∗-categories. This approach
has become a useful tool for description of the superselection structure of a quantum
field theory in (3 + 1)-dimensional spacetime by the representation theory of a
compact gauge group (see [7]). In order to obtain a similar picture in the lower
dimensional spaces (cf. [9, 10]) one should consider some class of ‘quantum’ groups.
In [13, 14] quasi-Hopf ∗-algebras have been considered as realizations of quantum
gauge groups. However, it is evident that we need a more general class of ‘quantum’
groups. This statement can be justified by the remark that recently many attempts
concerning generalized symmetries of physical systems have been published (cf.
Chapter IV in [11], in particular see p. 155). In this paper we shall restrict ourselves
to Woronowicz’s compact quantum groups ([23]). We are going to investigate the
systems composed of a C∗-algebra B and a compact quantum group acting on B.
It seems to be interesting whether the theory of Doplicher and Roberts can be
generalized to the class of such systems.

Our paper is an attempt to describe the duality theory for compact matrix
quantum groups. Let us recall that such groups can be considered as quantum
Lie groups. So, we will apply the program of [4, 5] to quantum C∗-systems with
compact matrix quantum groups and we will obtain similar results. Particularly,
the generalized Cuntz algebra associated with the twisted unitary group SqU(2)
will be considered. In Corollary 5.7 we give some version of the Tannaka duality
theorem for SqU(2). We also show that the fixed point subalgebra has the struc-
ture of crossed product of the algebra generated by Jones’ projections by a single
endomorphism.
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The paper is organized as follows: In section 2 we recall some basic definitions
concerning compact matrix quantum groups and their representations. In section 3
we prove a kind of duality theorem about equivalences of categories of representa-
tions of a quantum group and categories of endomorphisms of a fixed point algebra
under an action of the quantum group. In section 4 we establish some basic facts
about Cuntz algebras as well as some technical lemmas. In section 5 we study a
special example of a quantum C∗-system composed of the Cuntz algebra and the
twisted unitary group.

Part of the paper was done at University of Warsaw. The author wishes to thank
Professor S.L. Woronowicz for hospitality and financial support. Special thanks are
going to Professor W.A. Majewski for the many helpful discussions during the
preparation of the paper.

2. Compact matrix quantum groups

Let us recall some basic definitions about compact matrix quantum groups. For
details see [23, 24, 25].

Definition 2.1 ([23]). A pair G = (C, u) is called a compact matrix quantum
group (c.m.q.g.) if C is a unital C∗-algebra and u = [uij ]i,j=1,... ,N is a matrix with
entries in C such that the following conditions are fulfilled:

1. The ∗-subalgebra C0 of C generated by entries of u is dense in C.
2. There exists a C∗-homomorphism (called a comultiplication) ∆ : C → C ⊗ C

such that ∆(uij) =
∑N

k=1 uik ⊗ ukj for i, j = 1, . . . , N .
3. There exists a linear antimultiplicative mapping (coinverse) κ : C0 → C0 such

that κ(κ(C∗)∗) = C for C ∈ C0, and
∑N

k=1 κ(uik)ukj = δijI =
∑N

k=1 uikκ(ukj) for
any i, j = 1, 2, . . . , N . I denotes the unit of the algebra C.

Definition 2.2. Let G = (C, u) be a c.m.q.g. and K be a finite dimensional
Hilbert space. A linear mapping v : K → K ⊗ C is called a representation of G (or
C-comodule) if (v ⊗ idC)v = (idK ⊗∆)v.

Remark 2.3. One can write v(ej) =
∑d

i=1 ei ⊗ vij , j = 1, . . . , d, where d = dimK,
e1, . . . , ed is an orthonormal basis of K, and vij ∈ C for i, j = 1, . . . , d. Definition
2.2 yields

∆(vij) =

d∑
k=1

vik ⊗ vkj , i, j = 1, . . . , d.(2.1)

So, given an orthonormal basis of K one has a correspondence between representa-
tions of G and elements v = [vij ] ∈Md(C)⊗C satisfying the equation (2.1), where
Md(C) stands for the C∗-algebra of complex d× d matrices.

The representation u on CN which in the canonical basis is defined by the matrix
[uij ]i,j=1,... ,N is called the fundamental representation of G.

Let v and w be representations of G acting on K and L respectively. A linear
mapping T : K → L is called an intertwining operator between v and w if w(Te) =
(T ⊗ idC)(v(e)) for any e ∈ K. The set of all intertwiners between representations
v and w will be denoted by Mor(v, w). The tensor product of representations v
and w is the representation v ⊗ w acting on K ⊗ L defined by (v ⊗ w)(ek ⊗ fl) =∑d

i=1

∑d′

j=1 ei ⊗ fj ⊗ vikwjl, k = 1, . . . , d, l = 1, . . . , d′, where d = dimK, d′ =
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dimL, e1, . . . , ed and f1, . . . , fd′ are orthonormal bases of K and L respectively,
and [vik], [wjl] are matrices of v, w in those bases.

A representation v acting on a Hilbert space K is called unitary if the ma-
trix [vij ]i,j=1,... ,d defined in Remark 2.3 is a unitary element of Md(C) ⊗ C, i.e.∑d

k=1 vikv
∗
jk = δijI =

∑d
k=1 v

∗
kivkj for any i, j = 1, . . . , d.

3. Action of c.m.q.g. on C∗-algebras

Now, let B be a unital C∗-algebra. The crucial point in our consideration will
be the notion of an action of a c.m.q.g. on the algebra B (see [8]).

Definition 3.1. Let G = (C, u) be a c.m.q.g. A morphism α : B → B ⊗min C of
C∗-algebras is called an action of G on B if (idB ⊗∆)α = (α ⊗ idC)α. The triple
(B, α,G) will be called a quantum C∗-system over a c.m.q.g. G.

A Hilbert space in a C∗-algebra B is a finite dimensional closed linear subspace
H of B such that ψ∗ψ′ ∈ CI for all ψ, ψ′ ∈ H (cf. [5]). The scalar product (·, ·)
on the Hilbert space H is defined by (ψ, ψ′)I = ψ∗ψ′. So, for an orthonormal
basis ψ1, . . . , ψd of H one has ψ∗i ψj = δijI, i, j = 1, . . . , d. Support of H is the

projection 1H =
∑d

i=1 ψiψ
∗
i , and it does not depend on the choice of orthonormal

basis in H . Moreover, one can define the inner endomorphism of B associated with

H : ρH(B) =
∑d

i=1 ψiBψ
∗
i for B ∈ B, where ψ1, . . . , ψd is any orthonormal basis of

H . Clearly,

1H = ρH(I) and ψB = ρH(B)ψ, ψ ∈ H, B ∈ B.(3.1)

The tensor product of two Hilbert spaces H , H ′ in B is the Hilbert space HH ′ =
span{ψψ′ : ψ ∈ H, ψ′ ∈ H ′}. Observe that ρHH′ = ρHρH′ .

Definition 3.2. Let (B, α,G) be a quantum C∗-system. We say that a Hilbert
space H in B is a Hilbert C-comodule in (B, α,G) if α(H) ⊂ H ⊗ C and the repre-
sentation αH of G obtained by the restriction of the action α to H is the unitary
one.

Lemma 3.3. Let H be a Hilbert C-comodule in (B, α,G). Then α(1H) = 1H ⊗ I.

Proof. Let [vij ]i,j=1,... ,d be a unitary matrix of the representation αH in an or-
thonormal basis ψ1, . . . , ψd ofH (cf. Remark 2.3). Then α(1H) =

∑
i α(ψi)α(ψ∗i ) =∑

i

∑
k,l ψkψ

∗
l ⊗ vkiv

∗
li =

∑
k,l ψkψ

∗
l ⊗

∑
i vkiv

∗
li =

∑
k ψkψ

∗
k ⊗ I = 1H ⊗ I.

By U(B, α,G) we will denote a category of Hilbert C-comodules in (B, α,G).
More precisely, objects of U(B, α,G) are Hilbert C-comodules H in (B, α,G) and
morphisms between two comodules H and H ′ are intertwiners between representa-
tions αH and αH′ , i.e.

MorU (H,H ′) =

{
T ∈ B :

T 1H = T = 1H′T, TH ⊂ H ′,
αH′(Tψ) = (T ⊗ I)αH(ψ), ψ ∈ H

}
.

Let Bα denote the subalgebra of fixed points under the action α, i.e. Bα = {A ∈
B : α(A) = A⊗ I}.
Proposition 3.4. Suppose H, H ′ are Hilbert C-comodules in (B, α,G), and T ∈
MorU(H,H ′). Then T ∈ Bα.
Proof. Lemma 3.3 implies that α(T ) = α(T 1H) =

∑
i αH′ (Tψi)α(ψ∗i ) =∑

i(T ⊗ I)αH(ψi)α(ψ∗i ) = (T ⊗ I)α(1H) = T ⊗ I.
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Lemma 3.5. Let H be an object in U(B, α,G). Then ρH(Bα) ⊂ Bα.
Proof. Let ψ1, . . . , ψd and [vij ]i,j=1,... ,d be as in the proof of Lemma 3.3 and
A ∈ Bα. Then α(ρH(A)) =

∑
i α(ψi)α(A)α(ψi)

∗ =
∑

i,j,k ψjAψ
∗
k ⊗ vjiv

∗
ki =∑

j ψjAψ
∗
j ⊗ I = ρH(A)⊗ I.

Let σH be an endomorphism of Bα obtained by the restriction ρH to Bα. By
I(B, α,G) we denote the category such that its objects are endomorphisms σH
with H being an object in U(B, α,G) while morphisms of I(B, α,G) are defined as
follows: for any two endomorphisms σ, σ′

MorI(σ, σ′) = {T ∈ Bα : Tσ(I) = T = σ′(I)T, Tσ(A) = σ′(A)T, A ∈ Bα}.
Both U(B, α,G) and I(B, α,G) have the structure of monoidal C∗-categories (cf.
[5, 6]).

Theorem 3.6. Let (B, α,G) be a quantum C∗-system over a c.m.q.g. (C, u). Then
there is a faithful functor F from U(B, α,G) to I(B, α,G). If also (Bα)′ ∩B = CI,
then F is an isomorphism of monoidal C∗-categories.

Proof. Define F on an object H of U(B, α,G) as F (H) = σH and suppose that
T ∈ MorU (H,H ′) for some objects H , H ′ of U(B, α,G). By Proposition 3.4 T ∈
Bα, while (3.2) implies TσH(I) = T = σH′ (I)T . (3.2) gives also TσH(A)ψ =
TψA = σH′ (A)Tψ, for A ∈ Bα, ψ ∈ H . So, TσH(A)1H = σH′ (A)T 1H , hence T ∈
MorI(σH , σH′ ). Then, we can define F (T ) = T and F is a faithful functor. Given
φ ∈ B such that φA = σH(A)φ for A ∈ Bα, one has ψ∗φA = ψ∗σH(A)φ = Aψ∗φ for
ψ ∈ H . So, ψ∗φ ∈ (Bα)′∩B. Assuming (Bα)′∩B = CI one obtain ψ∗i φ = λiI for an
orthonormal basis ψ1, . . . , ψd of H . Hence, φ = σH(I)φ =

∑
i ψiψ

∗
i φ =

∑
i λiψi ∈

H . So, the Hilbert space H is uniquely determined by its inner endomorphism
σH , i.e. H = {φ ∈ B : φA = σH(A)φ for A ∈ Bα}. Let T ∈ MorI(σH , σH′) and

let ψ1, . . . , ψd (ψ′1, . . . , ψ
′
d′) be a basis of H (H ′ respectively). Then, ψj

′∗TψiA =

ψj
′∗TσH(A)ψi = ψj

′∗σH′ (A)Tψi = Aψj
′∗Tψi, A ∈ Bα. Thus ψj

′∗Tψi = λjiI
for i = 1, . . . , d, j = 1, . . . , d′. So T = σH′ (I)TσH(I) =

∑
i,j λjiψj

′ψ∗i , hence

TH ⊂ H ′. Moreover, (T ⊗ I)α(ψ) = α(T )α(ψ) = α(Tψ) for ψ ∈ H . Consequently,
we conclude that T ∈ MorU(H,H ′).

4. Preliminaries about Cuntz algebras

To describe the action of the quantum group SqU(2) we will need some basic
facts about Cuntz algebras as well as some technical lemmas. Therefore, for the
reader’s convenience we will provide the necessary material in this section.

Recall that the Cuntz algebra Od for d ∈ N, d > 1, is a C∗-algebra generated by

d isometries ψ1, . . . , ψd such that ψ∗i ψj = δijI, i, j = 1, . . . , d, and
∑d

i=1 ψiψ
∗
i = I.

In [3] Cuntz has showed that Od is uniquely defined by these conditions and it is
simple, i.e. it contains no nontrivial ideals.

Let H = span{ψ1, . . . , ψd}, and let Hk denote the k-th tensor power of H ,
i.e. Hk = span{ψi1 . . . ψik : i1, . . . , ik = 1, . . . , d}. Linear operators from Hk to
H l can be identified with elements of H lH∗k, where H lH∗k = span{φ1φ

∗
2 : φ1 ∈

H l, φ2 ∈ Hk}. Let us observe that for every k, l ≥ 0, φ1 ∈ H l, φ2 ∈ Hk we can

write φ1φ
∗
2 =

∑d
i=1 φ1ψiψ

∗
i φ

∗
2 ∈ H l+1H∗(k+1). Hence, there is the natural inclusion

H lH∗k ⊂ H l+1H∗(k+1).
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By Pd we will denote the dense ∗-subalgebra in Od generated algebraically by
ψ1, . . . , ψd. The structure of Pd can be described by saying that it is a graded
∗-algebra, i.e. Pd =

⊕
k∈Z Pk

d , where

Pk
d =

⋃
n, n+k≥0

Hn+kH∗n.(4.1)

In order to get the similar description of Od we will consider the gauge action
β of the one dimensional torus T 1 on Od which is determined by the condition:
βt(ψi) = tψi for t ∈ T 1, i = 1, . . . , d. Let mk(X) =

∫
T 1 t

−kβt(X)dt for each k ∈ Z

and X ∈ Od, where dt stands for the normalized Haar measure on the group T 1.
Then mk is a projection of norm 1 defined on the Banach space Od. Let Ok

d be the
range of mk i.e. Ok

d = {X ∈ Od : mk(X) = X}. Then we have easy

Proposition 4.1. Let k ∈ Z. Then
i) Ok

d = {X ∈ Od : βt(X) = tkX, t ∈ T 1},
ii) Ok

d = Pk
d .

The projection m0 is in fact a completely positive conditional expectation onto
the fixed point subalgebra O0

d. Moreover, for every X ∈ Pd we have X =
∑

kmk(x).

Let us remark that the fixed point subalgebra O0
d is the inductive limit of matrix

algebras (cf. (4.1)), so it has a structure of UHF-algebra of type d∞.

Proposition 4.2. For X ∈ Od, if mk(X) = 0 for each k ∈ Z then X = 0.

Proof. Use a similar argument to that given in the proof of Proposition 1.10 in
[3].

Let G = (C, u) be a c.m.q.g. Given a unitary representation of G on H defined
in the basis ψ1, . . . , ψd by a matrix v = [vij ]i,j=1,...,d we can determine an action α
of G on Od by defining it on generators (see [12], [8]):

α(ψj) =

d∑
i=1

ψi ⊗ vij , j = 1, . . . , d.(4.2)

Definition (4.2) leads to α
(
HkH∗k) ⊂ HkH∗k ⊗ C for every k = 1, 2, . . . , i.e.

HkH∗k is invariant with respect to the action α and so is O0
d.

Further, let us recall that the Haar measure h on G can be considered as a
state on C such that (h⊗ idC)∆(a) = h(a)I = (idC ⊗ h)∆(a), for any a ∈ C. It
is known ([23]) that each c.m.q.g admits the unique Haar measure. Let us define
Eα = (idOd

⊗ h)α. Then Eα is a projection of norm 1 from Od onto the fixed
point algebra Oα

d under the action α ([12]). It is easy to check that the action α
of c.m.q.g. G commutes with the action β of T 1, i.e. α (βt(X)) = (βt ⊗ idC)α(X),
for every X ∈ Od and t ∈ T 1.

Proposition 4.3. If X ∈ Oα
d then mk(X) ∈ Oα

d for each k ∈ Z.

Proof. Let X ∈ Oα
d . Then

α(mk(X)) =

∫
T 1

t−kα(βt(X))dt =

∫
T 1

t−k (βt ⊗ idC) (α(X))dt

=

∫
T 1

t−k (βt ⊗ idC) (X ⊗ I)dt =

∫
T 1

t−k (βt(X)⊗ I) dt

=

∫
T 1

t−kβt(X)dt⊗ I = mk(X)⊗ I.
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Proposition 4.4. For every k ∈ Z one has Eα(Ok
d) ⊂ Ok

d and Eα(Pk
d ) ⊂ Pk

d .

Proof. Let X ∈ Ok
d , i.e. βt(X) = tkX . Then

βt(Eα(X)) = (βt ⊗ idC)(idOd
⊗ h)α(X) = (idOd

⊗ h)(βt ⊗ idC)α(X)

= (idOd
⊗ h)α(βt(X)) = tkEα(X).

Hence X ∈ Ok
d . The second inclusion is implied by the obvious one Eα(Pd) ⊂

Pd.
Let αn denote the restriction of α to the space Hn. Our notation follows from

the observation that such a restriction can be considered as the n-th tensor power of
the representation v (cf. the definition of α in (4.2)). We shall need the category U
of tensor powers of the representation α, i.e. ObjU = {αn : n = 0, 1, 2, . . .} (where
α0 : CI → CI ⊗ C : I → I ⊗ I) and Mor(αn, αm) are the intertwining elements.
Let us remark that U is a monoidal C∗-category. By Proposition 3.4 we know that
morphisms of the category U are in the fixed point algebra Oα

d .
Let ρ(X) =

∑
i ψiXψ

∗
i , X ∈ Od, be the canonical inner endomorphism of Od

and σ be its restriction to the subalgebra Oα
d . We define a category I with ObjI =

{σn : n = 0, 1, 2, . . .} and Mor(σn, σm) = {T ∈ Oα
d : Tσn(A) = σm(A)T, A ∈ Oα

d }.
As in the proof of Theorem 3.6 one can see that Mor(αn, αm) ⊂ Mor(σn, σm). The
converse inclusion will be showed in the special case when G is exactly the SqU(2).

We conclude this section with the following two lemmas.

Lemma 4.5. Let p ∈ N and S ∈ Hp be an isometry, i.e. S∗S = I. If X ∈ O0
d

commutes with S or with S∗ then X ∈ CI.

Proof. The assumption of the lemma implies X = S∗nXSn for every n ∈ N. On
the other hand, let us observe that for every r ∈ N we can choose nr ∈ N and
Xr ∈ HpnrH∗pnr such that ‖X − Xr‖ < r−1. The conditions S∗nr ∈ H∗pnr and
Snr ∈ Hpnr , for each r, imply: there exist λr ∈ C such that S∗nrXrS

nr = λrI.
Consequently, we have

‖X − λrI‖ = ‖S∗nrXSnr − S∗nrXrS
nr‖ = ‖S∗nr(X −Xr)S

nr‖
≤ ‖X −Xr‖ < r−1.

Hence, limr→∞ λrI = X , and X ∈ CI.

Lemma 4.6. Let p ∈ N and S ∈ Hp be an isometry. If X ∈ Od commutes with S
and S∗ then X ∈ CI.

Proof. Let X ∈ Od. Then, ml(XS) =
∫
t−lβt(XS)dt =

∫
t−lβt(X)tpSdt =

ml−p(X)S for l ∈ Z. In the same way we can check that ml(SX) = Sml−p(X).
Hence, if X commutes with S then mk(X) commutes with S for every k ∈ Z.
Similarly, if X commutes with S∗ then mk(X) commutes with S∗. So (cf. Propo-
sition 4.1), for each k ∈ Z elements mk(X)∗mk(X),mk(X)mk(X)∗ of O0

d com-
mute with S and by preceding lemma they are multiples of unity. Hence, mk(X)
is a multiple of unitary element U ∈ Od. Using the argument given in [2] (see
the proof of Theorem 3.2, see also [1]) one can show that if there is a unitary
U in Ok

d then k = 0. Namely, taking U∗ instead U if necessary, we can assume
that k ≥ 0. Then, V = Uψ∗k1 ∈ O0

d, V V
∗ = I and V ∗V = ψk1ψ

∗k
1 , where ψ1

is one of the generators of Od. If ω is the trace on the UHF-algebra O0
d then
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d−k = ω(ψk1ψ
∗k
1 ) = ω(V ∗V ) = ω(V V ∗) = ω(I) = 1. Hence k = 0. It follows that

mk(X) = 0 unless k = 0, and m0(X) ∈ CI by Lemma 4.5. Hence, by Proposition
4.2 X ∈ CI.

5. Action of SqU(2)

Recall ([22]) that SqU(2) is the pair (A, u) where A is the C∗-algebra generated
by two elements a, c fulfilling the following relations:

a∗a+ c∗c = I, aa∗ + q2cc∗ = I,
cc∗ = c∗c, qca = ac, qc∗a = ac∗,(5.1)

where q ∈ [−1, 1], q 6= 0, and u is the matrix

u =

(
a −qc∗
c a∗

)
.(5.2)

Now, we want to describe the structure of the fixed point algebra Oα
2 . For this

we need some lemma about the Haar measure on SqU(2). For k ∈ Z, n,m ∈ N0

(N0 = N ∪ {0}) we define aknm = akcnc∗m where for negative k we set ak = a∗|k|.
Then it is known ([22], Theorem 1.2) that the set {aknm : k ∈ Z, n,m ∈ N0} is
the linear basis of the ∗-algebra A0 generated by elements a, c. Hence, for every
b ∈ A0 one has b =

∑
k,n,m λknmaknm, where coefficients λknm are uniquely defined

and λknm = 0 for almost every system (k, n,m).

Lemma 5.1. Let r ∈ N and let b1, b2, . . . , br ∈ {a, a∗, c, c∗}. If b1b2 . . . br =∑
λknmaknm then for every k, n,m we have that λknm 6= 0 implies k + n + m ≡

r(mod 2).

Proof. Induction with respect to r. If r = 1 then the statement is obvious. Sup-
pose that it is true for some r and let b1, . . . , br, br+1 be as in the lemma. Then
b1 . . . brbr+1 =

∑
λknmaknmbr+1 and by the inductive assumption, if λknm 6= 0

then k + n + m − r is even. Relations (5.1) and simple calculations lead to: for
every k, n,m one has aknmbr+1 =

∑
k′,n′,m′ λknmk′n′m′ak′n′m′ , where λknmk′n′m′ 6= 0 for

at most two systems (k′, n′,m′) such that k′ + n′ + m′ − k − n − m is odd. So,
b1 . . . brbr+1 =

∑
k′,n′,m′ λ′k′n′m′ak′n′m′ , where

λ′k′n′m′ =
∑
k,n,m

λknmλ
knm
k′n′m′(5.3)

and the summation is over such systems (k, n,m) that k′+n′+m′−k−n−m is odd.
Suppose now that λ′k′n′m′ 6= 0 for some k′, n′,m′. It means that in (5.3) there is a
nonzero ingredient, i.e. there is a system (k, n,m) such that k′+n′+m′−k−n−m
is odd and λknm 6= 0. k + n + m − r is even by the inductive assumption. Then,
k′ + n′ +m′ − (r + 1) is even too.

Let us fix some important elements in Oα
2 (see [24]):

θ = ψ1ψ1ψ
∗
1ψ

∗
1 + ψ2ψ2ψ

∗
2ψ

∗
2 + qψ2ψ1ψ

∗
2ψ

∗
1 + qψ1ψ2ψ

∗
1ψ

∗
2 + (1− q2)ψ2ψ1ψ

∗
1ψ

∗
2 ,

(5.4)

S = (1 + q2)−
1
2 (ψ1ψ2 − qψ2ψ1).(5.5)
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Remark 5.2. The selfadjoint element θ ∈ H2H∗2 fulfills the following relations:
H1) σn(θ)σn+1(θ)σn(θ) = σn+1(θ)σn(θ)σn+1(θ) for n ∈ N0,
H2) σn(θ)σm(θ) = σm(θ)σn(θ) for n,m ∈ N0 such that |n−m| > 1,
H3) θ2 = (1− q2)θ + q2I.
Moreover, it is known ([24]) that
H4) for every n ≥ 2 the C∗-algebraOα

2 ∩HnH∗n is generated by elements σm(θ),
m = 0, . . . , n− 2.

For q = 1 the element θ is just the flip operator on H2H∗2 ∼= M2(C)⊗M2(C).
Moreover, if 1 ≤ m ≤ n − 1 then σm−1(θ) interchanges m-th and (m + 1)-th
factors in HnH∗n ∼= M2(C)⊗n. Let s1, . . . , sn−1 ∈ Sn be reflections generating
the symmetric group Sn. Then the mapping sm 7→ σm−1(θ) can be extended to a
representation of the group Sn in the algebra HnH∗n. By taking inductive limits
we obtain a representation of S∞ on the UHF-algebra O0

2
∼= M2(C)⊗∞ which is

nothing but the one constructed in [17] and [16] (see also [18]). Of course this
representation can be extended to a representation π of the algebra C(S∞) (the
inductive limit of the group algebras C(Sn)) in the algebra O0

2 . Thus we arrive at

the permutation symmetry (see [4]) and we have π(C(S∞)) = OSU(2)
2 ∩ O0

2.
For an arbitrary q ∈ [−1, 1]\{0} let g1, . . . , gn−1 be the generators of the Hecke

algebra Hn(q2) (see [21]). Then due to the relations H1)–H3) from Remark 5.2 the
mapping gm 7→ σm−1(θ), m = 1, . . . , n − 1, can be extended to a representation
of Hn(q2) in HnH∗n. Moreover, the similar inductive limits argument leads to a
representation πq of H(q2) in O0

2.

Proposition 5.3. 1. The element S ∈ H2 defined in (5.5) is an isometry and
SS∗ ∈ H2H∗2 is a spectral projection of θ.

Moreover, S fulfills the following relations:
2. S∗σ(S) = −(q + q−1)−1I,
3. σn(SS∗)σm(SS∗) = σm(SS∗)σn(SS∗) for n,m ∈ N0 such that |n−m| > 1,
4. σn(SS∗)σm(SS∗)σn(SS∗) = (q + q−1)−2σn(SS∗) for n,m ∈ N0 such that

|n−m| = 1.

Proof. 1. θ = I − (1 + q2)SS∗ = (I − SS∗) − q2SS∗. The other points are
consequences of simple calculations.

Remark 5.4. 5.3.3 and 5.3.4 show that the family {σl(SS∗) : l ∈ N0} can be
considered as the system of Jones’ projections (see [12]).

Theorem 5.5. Oα
2 is the smallest C∗-subalgebra of O2 which contains S and is

stable under the canonical endomorphism ρ.

Proof. Let C∗(S, ρ) denote the smallest C∗-algebra containing S and invariant un-
der ρ. It is obvious that C∗(S, ρ) ⊂ Oα

2 (cf. Lemma 3.5). In order to prove the
converse inclusion, first we will show that Oα

2 ∩ P2 ⊂ C∗(S, ρ). By Proposition
4.3 it suffices to prove that Oα

2 ∩ Pk
2 ⊂ C∗(S, ρ) for every k ∈ Z. Consider the

case k = 0. Oα
2 ∩ P0

2 =
⋃
nOα

2 ∩ HnH∗n and from Remark 5.2.H4) we see that
Oα

2 ∩P0
2 is generated by σm(θ), m ∈ N0. Proposition 5.3 implies that θ ∈ C∗(S, ρ),

so Oα
2 ∩ P0

2 ⊂ C∗(S, ρ). Next, let X ∈ Oα
2 ∩ P2l

2 for some l ∈ Z. By taking X∗

if necessary, we can assume that l ≥ 0. Then XS∗l ∈ Oα
2 ∩ P0

2 ⊂ C∗(S, ρ) and

X = XS∗lSl ∈ C∗(S, ρ). It remains to show that Oα
2 ∩P2l+1

2 = {0} for every l ∈ Z.
Proposition 4.4 yields

Oα
2 ∩ P2l+1

2 = Eα(P2l+1
2 ).(5.6)
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Let X be an element of P2l+1
2 of the form

X = ψi1 . . . ψinψin+1 . . . ψin+2l+1
ψ∗jn . . . ψ

∗
j1(5.7)

for some n ∈ N and i1, . . . , in+2l+1, j1, . . . , jn = 1, 2. Then

Eα(X) =
∑

p1,... ,pn+2l+1
r1,... ,rn

h
(
up1i1 . . . upn+2l+1in+2l+1

u∗rnjn . . . u
∗
r1j1

)
× ψp1 . . . ψpn+2l+1

ψ∗rn . . . ψ
∗
r1

where matrix elements uij are given by (5.2). Thus, Lemma 5.1 implies that
the element up1i1 . . . upn+2l+1in+2l+1

u∗rnjn . . . u
∗
r1j1 is a linear combination of ele-

ments aknm such that k + n + m is odd. But h(aknm) 6= 0 if and only if k =
0 and n = m ([23]), so h

(
up1i1 . . . upn+2l+1in+2l+1

u∗rnjn . . . u
∗
r1j1

)
= 0 for every

i1, . . . , in+2l+1, j1, . . . , jn, p1, . . . , pn+2l+1, r1, . . . , rn. Therefore, Eα(X) = 0. P2l+1
2

is spanned by elements of the form (5.7) (see (4.1)), so Eα(X) = 0 for every

X ∈ P2l+1
2 and by (5.6) Oα

2 ∩ P2l+1
2 = {0}. Secondly, we know that Oα

2 ∩ P2 is
dense in Oα

2 (see Lemma 6 of [12]). Therefore it is clear that Oα
2 ⊂ C∗(S, ρ).

Lemma 4.6 and the above theorem lead to

Lemma 5.6. The subalgebra Oα
2 has the trivial relative commutant in O2, i.e.

(Oα
2 )′ ∩O2 = CI.

Consequently, Theorem 3.6 and Lemma 5.6 give

Corollary 5.7. For every X ∈ Oα
2 the following conditions are equivalent:

i) X ∈ Mor(αn, αm),
ii) Xσn(Y ) = σm(Y )X, for Y ∈ Oα

2 .

We conclude this section with a discussion of the structure of the fixed point
algebra Oα

2 . To this end let us recall that the authors of [12] have considered the
twisted unitary group qU(2) and its action α′ on O2 is. They have proved that the

fixed point algebra Oα′
2 of this action is exactly Oα

2 ∩ O0
2.

Let τ(A) = SAS∗, A ∈ Oα′
2 , be the endomorphism of Oα′

2 induced by the
isometry S. From the proof of Theorem 5.3 we can observe that every element
A ∈ Oα

2 ∩O2l
2 is of the form

A =

{
BSl, if l ≥ 0,
S∗lB, if l < 0,

(5.8)

where B ∈ Oα′
2 . Then, Oα

2 has the structure of crossed product of Oα′
2 by the

endomorphism τ (see [15]). Indeed, we have the following universal property (cf.
Lemma 3.8 of [5])

Proposition 5.8. Let ϕ0 : Oα′
2 → B be a morphism of unital C∗-algebras and

R ∈ B be an isometry of B such that Rϕ0(A)R∗ = ϕ0(τ(A)), for A ∈ Oα′
2 . Then

ϕ0 extends uniquely to a morphism ϕ : Oα
2 → B with ϕ(S) = R.

Proof. It is the simple consequence of (5.8).
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