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ABSTRACT. In this paper we investigate a structure of the fixed point algebra
under an action of compact matrix quantum group on a C*-algebra B. We
also show that the categories of C-comodules in B and inner endomorphisms
restricted to the fixed point algebra coincide when the relative commutant
of the fixed point algebra is trivial. Next we show a version of the Tannaka
duality theorem for twisted unitary groups.

1. INTRODUCTION

In [6] Doplicher and Roberts developed the duality theory for compact groups in
the language of abstract symmetric, strict monoidal C*-categories. This approach
has become a useful tool for description of the superselection structure of a quantum
field theory in (3 + 1)-dimensional spacetime by the representation theory of a
compact gauge group (see [7]). In order to obtain a similar picture in the lower
dimensional spaces (¢f. [9, 10]) one should consider some class of ‘quantum’ groups.
In [13, 14] quasi-Hopf *-algebras have been considered as realizations of quantum
gauge groups. However, it is evident that we need a more general class of ‘quantum’
groups. This statement can be justified by the remark that recently many attempts
concerning generalized symmetries of physical systems have been published (cf.
Chapter IV in [11], in particular see p. 155). In this paper we shall restrict ourselves
to Woronowicz’s compact quantum groups ([23]). We are going to investigate the
systems composed of a C*-algebra B and a compact quantum group acting on B.
It seems to be interesting whether the theory of Doplicher and Roberts can be
generalized to the class of such systems.

Our paper is an attempt to describe the duality theory for compact matrix
quantum groups. Let us recall that such groups can be considered as quantum
Lie groups. So, we will apply the program of [4, 5] to quantum C*-systems with
compact matrix quantum groups and we will obtain similar results. Particularly,
the generalized Cuntz algebra associated with the twisted unitary group S,U(2)
will be considered. In Corollary 5.7 we give some version of the Tannaka duality
theorem for S,U(2). We also show that the fixed point subalgebra has the struc-
ture of crossed product of the algebra generated by Jones’ projections by a single
endomorphism.
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The paper is organized as follows: In section 2 we recall some basic definitions
concerning compact matrix quantum groups and their representations. In section 3
we prove a kind of duality theorem about equivalences of categories of representa-
tions of a quantum group and categories of endomorphisms of a fixed point algebra
under an action of the quantum group. In section 4 we establish some basic facts
about Cuntz algebras as well as some technical lemmas. In section 5 we study a
special example of a quantum C*-system composed of the Cuntz algebra and the
twisted unitary group.

Part of the paper was done at University of Warsaw. The author wishes to thank
Professor S.L.. Woronowicz for hospitality and financial support. Special thanks are
going to Professor W.A. Majewski for the many helpful discussions during the
preparation of the paper.

2. COMPACT MATRIX QUANTUM GROUPS

Let us recall some basic definitions about compact matrix quantum groups. For
details see [23, 24, 25].

Definition 2.1 ([23]). A pair G = (C,u) is called a compact matrix quantum
group (c.m.q.g.) if C is a unital C*-algebra and u = [u;j]; j—1,... n is a matrix with
entries in C such that the following conditions are fulfilled:

1. The *-subalgebra Cy of C generated by entries of u is dense in C.

2. There exists a C*-homomorphism (called a comultiplication) A : C — C® C
such that A(u;;) = Ezk\r:1 Uik @ ugj for 4,5 =1,...,N.

3. There exists a linear antimultiplicative mapping (coinverse) « : Co — Cp such
that k(k(C*)*) = C for C € Cy, and Zi\f:l K(Uik)ur; = 051 = Zi\f:l uikk(ug;) for
any i,7 = 1,2,... ,N. I denotes the unit of the algebra C.

Definition 2.2. Let G = (C,u) be a cm.q.g. and K be a finite dimensional
Hilbert space. A linear mapping v : K — K ®C is called a representation of G (or
C-comodule) if (v ® ide)v = (idg @ A)w.

Remark 2.3. One can write v(e;) = Zle e ®vi, j=1,...,d, where d = dim K,

ei,...,eq is an orthonormal basis of K, and v;; € C for 4,5 = 1,... ,d. Definition
2.2 yields
d
(2.1) Alvig) =Y vk @ vk, i,j=1,....d.
k=1

So, given an orthonormal basis of K one has a correspondence between representa-
tions of G and elements v = [v;;] € Mg(C) ® C satisfying the equation (2.1), where
M4(C) stands for the C*-algebra of complex d x d matrices.

The representation u on CV which in the canonical basis is defined by the matrix
[wijlij=1,... .~ is called the fundamental representation of G.

Let v and w be representations of G acting on K and L respectively. A linear
mapping T : K — L is called an intertwining operator between v and w if w(Te) =
(T'®1idc)(v(e)) for any e € K. The set of all intertwiners between representations
v and w will be denoted by Mor(v,w). The tensor product of representations v
and w is the representation v ® w acting on K ® L defined by (v @ w)(ex ® fi) =

SIS e ® f @uawi, k=1,...,d, 1 =1,....d, where d = dim K, d' =
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dimL, ey,...,eq and f1,..., fq are orthonormal bases of K and L respectively,
and [v;x], [wj;i] are matrices of v, w in those bases.

A representation v acting on a Hilbert space K is called unitary if the ma-
trix [vijli,j=1,... ¢ defined in Remark 2.3 is a unitary element of My(C) ® C, i.e.

d d ..
D k=1 VikVj = 05l =304 v vk for any 4,5 =1,... . d.
3. ACTION OF C.M.Q.G. ON C*-ALGEBRAS

Now, let B be a unital C*-algebra. The crucial point in our consideration will
be the notion of an action of a c.m.q.g. on the algebra B (see [8]).

Definition 3.1. Let G = (C,u) be a c.m.q.g. A morphism « : B — B ®mpin C of
C*-algebras is called an action of G on B if (idg ® A)a = (o ® id¢)a. The triple
(B, a, G) will be called a quantum C*-system over a c.m.q.g. G.

A Hilbert space in a C*-algebra B is a finite dimensional closed linear subspace
H of B such that ¢*y’ € CI for all ¢,¢' € H (¢f. [5]). The scalar product (-,-)
on the Hilbert space H is defined by (¢,v')I = ¢*¢’. So, for an orthonormal
basis ¥1,... ,9q of H one has ¢; = 6;;1, i,5 = 1,... ,d. Support of H is the
projection 1y = Zle Y;7, and it does not depend on the choice of orthonormal
basis in H. Moreover, one can define the inner endomorphism of B associated with
H: pg(B) = Ele Y; By} for B € B, where 1, ... ,14 is any orthonormal basis of
H. Clearly,

(3.1) lg =pu(I) and o¢B=pu(B)Y, Y€ H, BebB.
The tensor product of two Hilbert spaces H, H' in B is the Hilbert space HH' =
span{yyy’ : ¢ € H, ¥’ € H'}. Observe that pgr = pgpn-.

Definition 3.2. Let (B,«,G) be a quantum C*-system. We say that a Hilbert
space H in B is a Hilbert C-comodule in (B, «, G) if o(H) C H ® C and the repre-
sentation ag of G obtained by the restriction of the action o to H is the unitary
one.

Lemma 3.3. Let H be a Hilbert C-comodule in (B,«,G). Then a(ly) =1 @ I.
Proof. Let [vij]i j=1,...,a be a unitary matrix of the representation ay in an or-
thonormal basis 41, ... ,14 of H (¢f. Remark 2.3). Then a(1g) = >, a(¢;)a(epf) =
225 2 VRUT @ 0kivfy = Dk Ukl ®@ X vkivy = Do kb @ I =1 @ 1. .

By U(B,«,G) we will denote a category of Hilbert C-comodules in (B, «, G).
More precisely, objects of U(B, a, G) are Hilbert C-comodules H in (B, a,G) and

morphisms between two comodules H and H' are intertwiners between representa-
tions agy and ag, i.e.

ag (TY) = (T @ Doy (), v € H

Let B denote the subalgebra of fixed points under the action a, i.e. B* = {A €
B:a(Ad)=AxI}.
Proposition 3.4. Suppose H, H' are Hilbert C-comodules in (B,a,G), and T €
Mory (H,H'). Then T € B*.

Proof. Lemma 3.3 implies that o(T) = o(Tly) = >, am (TV:)a(y)) =
YT @ DagWi)a;) =T Na(ly) =TI O

— T =14 ’
Moru(H,H’):{TeB; Tiy=T=1yxT, THCH, }
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Lemma 3.5. Let H be an object in U(B, o, G). Then pg(B*) C B*.

Proof. Let 91,...,%q and [vi;]ij=1,..,4 be as in the proof of Lemma 3.3 and
A € B Then a(pu(4) = >, al@i)a(A)a(:)" = 32, ;YA @ vjivg, =
>V AY; @I =pr(A) @ 1. O

Let oy be an endomorphism of B* obtained by the restriction py to B*. By
Z(B,a,G) we denote the category such that its objects are endomorphisms oy
with H being an object in U(B, o, G) while morphisms of Z(B, a, G) are defined as
follows: for any two endomorphisms o, ¢’

Morz(o,0') ={T € B* : To(I) =T =o' ()T, To(A) =o'(A)T, A € B*}.

Both U(B, «, G) and Z(B,a, G) have the structure of monoidal C*-categories (cf.
[5, 6]).-

Theorem 3.6. Let (B, «,G) be a quantum C*-system over a c.m.q.g. (C,u). Then
there is a faithful functor F from U(B,a, G) to Z(B,«, G). If also (B*) NB = CI,
then F is an isomorphism of monoidal C*-categories.

Proof. Define F' on an object H of U(B,,G) as F(H) = og and suppose that
T € Mory (H, H') for some objects H, H' of U(B,«a,G). By Proposition 3.4 T €
B>, while (3.2) implies Tog(I) = T = o/ (I)T. (3.2) gives also Tog(A) =
T’(/JA = OH (A)T’lb, for A € Ba, ’lﬁ € H. SO7 TO'H(A)lH = UH/(A)TlH, hence T €
Morz(og,0n/). Then, we can define F(T') = T and F' is a faithful functor. Given
¢ € B such that pA = o (A)¢ for A € B, one has Yv*¢pA = Y*oy(A)d = Ap*¢ for
Y€ H. So,¢*¢ € (B)'NB. Assuming (B*)'NB = CI one obtain ¢} ¢ = A\;I for an
orthonormal basis 91,... ,14 of H. Hence, ¢ = og(I)p = >, it o =3, Nih; €
H. So, the Hilbert space H is uniquely determined by its inner endomorphism
o, ie. H={p € B:¢pA=oy(A)p for A € B*}. Let T € Morz(oy,on ) and
let 91, ... ,%a (¥},... ) be a basis of H (H' respectively). Then, ¢;" Ty A =
wj/*TO'H(A)’(/)i = 1/)jI*O'H/(A)TU)1' = A’l/)j/*Tl/)i, A € B% Thus ’l/)j/*Tl/)i = )\ﬂI
for ¢ = 1,... ,d, ] =1,... ,dl. So T = O'H/(I)TO’H(I) = le )\jﬂ/)/l/};ﬁ, hence
TH C H'. Moreover, (T ® Ia(y) = a(T)a(y)) = a(T) for ¢ € H. Consequently,
we conclude that T' € Mory (H, H'). |

4. PRELIMINARIES ABOUT CUNTZ ALGEBRAS

To describe the action of the quantum group S,U(2) we will need some basic
facts about Cuntz algebras as well as some technical lemmas. Therefore, for the
reader’s convenience we will provide the necessary material in this section.

Recall that the Cuntz algebra Q4 for d € N, d > 1, is a C*-algebra generated by
d isometries ¥1,. .. ,1q such that ¢;¢; = 6;;1, 4,5 =1,... ,d, and Z‘ii:l vy = 1.
In [3] Cuntz has showed that Oy is uniquely defined by these conditions and it is
simple, i.e. it contains no nontrivial ideals.

Let H = span{t1,... ,%q}, and let H* denote the k-th tensor power of H,
ie. H* = span{t;, ...v;, :i1,...,ix = 1,...,d}. Linear operators from H* to
H' can be identified with elements of H'H**, where H'H** = span{¢1¢3 : ¢1 €
H', ¢ € H*}. Let us observe that for every k,1 > 0, ¢; € H', ¢o € H* we can
write ¢1 ¢35 = 2?21 b s € HHH*(R+1) | Hence, there is the natural inclusion
HlH*k C Hl+1H*(k+1).
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By P4 we will denote the dense *-subalgebra in O, generated algebraically by
U1,...,q. The structure of Py can be described by saying that it is a graded
*-algebra, i.e. Py = @,y Pk, where

(4.1) Pi= \J H"EH™
n, n+k>0

In order to get the similar description of Oy we will consider the gauge action
3 of the one dimensional torus T on Oy which is determined by the condition:
Be(;) = tap; for t € T i =1,...,d. Let myp(X) = S t=%3,(X)dt for each k € Z
and X € Oy, where dt stands for the normalized Haar measure on the group 7.
Then my, is a projection of norm 1 defined on the Banach space O4. Let O% be the
range of my i.e. OF = {X € Oq: mi(X) = X}. Then we have easy
Proposition 4.1. Let k € Z. Then

i) Ok ={X€0y: B(X)=tFX, t € T},

ii) O% = Pk.

The projection myg is in fact a completely positive conditional expectation onto
the fized point subalgebra OY. Moreover, for every X € Py we have X =, my(z).

Let us remark that the fixed point subalgebra OY is the inductive limit of matrix
algebras (c¢f. (4.1)), so it has a structure of UHF-algebra of type d*°.

Proposition 4.2. For X € Oq, if mi(X) =0 for each k € Z then X = 0.

Proof. Use a similar argument to that given in the proof of Proposition 1.10 in
[3]. |

Let G = (C,u) be a c.m.q.g. Given a unitary representation of G on H defined
in the basis 91, ... ,¥q by a matrix v = [v;;]; j=1,....a We can determine an action «
of G on Oy by defining it on generators (see [12], [8]):

d
(4.2) a(wj)zzwiéévij, j=1,...,d.
=1

Definition (4.2) leads to « (HkH*k) C HFH** ® C for every k = 1,2,..., ie.
H*H** is invariant with respect to the action o and so is 0.

Further, let us recall that the Haar measure h on G can be considered as a
state on C such that (h®ide) A(a) = h(a)I = (id¢ ® h) A(a), for any a € C. It
is known ([23]) that each c.m.q.g admits the unique Haar measure. Let us define
E, = (ido, ® h) a. Then E, is a projection of norm 1 from Oy onto the fixed
point algebra OF under the action a ([12]). It is easy to check that the action «
of c.m.q.g. G commutes with the action 8 of T, i.e. a(3:(X)) = (8 ® ide) a(X),
for every X € Og and t € T*.

Proposition 4.3. If X € OF then my(X) € OF for each k € Z.
Proof. Let X € Of. Then

amie(X)) = [ @@= [ @ 0ide) ()

/ (6, @ ide) (X ® I)dt = / R (B(X) © 1) dt
T T1

/ R X)dt @ T =mp(X)@ 1. O
T1
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Proposition 4.4. For every k € Z one has E,(O%) C Of and E,(P¥) c Ph.
Proof. Let X € O% ie. 3,(X)=t"X. Then
Bi(Ea(X)) = (8: ® idc)(ido, @ h)a(X) = (ido, ® h)(5; @ ide)a(X)
= (ido, ® h)a(By(X)) = t* Eu(X).

Hence X € OF. The second inclusion is implied by the obvious one E,(Pg) C
Pa. |

Let o™ denote the restriction of « to the space H™. Our notation follows from
the observation that such a restriction can be considered as the n-th tensor power of
the representation v (¢f. the definition of « in (4.2)). We shall need the category U
of tensor powers of the representation a, i.e. ObjU = {a™ :n=0,1,2,...} (where
a’:CI - CI®C:I— I®I)and Mor(a™,a™) are the intertwining elements.
Let us remark that U/ is a monoidal C*-category. By Proposition 3.4 we know that
morphisms of the category U are in the fixed point algebra OF.

Let p(X) = >, ¥ Xv¢;, X € Oq, be the canonical inner endomorphism of Oqg
and o be its restriction to the subalgebra OF. We define a category 7 with ObjZ =
{o":n=0,1,2,...} and Mor(¢",0™) ={T € OF : To"(A) = o™ (A)T, A e OF}.
As in the proof of Theorem 3.6 one can see that Mor(a™, o™) C Mor(c™, ™). The
converse inclusion will be showed in the special case when G is exactly the S,U(2).

We conclude this section with the following two lemmas.

Lemma 4.5. Let p € N and S € H? be an isometry, i.e. S*S =1. If X € O
commutes with S or with S* then X € CI.

Proof. The assumption of the lemma implies X = S** X S™ for every n € N. On
the other hand, let us observe that for every r € N we can choose n, € N and
X, € HP" H*P"r guch that || X — X, | < r=!. The conditions S*"* € H*" and
S"r e HP™  for each r, imply: there exist A, € C such that $*"~ X,.S" = \.I.
Consequently, we have

[ X = AcI|| = [| S X 8™ — S XS || = (]S (X — X)) S™ ||
<X =X || <t
Hence, lim, . A\.] = X, and X € CI. O

Lemma 4.6. Let p € N and S € H? be an isometry. If X € O4 commutes with S
and S* then X € CI.

Proof. Let X € Q4. Then, my(XS) = [t7'8,(XS)dt = [t7!B(X)tPSdt =
my—p(X)S for I € Z. In the same way we can check that m;(SX) = Sm;_,(X).
Hence, if X commutes with S then my(X) commutes with S for every k € Z.
Similarly, if X commutes with S* then my(X) commutes with S*. So (¢f. Propo-
sition 4.1), for each k € Z elements my(X)*my(X), mg(X)my(X)* of O com-
mute with S and by preceding lemma they are multiples of unity. Hence, my(X)
is a multiple of unitary element U € O4. Using the argument given in [2] (see
the proof of Theorem 3.2, see also [1]) one can show that if there is a unitary
U in OF then k = 0. Namely, taking U* instead U if necessary, we can assume
that k > 0. Then, V = Ugik € 09, VV* = I and V*V = ¢yt where 1
is one of the generators of Q4. If w is the trace on the UHF-algebra (’)2 then
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d=F = wFiF) = w(V*V) = w(VV*) = w(I) = 1. Hence k = 0. It follows that
mg(X) = 0 unless k = 0, and mo(X) € CI by Lemma 4.5. Hence, by Proposition
42 X e CI. |

5. AcTION OF S,U(2)

Recall ([22]) that S,U(2) is the pair (A, u) where A is the C*-algebra generated
by two elements a, ¢ fulfilling the following relations:

a*a+c*c=1, aa*+ ¢*cc* =1,
cc* = c*c, qca = ac, qcta = ac*,

(5.1)

where g € [-1,1], ¢ # 0, and u is the matrix

a —qc*
(5.2) u= < c ot ) .

Now, we want to describe the structure of the fixed point algebra OF. For this
we need some lemma about the Haar measure on S,U(2). For k € Z, n,m € Ny
(No = N U {0}) we define ag,, = a®c"c*™ where for negative k we set a* = a*/¥l,
Then it is known ([22], Theorem 1.2) that the set {agnm : k € Z, n,m € No} is
the linear basis of the *-algebra Ay generated by elements a,c. Hence, for every
be Aponehasb=>" konm Aknm Gknm, Where coefficients Agy,,, are uniquely defined
and Agpm = 0 for almost every system (k,n, m).

Lemma 5.1. Let r € N and let by, ba,...,b. € {a,a*,¢c,c*}. If biby... b,
3 AenmQknm then for every k,m,m we have that Agnm # 0 implies k +n + m
r(mod 2).

Proof. Induction with respect to r. If r = 1 then the statement is obvious. Sup-
pose that it is true for some r and let by,... ,b,,b.41 be as in the lemma. Then
bi...bpbry1 = D Menm@knmbri1 and by the inductive assumption, if Agpm # 0
then k +n + m — r is even. Relations (5.1) and simple calculations lead to: for
every k,n,m one has agpmbrr1 = Zk,,n,)m, )\Zﬁﬁm,akwmz, where )\Z?ﬁm, # 0 for
at most two systems (k’,n’,m’) such that ¥ +n’ +m’ —k —n —m is odd. So,
bl . brbr+1 = Zk/,n/,m/ )\;C/n/m/ak/n/m/, where

(53) ;c/n’m’ == E )\knmkzﬁﬁm/
k,n,m

and the summation is over such systems (k, n, m) that k'+n’4+m’ —k—n—m is odd.
Suppose now that A}/, # 0 for some k', n’, m’/. It means that in (5.3) there is a
nonzero ingredient, i.e. there is a system (k,n, m) such that ¥’ +n'+m’ —k—n—m
is odd and Agpm # 0. k+n+m — 7 is even by the inductive assumption. Then,
E' +n' 4+ m' — (r+1) is even too. O

Let us fix some important elements in OF (see [24]):

(5.4)
0 = ViUt + athats s + qoti3UT + qrbab s + (1 — ¢ )oth1yhies,

(5.5) S=(1+¢*) 77 (Y12 — qbathn).
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Remark 5.2. The selfadjoint element § € H2H*? fulfills the following relations:
H1) o™ (0)o™ 1 (0)a™(0) = o™ T1(0)o™ (0)o™T1(0) for n € Ny,
H2) o™(0)o™(8) = c™(0)c™(0) for n,m € Ny such that |n —m| > 1,
H3) 6% = (1 — ¢*)0 + ¢*I.
Moreover, it is known ([24]) that
H4) for every n > 2 the C*-algebra O3 NH™ H*™ is generated by elements o™ (0),
m=20,...,n—2.

For ¢ = 1 the element @ is just the flip operator on H2H*? = M,(C) ® M>(C).
Moreover, if 1 < m < n — 1 then ¢™~1() interchanges m-th and (m + 1)-th
factors in H"H*™ = M,(C)®". Let s1,...,5,—1 € Sy, be reflections generating
the symmetric group S,,. Then the mapping s, — 0™~ 1(#) can be extended to a
representation of the group S, in the algebra H" H*". By taking inductive limits
we obtain a representation of S,, on the UHF-algebra O = M,(C)®> which is
nothing but the one constructed in [17] and [16] (see also [18]). Of course this
representation can be extended to a representation m of the algebra C(Ss) (the
inductive limit of the group algebras C(S,,)) in the algebra 0. Thus we arrive at
the permutation symmetry (see [4]) and we have 7(C(Ss)) = (’)ZSU@) N 09.

For an arbitrary ¢ € [—1,1]\{0} let g1,...,gn—1 be the generators of the Hecke
algebra H, (q?) (see [21]). Then due to the relations H1)-H3) from Remark 5.2 the
mapping g, — o™ (@), m = 1,...,n — 1, can be extended to a representation
of H,(q?) in H"H*". Moreover, the similar inductive limits argument leads to a
representation m, of H(¢?) in OS.

Proposition 5.3. 1. The element S € H? defined in (5.5) is an isometry and
SS* € H2H*? is a spectral projection of 0.

Moreover, S fulfills the following relations:

2. S*0(S) = —(q+q 1),

3. o™ (8S5*)o™(85*) = o™ (SS*)o™(SS*) for n,m € Ny such that [n —m]| > 1,

4. 0™ (SS*)o™(SS*)o™(SS*) = (¢ + ¢ 1) 720" (SS*) for n,m € Ny such that
[n —m| =1.
Proof. 1. 0 = I — (14 ¢*)SS* = (I — SS*) — ¢?SS*. The other points are
consequences of simple calculations. O

Remark 5.4. 5.3.3 and 5.3.4 show that the family {0!(SS*) : | € Ng} can be
considered as the system of Jones’ projections (see [12]).

Theorem 5.5. OF is the smallest C*-subalgebra of Oz which contains S and is
stable under the canonical endomorphism p.

Proof. Let C*(S, p) denote the smallest C*-algebra containing S and invariant un-
der p. It is obvious that C*(S,p) C OF (¢f. Lemma 3.5). In order to prove the
converse inclusion, first we will show that O NPy C C*(S,p). By Proposition
4.3 it suffices to prove that Oy N Py C C*(S,p) for every k € Z. Consider the
case k = 0. O3 NPI =, 03 N H"H*" and from Remark 5.2.H4) we see that
0% NPY is generated by o™ (), m € Ny. Proposition 5.3 implies that § € C*(S, p),
so O$ NPY C C*(S, p). Next, let X € Oy NP2 for some | € Z. By taking X*
if necessary, we can assume that [ > 0. Then XS*' € Oy N PY c C*(S,p) and
X = XS*8t € (8, p). Tt remains to show that O3 NPT = {0} for every | € Z.
Proposition 4.4 yields

(5.6) 0% NPIF = B, (P3H).
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Let X be an element of P53 of the form

(5.7) X =i i iy - - ’l/)in+2l+11/);n .. .zZJ;-‘l
for some n € N and i1,... ,9p421+1,J1s- -+ ,Jn = 1,2. Then
E, (X) = Z h (up1i1 .- 'upn+2l+1in+2l+1u:njn e 'uiljl)

yeen

X wpl e wpn+2l+lw:n e "/}:1

where matrix elements wu;; are given by (5.2). Thus, Lemma 5.1 implies that
the element up, iy .. Up, 0 1insoi1Un,j, - - Upjy 1S @ linear combination of ele-
ments agnm, such that k + n 4+ m is odd. But h(agnm) # 0 if and only if k =
0 and n = m ([23]), so h (up,s, uy ...u;‘,m) = 0 for every
i1y it 211y J1s -+ 3 JnsPlse - > Prd2i1s 1, - -+ »Tn- Therefore, B, (X) = 0. P2+
is spanned by elements of the form (5.7) (see (4.1)), so E.(X) = 0 for every
X € P2 and by (5.6) Oy NP+ = {0}. Secondly, we know that OF NPy is
dense in OF (see Lemma 6 of [12]). Therefore it is clear that O C C*(S,p). O

co Upn o 1ing 2141

Lemma 4.6 and the above theorem lead to

Lemma 5.6. The subalgebra OF has the trivial relative commutant in Oz, i.e.
(03)Y NOy = CI.

Consequently, Theorem 3.6 and Lemma 5.6 give

Corollary 5.7. For every X € OF the following conditions are equivalent:
i) X € Mor(a™, a™),
ii) Xo™(Y) =o™(Y)X, forY € O0%.

We conclude this section with a discussion of the structure of the fixed point
algebra OF. To this end let us recall that the authors of [12] have considered the
twisted unitary group ,U(2) and its action o on O is. They have proved that the
fixed point algebra @ of this action is exactly O N OY.

Let 7(A) = SAS* A € OY, be the endomorphism of @ induced by the
isometry S. From the proof of Theorem 5.3 we can observe that every element
A€ 0Oy NOF is of the form

l .
(5.8) A:{BS’ if 1 >0,

S*B, ifl <0,

where B € (93‘,. Then, OF has the structure of crossed product of (’)5‘/ by the
endomorphism 7 (see [15]). Indeed, we have the following universal property (cf.
Lemma 3.8 of [5])

Proposition 5.8. Let ¢q : (93‘/ — B be a morphism of unital C*-algebras and
R € B be an isometry of B such that Roo(A)R* = ¢o(1(A)), for A € O . Then
wo extends uniquely to a morphism ¢ : OF — B with ¢(S) = R.

Proof. 1t is the simple consequence of (5.8). O
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