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ABSTRACT. Let N, denote the unoriented cobordism ring. Let G = (Z/2)"
and let Z.(G) denote the equivariant cobordism ring of smooth manifolds
with smooth G-actions having finite stationary points. In this paper we
show that the unoriented cobordism class of the (real) flag manifold M =
O(m)/(O(m1) x --- x O(ms)) is in the subalgebra generated by @, _on Ni,
where m = 3" m;, and 27—l < m < 27, We obtain sufficient conditions for in-
decomposability of an element in Z.(G). We also obtain a sufficient condition
for algebraic independence of any set of elements in Z,(G). Using our criteria,
we construct many indecomposable elements in the kernel of the forgetful map
Z4(G) — Ny in dimensions 2 < d < n, for n > 2, and show that they generate
a polynomial subalgebra of Z.(G).

1. INTRODUCTION

Let G = (Z2)™, n > 2. Denote by Z.(G) the equivariant cobordism ring of
(smooth) closed manifolds with smooth G-actions having finite stationary point
sets [2], [1]. The cobordism class of a manifold M, along with an action ¢ of G
having finite stationary point set, will be denoted by [M, ¢]. Let R,(G) denote
the vector space over Zs, with basis the set of isomorphism classes of RG-modules
of dimension ¢q. If R.(G) = > 50 Rq(G), then R.(G) is a graded commutative
Zy-algebra with unit. The multiplication in R, (G) is given by [V]- [W] = [V @ W].
One can identify R.(G) with the graded polynomial algebra over Zs generated by
G = Homy, (G, Zs) (cf. [1]).

One has an algebra homomorphism 7, : Z.(G) — R.(G) where n.([M,¢]) =
>7[T, M], the sum being taken over the (finite) set of stationary points of M. By a
theorem of Stong [11], we know that 7, is a monomorphism. One has the ‘forgetful’
homomorphism ¢, : Z,(G) — N, the unoriented cobordism ring, [M, ¢] — [M].
Let T denote the subalgebra of N, generated by @, 5. A;. Then tom Dieck [3]
has shown that Ime, = T (cf. Kosniowski and Stong, section 4 of [5]). In this
paper we prove

Theorem 1.1. Let G(myq,...,my) denote the flag manifold
O(m)/(O(m1) x -+ x O(mg)),
m =3 m;. Let 2"=1 <m < 2". Then [G(ma,...,my)] € T".
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The problem of determining which flag manifolds are unoriented boundaries was
addressed in [10]. The case of Grassmann manifolds was completely settled in [9],
which also considers the case of complex and quaternionic Grassmannians. See also
Stong [12]. The above theorem gives perhaps the best known result in general. It
is easy to see that if two of the numbers my, ..., my are equal, then G(my,...,my)
admits a fixed point free involution and hence bounds. If m is even, then the above
theorem does not yield the best possible result (cf. Theorem 2.1 in [10]). But by
remark 2.3(iii) in [10], the general problem of determining which flag manifolds
bound has been reduced to the consideration of only the case m = > m; is odd,
mai, ..., mg being distinct.

Theorem 1.1 is proved by exhibiting certain (Z3)"-actions on G(maq,...,mx)
with finitely many stationary points.

It is well-known that when n = 2, Z,(G) is isomorphic to the polynomial alge-
bra with one generator [P2, ¢], where the action is given as follows: t1([z,y,2]) =
[—x,y, 2], t2([z,y,2]) = [x,—y,z]. Here t1, to denotes a set of generators of G.
Hence ¢, : Z,(G) — T? is an isomorphism (cf. [1]). However, for n > 3, ¢, is not a
monomorphism [8] and the structure of Z,(G) is not known.

A G-manifold (M, ¢) with finite stationary point set is equivariantly indecom-
posable if [M, ¢] is an indecomposable element in Z,(G). Clearly, if [M, ¢] € Z.(G)
and [M] € N, is indecomposable, then [M,¢] € Z.(G) is indecomposable. An
important step towards understanding the structure of Z,(G) is to know the in-
decomposable elements, as they generate Z,(G) as a Zg-algebra. In section 3 we
obtain a sufficient criterion for an element in Z,(G) to be indecomposable. Since
TP is a polynomial algebra, and since by tom Dieck’s theorem [3] Ime, = T, it
follows that the exact sequence 0 — kere, — Z,.(G) — T2 — 0 splits. Therefore
one can clearly ‘lift’ indecomposable elements from 7' to obtain indecomposable
elements in Z,(G). However, we apply our indecomposability criterion to construct
indecomposable elements in Z,(G) which belong to K, = kere, in each dimension
2 < m < n except possibly in dimension n when n is even. For the precise state-
ment see Theorem 3.6. This is in striking contrast to the situation in the unoriented
cobordism ring A, where there is no generator in dimensions 2/ — 1. Note that
indecomposable elements in K, cannot arise by ‘lifting’ indecomposable elements
from N.. We also prove a sufficient criterion for a set of elements in Z,(G) to be
algebraically independent and use it to show that suitable indecomposable elements
in K, generate a polynomial subalgebra of Z,(G). In the last section we generalize
a result of Conner and Floyd regarding the number of stationary points x such that
an irreducible representation occurs at the tangential representation 7, M with a
given multiplicity.

2. ACTION OF (Z2)™ ON FLAG MANIFOLDS

Let 2 < m < 2", where n > 2. In this section we shall exhibit certain G =
(Z2)™ actions on the flag manifold G(myq,...,mg) =2 O(m)/(O(m1) X - - x O(my)),
>~ m; = m. Indeed this is a routine generalization of the actions of G on projective
spaces considered by tom Dieck in [3]. We recall the action of G on the Milnor
manifold also considered by tom Dieck [3] as it will be needed in section 3.

Let n = {1,2,...,n}. We regard {e, | @ C n} as the ‘standard basis’ of R?",
with its usual innerproduct. For 1 < i < n, let ¢; : R?" — R2" be the R-linear map



ELEMENTARY ABELIAN 2-GROUP ACTIONS 597

defined by

eo ifida.

Hi(ea) = {—ea if i € a,

Then it is readily checked that tf =1d, and t;t; = t;¢; for 1 <4, j < n. Therefore
we obtain a linear action of G on R2".

Lemma 2.1. (i) The decomposition R?" = Y acn Req expresses R?" as a sum of
mutually non-isomorphic irreducible G-submodules of R?".

(i) If V is any G-submodule of R*", then V =" __sRe, for some S C P(n)
with dimV = #58§.

a€esS

Proof of (i). It is clear that each Re, is a G-submodule. We only have to prove
that if o # 3, then Re, 2 Reg. Let o # (3, and let i € aAS. Say, i € o and ¢ & .
Then t;eq = —eq, and t;eg = eg. This shows that Re, cannot be isomorphic to
Reg as G-modules. Part (ii) is an immediate consequence of part (i). O

Let S C P(n), #S = m. Let V =Y _sReq C R?". Since the G-action on
R?" preserves innerproduct and since V is a G-submodule, we obtain a G-action
on any flag manifold G(m1,...,mg), Y, m; = m, modelled on V. Explicitly, if
(A1,...,A;) € G(my,...,mg), and t € G, then t(Ay,..., Ar) = (tA1,... tA).
Clearly (Ai,...,Ax) is a stationary point if and only if each A;, 1 < j <k, isa
G-submodule of V. We conclude from Lemma 2.1 that there are only finitely many
stationary points. We shall denote this action on G(my, ..., my) by ¢s or simply
by ¢ when there is no risk of confusion. Thus [G(m1,...,mk), ¢s] € Z.(G) for
every S C P(n), #S = > mj. In the case of a Grassmann manifold G, with
G-action ¢g, the stationary points are Ey = (€4, - - -, €q, ), the span of eq,, . .., €q,
where « = {aq,...,ax} is any k-element subset of S.

Next, we recall the action of G on Milnor manifolds considered by tom Dieck
[3]. Let S C P(n), #S =k+1,and let T C S, #T =+ 1. Then we can form the
product (Pl x Pk, o1 X ¢s). Let Hyj be the Milnor manifold

3 | [ s |1 D =0
a€eT Bes aeT
Then Hj, is a G-stable submanifold of (P! x P* ¢7 x ¢g). It is obvious that there

are only finitely many stationary points for the G-action on H; ;. We denote this
action on H; j by ¢7 g or simply by ¢.

Proof of Theorem 1.1. Since M = G(mq,...,mg), m = >, m; < 2", was shown to
admit a G = (Z2)™ action with finite stationary point set, it follows from the result
of tom Dieck [3] that [M] € T*. This completes the proof. O

Example 2.2. Take M = (G(40,42,45). Then the dimension of M is 5370. The
above theorem says that [M] € TV = Zs[x2, 74, . . . , T126)-

Let 1 <k <m < 2" For any S C P(n), #S = m, we obtain an element
Gk, #s] in Z.(G), G = (Z3)™. In general distinct choices of S do not necessarily
lead to distinct elements [Gy, i, ¢s] in Z.(G). In fact we have the following rather
amusing example.
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Example 2.3. Let m = 2" — 2,1 < k < m, k odd. Then for any S C P(n),
#S =m, one has [Gn i, ¢s] = 0 in Z.(G).

Proof. First note that P(n) has the structure of a Boolean algebra where addition is
given by symmetric difference and multiplication, by intersection. For this reason,
we write “A+ 17 to mean AAy in the proof. Let S C P(n), #S = 2" —2 =m. Let
a, (3 be elements of P(n) not in S. Let v = a+ B. Then v # &. It is easy to see
that f : § — & + v defines a bijection of S onto itself such that f2 = Id, and f is
fixed point free. It follows that f induces a bijection from the set () of k-element
subsets of S to itself, denoted by F', where F({a1,...,ax}) ={a1+7,...,ax +7}.
Since k is odd, and f : S — S is fixed point free, it follows that F' is fixed point
free.
Recall that the stationary points for the G-action ¢g on Gy, i are

E, = <ea1a--~7eak>7

where a = {aq,...,a5} C S, #a = k. From Lam’s [6] description of the tangent
bundle of Grassmannians, it is easy to see that the tangential representation 7o,Gr, i
of G at F, is isomorphic to

P Rew, @Res, = P Reaps,,

1<i<k 1<i<k
1<j<m—k 1<j<m—k
where S\a = {f1,...,Bm-k}. Since oz + 3; = a; + v+ 5; +v = f(ou) + f(5;)
for any «;,8; € S, it is seen that ToGumk = Tr(a)Gm,k, as G-modules. Since
F has no fixed point, 7.[Gm i, ¢s] = 0. By Stong’s theorem [11], it follows that
(G ke, #5] = 0.

3. INDECOMPOSABILITY

In this section we obtain a sufficient condition for indecomposability of an ele-
ment in Z,(G), G = (Z2)™. We apply our criterion to show the existence of indecom-
posable elements in the kernel K, of the forgetful homomorphism ¢, : Z.(G) — N..
We make use of the equivariant characteristic numbers of a G-manifold constructed
by tom Dieck [4].

Let B = Zs[b1,...,bm,...] be the graded Zs-algebra with degb,, = m, for
m > 1. Let L, denote the B-algebra B[[y1,...,yn|] of formal power series in
Y1,-.-,Yn With degy; =1, 1 <1i < n. Let K, denote the fraction field of L,. Recall
that R, (G) is the polynomial algebra over G = Homg, (G, Zs).

As usual we denote the generators of G by t1,...,t,. For A C n, denote by Y4
the irreducible representation of G given by the character x4 € G. Here

oy L riea
XAV =0 itig Al

Thus R, (G) 2 Z[Ya | A C n]. One has the subalgebra R, (G) of R,(G) generated
by {Ya | A C n, A # @}. Note that the algebra map 7. : Z,(G) — R.(G) actually
has image in R.(G), and that 7, is well known to be a monomorphism [11].

Let 7 : R, (G) — K. denote the Zs-algebra homomorphism defined by v(Y4) =
y%; >0 bry € Ky, where bg =1, ya = 37, , yi- Then tom Dieck [4] shows that
~ o7 is a monomorphism and that Im(vy o n,) is contained in L..
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Let A= A1,..., A+, 7 > 0, be a non-increasing sequence of natural numbers. We
denote by by the product by, by, - --ba, € B (by = 1if A = (), the empty sequence).
For any class [M, ¢] € Z4(G), one can express yn([M, ¢]) as 3 550 ¥a([M, ¢]) - ba,
with ¥y ([M, d]) € Za(y1,.-.,yn) being a homogeneous element of degree |\ —
d, where [A| = > . A;. The ‘integrality theorem’ of tom Dieck [4] implies that
(M, ¢]) = 01if |\ < d, and that ¥x([M,d]) € Za[y1,-..,yn] if [A] > d. One
can regard 1, as defining a Zs-linear map ¥y : Z4(G) — Zay1,-..,yn]. When
Al = d, ¥a([M, ¢]) coincides with the Stiefel-Whitney s-numbers sy[M] € Zg (cf.
Kosniowski-Stong [5]). Just as the nonvanishing of sq(M) implies the indecompos-
ability of [M] in N, one can expect that 1 ([M, ¢]), k any integer greater than d,
may detect the indecomposability of [M, ¢] € Z.(G). In fact we have the following

Proposition 3.1. Let [M,¢] € Z4;(G). Suppose that for some k > d, either
Vi([M, @]) # 0 or Yr_11([M, @]) # 0; then [M, ¢] € Z,(G) is indecomposable.

We need the following lemma to prove the above proposition.

Lemma 3.2. Let [M,¢] = [Mi,$1] - [Ma,¢2] € Z4(G), and let A = A,..., A\
Then

OAIM, @) = D $u([My, 1)) - (Mo, d2])

A=p-v

where - v denotes juxtaposition of p and v arranged in the non-increasing order.

Proof of Lemma 3.2. This is a straightforward consequence of the fact that ~ is an
algebra homomorphism. Indeed we have

D (M, @b = 7([M, 6]) = 1([My, 61]) - 7([Mo, 62))
X

<Z¢M (M1, ¢1])b )(Zwy ([M2, ¢2])b )
=33 (M1, 1)) - 9 ([Mo, é2])byb

=S ST (M1, 6u)) - (M, 62]) b b
A

pnv=A>A

Hence, comparing the coefficients of by, we obtain

UA(M, 6]) = > " ([My, 1) - ¥ ([Ma, $3]) € Zolys, - -, yn)-
O
Proof of Proposition 3.1. Let A\ = k—1,1. If A\ = p - v, then either y = 1 of
v = 1. Note that Z;(G) = 0, so that for any [N, 0] € Z.(G), ¥1([N,0]) = 0. By
the above lemma it follows that i5_1,1 vanishes on any decomposable element of

Z.(Q). Therefore [M, ¢] is indecomposable if ¢¥_1.1([M, ¢]) # 0. The proof for the
case A = k is similar. |

The following three examples will be used in the proof of Theorem 3.6.

Example 3.3. Let 3 < d =2 -1 < n. Let S = {2,{1},{2},...,{d}}. Then
o = [P? ¢s] is indecomposable in Z,(G). (Note that [P = 0 in N,.)
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We prove this by showing that ta42([P?, ¢s]) # 0. Let us write Y; for Yy;;, and
Yi; for Y 53, 1 <4,j <d. A straightforward calculation shows that

=3 IT v )n+IDw

i=1 \j=1,j#i

Let D = szl Yr [ <pegea(¥p +yq), and for 1 <i < d, let

J d
N; = Zyd+2 Z d+1yp+yd+1yz), Ci = H Yp H (Wp + Yq);

p=1,p#i p=1,p#i  1<p<q<d
pFi,qF

Zyd+27 Co = H (yp + yq)-

1<p<g=d
Then 1/’d+2 (0') = %(Z?:O NjOj) and so
(1) Dipaya(o Z N;C.
One can show that the monomial yd+1y2y‘31 2. y}i gL, -yq occurs exactly once
on the right hand side of (1). In fact it occurs in N1 C exactly once and in no other
C; (j #1). Hence ¥g12(0) # 0. |

Example 3.4. Let d < n, d even. As before, let S = {@,{1},...,{d}}. Let
o = [P% ¢s] € Z.(G). Note that o is indecomposable, since (o) = [P4] € N is
indecomposable. We claim that ¥ ([P?, ¢s5]) # 0 for N = 2™, m sufficiently large.

To see this, note that

-3 (I ) w1

=1 \j=1,j7#i

Let D = szl Yp [l1<peqealyp +yq) and for 1 <i < d, let

Ny =y + Z (yi +yp)™ Z Yy

p=1,p#i p=1,p#i

as d is even and N is a power of 2, and

d
H Yp H (Yp + Yq)-

p=1,p£i 1<p<q<d
pF#L,qF i

d d
Let No = szl yzjj\/’ and Cp = H1§p<q§d(yp +¥q). Then D -1y (o) = E] o N;Cj.
One can show that for N sufficiently large—say N > ( )—the monomial yd 1y§ 2
-~yd_1yév occurs in NyCp exactly once and does not occur in any other N;C;.

Hence the aforementioned monomial survives in ¢y (o). D



ELEMENTARY ABELIAN 2-GROUP ACTIONS 601

Example 3.5. Let S = {&,{1},....{k}}, T = {&,{1},...,{I}}, Il < k < n,
k,l both even. Recall that one has an action ¢r g of G on the Milnor manifold
Hyg. Let 0 = [Hyg, ¢1,5] € Zo(G). Further assume that (*}') = 1 (mod 2), so
that [H; ] € N, is indecomposable. We claim that for N = 2” sufficiently large,
Yn+1(0) #0.

To establish our claim, first note that the normal bundle to the imbedding H; j SN
Pl x PFis i*(& @ &), where & is the pull-back of the Hopf line bundle over P! via
the projection P! x P¥ — P!. Using this it is easy to see that

k

!
n@)= > | II Yo II Y],
0<i<l \p=0,p#i q=0,q#1,j
0<j<k
i#]
with the convention that Yo, = Yi,3 = Yy0. Let D = Hﬁ:l Yo [l1<peqer (Wp + Yg)-
For1<i<I, 1<j<k,andi## j, write T

k l k
N N N N N
= L T Y Wt el )+ Y v+ vy,
p=I+1 p=1,p#i q=1,q#i,j
k k
Cij = H Yp - H (Up +¥q) - H (Yi + Yp)-
p=1,p#i,j 1<p<q<k p=Il+1

q#1i.J, pF£i.jJ
For 1 <j <k, let

No; = ZyN“+ Z (W, up + 459,

p=I+1 p=1,p#j
Cos= [T otua)- H Up-
1<p<qg<k p=l+1
p#£J, aF]

For 1 <i <, let
l

Nio = Z v D> W v v,

p=Il+1 p=1,p#i
k
Co= [[ Wtua) T[] wi+wa)
1<p<q<k q=Il+1
PFi,q7#L
Then a routine verification shows that
(2) Dynai(@) = 3 NyCi.
0<i<l
0<j<k
i#]
Consider the monomial yyys 2ys=3...yF=Tlyk= l+1ylk+1l Y oyi yr. We

claim that this monomial survives in the right hand side of (2) for sufficiently
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large N—say N > (g), N = 2. First note that since NV is large, the only monomi-

als which involve y,]cv must come from the terms N;;yCix, 1 <7 < [. In Ny the only

terms which contribute to the above monomial are y2 ( ];;} Yp)- It is not difficult

pF#i
to show that the above monomial occurs (I —1)-times in y,iv(zg;; yp)C1k, and that
it does not occur in y,iv(zg;} yp)Cix, for ¢ > 1. Since [ is even, it follows that the
pFi

above monomial survives in DYy 11(0). Hence ¥n11(0) # 0. |
Let D denote the ideal of decomposable elements in Z,(G). Let K. denote the

7./ 2-vector space K, /(K ND). The dimension of Ky, is the number of Z/2-linearly

independent indecomposable elements in /C,,.

Theorem 3.6. Let 257! <n <25 n>3. Letd= dimg /o K. Then
(i)d>n—2"42, when m=2"—1, m <n,
(ii) d > n—2", when 2" <m+1< 2"t < 2% and m is odd,
(iii) d > n —m, when m is even, 2 <m < n.

Proof. We shall only prove (ii), proofs for other parts being exactly analogous, and
make use of Examples 3.3 and 3.4. Let m be odd and 2" < m+1 < 2"t r < s—1.
Then [Hlk] € N, is indecomposable where k = 2", | = m + 1 — k. Note that [ > 2,
and that k < n. Now let o = [Hj x, ¢s,r] be as in Example 3.5. By Example 3.5,
Yn4+1(0) € Zo[yr, ..., yx] is not zero. Suppose that Ynii(o) = > < Pryy, with
1<t <k P €Zayr, -, Yt—1,Yt+1,-- - Yk|, is the expression for @NH(U) as a
polynomial in y; with positive degree.

Now, for 1 <j<n-—-2"let A; = {&,{1},..., {t—1},{t+1},... . {k}, {k+j}},

and let
T if I < t,
TONTU{k+ N[t} ift<L

Then, writing o; = [Hy ¢, ¢4,,B,], we see that Y1 1(0;) = Zrzo Pryp, ;. There-
fore, Yni1(0 +05) = 22 P (v + y4y;) # 0. Hence by Proposition 3.1, it follows
that o + o, is indecomposable. Clearly e.(0 + 0;) = 2[H; ] = 0. Therefore
o+0j € Kp,. Writing u; = o0+ 0y, for 1 <j <n—2", we see that for any sequence
of1<j1<---< Jp <n—2", one has 1/)N+1(Uj1 +-- '+Ujp) = Zlgqu 1/)N+1(qu) =
> Pr(py + 2014 4<p ygﬂq) # 0. This proves that wu1,...,u,_o- are linearly inde-
pendent in K ,,, completing the proof. O

Remark 3.7. Note that in the course of the above proof one could as well work with
the smallest integer M such that (o) # 0 in the place of the integer N + 1.

The above theorem suggests the following conjecture. Note that the group
Aut(Z2)™ =2 SL,(Zs) acts on Z.(G) as Zg-algebra automorphisms. Indeed if
w € SL,(Zs), then w([M,¢]) = [M,¢*], where ¢¥(t,x) = ¢(w(t),z) for all
x € M. In particular, let o € Z4(G) be indecomposable. Then so is w(c), and
o+ w(o) € Kq.

Conjecture. If w(c) # o, then o + w(o) is an indecomposable element in g4.

Let u1,us, ..., ur be homogeneous elements in Z,(G). Assume that there exists
an integer N; such that f; := ¥, (u;) # 0. We may suppose that N; is the smallest
such integer. By relabelling the u;’s if necessary, we assume that N < Np < ... <
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Ni. Let ig =0 <41 < --- <1, = k be such that N; = N;_ for i,_1 +1 <5 <4,
1<r<np.

Proposition 3.8. With the above notation, assume that f1,..., fr € Za[y1,- .., Yn]
are algebraically independent. Then uq,...,ux are algebraically independent.

Proof. Suppose that P(uq,...,u;) = 0 where P is a homogeneous polynomial of
degree d. Then we can write P as P = ) e,uj' ---u;* where the sum is over all
sequences 7 = (r1,...,7) € N¥ with Zle rilu;| = d, e, € {0,1}, N being the set
of non-negative integers. Let |r| = 74 + -+ 7. Let S = {r | &, = 1}, and let
s =min{|r| | € S}. Note that P =Y gui"---u*. Forre S, let v/ =7, 11+
oty 1 <j<p Let S, ={reS||r| =s}, and let s, = min{r? | r € Sp}.
Similarly, let S,—1 = {r € S, | P = s,}, and set s,—1 = min{r?~! | r € S,_1}.
Having defined Sy, Sp—1,...,Sp—j+1 and sp,sp—1,...,8p—jt+1, we define Sp,_; and
Sp—j a8 Sp—j = {r € Sp—js1 | 1P/ =s5p_j11} and s, = min{r" 7 [ r € S_;}.
Note that S consists precisely of those r € S;, such that the sequence (r?, ... i) =
(Sp,...,s1) is the smallest in the lexicographic ordering of NP, as r varies in S,,.
Now let

A=N'NP =N,

Niyyooo N

p*

S1 Sp

Claim. Forr € S,

e fir ifre Sy
uTl . urk — 1 k = ’
G k ) {O otherwise.

It is easily seen that ix(ui’---u*) = 0if |r| > s = |A]. Also it is triv-
ial to see that (1/71"14'1 sty = frimrtl ¢ 1 < j < p. Furthermore
¥

Zj71+1 : 15 lj71+1 ij ’
VM, (U%,IH e u:]q) =0, q=1i; —i;_1, if some M; < N;, by minimality of Nj.
By Lemma 3.2 the claim follows. To complete the proof of the lemma, we apply
¥ to P(ug,...,ur) = 0. By the claim above

0=va(P(ur,...,ux)) = Z Ua(ult - upk) = Z FIvfo

reST resS

which contradicts the hypothesis that the f;’s are algebraically independent. O

Let uq,...,u, be homogeneous elements in I, constructed as in the proof of
Theorem 3.6. By Remark 3.7 there exist M; smallest such that ¥, (u;) # 0. Write
¥, (ui) = Pi(y1, - - ., yg,) where P; involves yg, .

Theorem 3.9. With the above notation, suppose ui,...,u, € Ky are such that
1<ky,....k <n are all distinct. Then uq,...,u, are algebraically independent.

Proof. The theorem follows immediately from the above proposition as ¥y, (u;) =
Pi(y1,...,yk;), 1 =1,...,7, are clearly algebraically independent. O

In particular, it follows from Theorem 3.6 that /C,,, has at least r elements which
generate a polynomial algebra on r variables where

(i) r=n—29+2 whenm=27-1,m <n,

(ii) 7 =n — 29, when 29 < m + 1 < 2971 < 2% and m is odd,

(iii) » = n —m, when m is even, 2 < m < n.
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We conclude this section with the following questions. Let as usual G = (Z2)".
Question 1. Is Z,(G) finitely generated as a Zs-algebra?

Question 2. Are there indecomposable elements in Z,(G) beyond dimension 2" —
27

4. TANGENTIAL REPRESENTATIONS

An important step in determining the structure of Z,(Z3) is the following ob-
servation of Conner and Floyd (Lemma 32.3, [1]). Let (M, ¢) be a smooth closed
Zo X Zo-manifold, and let o C {1,2}. If Y, occurs in the representation T, M with
multiplicity p, at some stationary point x. Then it occurs with the same multiplic-
ity at an even number of stationary points. We shall show in this section that this
phenomenon happens for any (Zz)™-manifold with finite stationary point set.

Theorem 4.1. Let n > 2 and (M, $) be a closed (Zs)™-manifold with finite sta-
tionary point set. Suppose that for some stationary point x, and o C n, Y, occurs
with multiplicity p in T, M. Then it occurs with the same multiplicity at an even
number of stationary points.

Proof. Let d = dim M. We use the notation of section 3. Let V = Y21 ... Yk
> pi =d, aq,...,q distinct. Then

1
(V) —5r (L b1y, +boya, + - )P - (14 bigay, + by, + )P

B ygi T Yay,
Let 7 < d. The coefficient Cy_,.(V) of b%~" in the expression for 4(V) can be
calculated as follows: If p; =: p > r, then

Ca—r(V) = @ + Po, (V)

a1

where P,, (V) is a polynomial in (1/y4,) of degree less than r with coefficients in
Zo1/ya; | 2 < j <K]. If p<r, then Cq_(V) = Qa, (V), a polynomial in (1/ya,)
of degree less than r with coefficients in Zy[1/yq, | j # 1]. Let So,r ={z € S| Y,
occurs with multiplicity r}. Fix o = a;. We need to show that |S,,,| is even for
each r,1 < r < d. Now suppose that r = s is the largest integer such that Y, occurs
with multiplicity s, among T, M, as x varies over the (finite) set S of stationary
points. One knows that s < d. Then

(3) 0= 1/) yes (M, (b) = C —S(TzM)'

Multiplying both sides of (3) by y2 we obtain

(4) 0= Z (1 +yoPa(TuM)) + Z Yo Qa(TuM).

€S, s z€S\Sa,s

Note that y2 Py (To M), y2Qq(T, M) are polynomials in y, without constant terms
having coefficients in Zs[1/yg | § # «]. Clearing the denominators in (4), we obtain
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an expression

0= D T]usup+ | D wiPa(TeM) | yf oy

16Sa,3 wesa,s

DD wQa(TM) | eyl

wES\Sa,s
in Zolyr,...,yn], where Bi,...,0; € P(n), a # Gi, 1 < i < ¢, k1,..., ke > 0.
Put y, = 0 in the above expression. Then we obtain 0 = |Sq s - ygi ygz in

Zaly1s -, Yn)/Ya)- As Zayi,-..,yn]/(ya) is again a polynomial algebra in (n—1)-
variables, we see that |S,,s| must be even.

Inductively assume that Y2 occurs in T, M, if at all, at an even number of
stationary points for any d > p > r. We must show that Y occurs in T, M, if at
all, for an even number of stationary points. Proceeding exactly as before we see
that

0= ¥ () rmn@an) s S weuman.

p2r \ZESa,p z€S\Up>, Sa,p

Again note that y” P, (T, M) and y"Q.(T, M) are polynomials in y, without con-
stant terms and having coefficients in Zs[1/ys | 8 # «]. As before we see that
D opsr |Sa.p|(?) =0 (mod 2). Hence |Sq,.| = D por |Sapl(?) =0 (mod 2), since by
the induction hypothesis each |Sq p|, p > 7, is even.

Remark 4.2. It may be noted that our method can be used to interpret the van-
ishing of (M, ¢) for |\| < d = dim M in terms of the irreducible representations
Y4, @ C n, which occur in T, M as x varies in the (finite) set of stationary points
of (M, ¢).
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