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ABSTRACT. Let W (v);z,y) be the wideband ambiguity function. It is obtained
in this note that yiaTHW(’L/);m,y)(a > —1) is SO(2)-invariant if and only if
the Fourier transform of v is a Laguerre function.

1. INTRODUCTION

For g € L?(R), the continuous Gabor transform (or windowed Fourier transform)
of f € L?(R) with analyzing function g is defined by
+oo

(1.1) i) i= [ H0e G o

It was introduced by Gabor for study of communication theory ([4]). In (1.1), x is
the time variable and y is the frequency variable. The transform U, f(z,y) of f is
formed by shifting the window function g so that it is centered at x, then taking
the Fourier transform. In this way, ¥, f(x,y) displays the frequency content of f
near time z. For f € L?(R), it can be reconstructed from ¥, f(z,y):

1 .
f@) = —2/ U, f(z,y)g(t — 2)e*™ ¥ dzdy.
9113 Jr2
For f,g € L*(R), the radar cross-ambiguity function of f, g is defined to be
e 1 1 —2miyt
(1.2) H(f,g:2,y) = ft+ 52)g(t — gz)e™ " dt.

From (1.1), (1.2), one knows W f(z,y) is exactly H(f,g;x,y) except for a
phase factor. Both ¥, f(z,y) and H(f,g;z,y) are related to the representation
of the Weyl-Heisenberg group ( [15], [12]). For f € L2(R), denote H(f;z,y) :=
H(f, f;x,y). Function H(f;z,y) is called the radar auto-ambiguity function or nar-
rowband ambiguity function with respect to signal f. Ambiguity functions play an
important role in radar analysis and design since they were introduced by Wood-
ward (see [20], [19], [15]). Properties of H(f, f;x,y), H(f;z,y) and their applica-
tions can be found in many literatures, e.g. [19], [15]. One of these properties is
that H(f;x,y), as a function on R?, is SO(2)-invariant (or rotation-invariant) if
and only if f(x) is a Hermite function, i.e. there exists a nonnegative integer m
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such that f(z) = chm(x)e_””2, here h,,(x) is the Hermite polynomial of degree m,
see [19], [15].

Originally proposed as an alternative to windowed Fourier transform, wavelet
transform has its applications in many fields (see [6], [2]). Let H?(R) denote the

Hardy space, the subspace of L?(RR) consisting of functions 1 with Supp{b\ C [0, 400).
The continuous wavelet transform of f € H?(R) with analyzing function 1 €
H?2(R), denoted by Wy, is defined by

t—x

1 [t
(1.3) Wof(ey)= | s

Continuous wavelet transform is associated to the square integrable representa-
tion of the affine group “ax +b” (see [5]). When 1) satisfies the following condition

+oo d
(1.4) Cy = 27r/ |z/1(w)|27w < +o00,
0

then f(x) can be reconstructed from Wy, f(z,y) as from ¥, f(z,y). In this case

+oo x—b da
(15 f@ =g [ [ Werea oD%,

Equation (1.5) holds at least “in the weak sense”, i.e. taking inner product of
both sides of (1.5) with any g € H2(R) and commuting the inner product with the
integral over a, b in the right-hand side leads to a true formula, which in fact is the
Moyal formula. The convergence of the integral in (1.5) also holds in the following
“strong sense” (see [2]):

1 x — b, dadb
lim flx —C_l/ Wy f (b, a) —=(—— 5 = 0.
5_’07A’B_’+°°H @) =G s<a<A Jb|<B wi )\/E ( a ) a? I

For ¢, f € H2(R), let W (%, f;z,y) = Wyf(z,y) be the wideband cross-
ambiguity function of v, f and W(¢;z,y) := W (¢, ¢;z,y) the wideband ambi-
guity function. Such ambiguity functions were studied by Swick in [16](1967),
[17](1969). The renewed interest in the wideband functions ([1] , [12], [10], [14],
[18], [21], [8]) seems to have been inspired by the development of wavelet analysis.
In this note, we will consider the SO(2)-invariant properties of W (;z,y). The
rotation invariance of wideband ambiguity functions would be of interest for appli-
cations in radar/sonar analysis or design. In the following, when considering the
SO(2)-invariant properties of ambiguity functions, we will assume that ¢ € H?(R),
1Z is real and ¥(x) having some smooth and decaying properties at infinity which
insure that 9" (w) exists on R* :=(0,400) and Y)Y (W), wh (W)Y (w) € LY(R%).
Let A denote the set of all such functions.

2. MAIN RESULTS

For ¢ € A, let W (¢;,y) be the wideband ambiguity function of ¢ defined as
above. As a function on the upper half plane U, if W (i;z,y) is called SO(2)-
invariant when it satisfies
(z +iy)cos § —sin g

. . 7] 9
(z +1y)sin § 4 cos §

W (th;zg,y9) = W (s, y), with zg + iys =

then we can get as below that there is no SO(2)-invariant ¢ € A. In the following
we will consider the ambiguity functions with a different dilation factor.
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For a > —1, let L*?(U) denote the function space consisting of functions on the
upper half plane U square integrable with measure y®dzdy. For ¢ € H?(R), define
the wavelet transform of f € H? with a different dilation by

twwmawzmmawziwwmw

where

vi=a+2
and h = % is the Planck constant in the terminology of quantum mechanics. If ¢
satisfies (1.4), W is an isometry (up to a constant) from H?(R) into L*?(U). We
will consider the rotation invariant properties of the ambiguity function

o o 1 Foo t—u
(2.1) W 2,y) = W (¢, 2,y) = ey () (——)dt.

oo

Let SL(2,R) denote the special linear group. For g € SL(2,R), it acts on U via
the transformations

. . _az+b . 1 _fa b
9:2 = 9zi=9(z) = oy with g —<cd)

and it induces the action on L*%(U) via
(2.2) Uy F(z) — F(gz){g’(z)}% = F(g2)(cz+d)™".

Let SO(2) be the special rotation group, the maximal compact subgroup of
SL(2,R), then elements g € SO(2) are given by

0 0 0 0
_ cosg  sing . 1 [ cosg —sing
g—< 0 s | with g7 = s |00 <2m

. .0
—Ssing COS3 sin 5 Ccos 3

Let Ry be the restriction of U to SO(2) given by

RoF(z) = (isin £ + cos &) zcos —sing
(zsin g + cos &)~ zsin & + cos §
where ¢y := (isin g + cos g)”. Adding the constant ¢y in the definition of Ry

is to assure that RpF(i) = F(i). In fact the point 7 is the rotation center. If
RoF(z) = F(z), then F(z) is called SO(2)-invariant.

Let Z4 denote the set of all nonnegative integers and in this note we would
consider the problem in the case a € Z,. We have

Theorem 2.1. For a € Z4 and ¢ € A, let W (¢;x,y) be the ambiguity function
of ¥ defined by (2.1), then W<(¢; z,y) is SO(2)-invariant if and only if there exists

keZy, k< O‘T'H, such that

- 2w)—a2+1—kL(o‘+1_2k)(2w)e_‘“ forw>0
2.3 IS k ’ =
(2.3) v(w) { 0, forw <0,

where ¢ is a nonzero constant and L,(ca)(w) 1s the Laguerre polynomial of degree k.

Proof. “="  1If there exists ¢ € A such that W%(¢;z,y) is SO(2)-invariant,
then RoW<(¢; z,y) = W (¢; 2, y) for all § and hence

d(ReW* (¢; 7, y))
do

(2.4) =0.

6=0
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For appropriate functions F'(z) on U, it follows by a direct calculation

; 2 _ .2
L%ZZ(Z) o = %F(z) — ng(z) +Z _326 ! BF(%, v) _ xyaFg;’ y)
From the definition of W f(z,y),
SEPES EON 5
Wi f(x,y) / P( yw )e™ T dw.

Therefore we would consider functions with the form of

v—1

“+oo
F(z) =y / h(yw)g (@) du,

where z = x+iy, h(w) and g(w) are real functions on R with h”(w), ¢"(w) existing
and having some decay properties at infinity. For such kind function F'(z),
,dReF(Z)
_gpt0m \)
BT

6=0

v—1

o0 )
(2.5) =v(l —y)F(2)+ixF(2)+ (y? —a® = 1)y~ = /0 h(yw)wg(w)e™*dw

—+o0
2y~ T / R (yw)wg(w)e™*dw.
0
Let D, denote the differential operator of functions on R* defined by

d? d (v—1)>2
o204 2
wduﬂ wdw—l—w vw + 1 .

Then by a direct calculation and (2.5), one has

+oo 1 ) +oo 1 )
/ h(yw)—D,g(w)e**dw — / g(w)—D,h(yw)e™*dw
0 w 0 w

. V_*ldRGF(Z)
2.7 = -2y 2 ——= .
(2.7) iy @b,

Let F(z) = W*(¢; x, y) then (2.4) and (2.7) lead to

/ Pyw) =Dy} do = / Blw) = Dy lyw)e ™ d,

(2.6) D, =

and hence @[J(yw)D,,z/J(w) = w(w)D,,w(yw) for all y,w € RY. Therefore one can get

that @(w) is an eigenfunction of D,,. The differential operator D, has spectra (see
3], [13]):

-1 -1 -1 -1
o(D) =4 (=) - (e — 2 ke Zy k< o= LU [(Eo2)2 +00) b
2 2 2 2
For k < %5=, denote Ay := ("T—l)2 — (%2 —k)?, and let ¥ (w) be the eigenfunction
of D, correspondlng to Ak, i.e.
(2.8) Dytbr(w) = Mt (w).

And let ¢ be the function defined by 1 (w) = (2w)~2¢(2w). Then by (2.8),

1 v 144 —(v—1)2

(2.9) o (t) + (_Z + % + e )(t) = 0.
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Equation (2.9) is just the “ Whittaker’s differential equation” (see [11]) and it has
solution My, , the Whittaker’s function, given by

¢ 1
My (8) = €7 50945 By (py + 3 — N1+ 2p;t),

where N = ¥, yy, = 451 — k. Thus
br(w) = (2w) 2 My, (2w) = (20) 7 e Py (—ks v — 1 — 2k; 2w)

a+1—2k

= (2w) 2 e_“’L,(CaH_%)(Zw).

For the continuous spectra A of D,, let zz,\ be the corresponding eigenfunction; then
one can get as above that

- 1
Pa@) = ()™ Py + 5 — 531+ 20 2),

where pu) = £iy/A — (452)2. Such ¢, is not in A since ¥ (w) is not a real function.

“«=" Forany k€ Zs, k< O‘TH, let ¢y, € A given by

Vi (w) = { (2w) T FLET T (w)e ™, forw > 0,
0, for w < 0.
Then
1 too ~ )
W (s 2,y) = —57 Ui (yw) b (w) e dw
2ry~—2 Jo
2a—2k:

+oo
a+1-2k 7 (a+1-2k) (a+1-2k) —w(y+1—iz
ﬂ'yk/o w L, (2w)Ly, (2yw)ewW Ddw.

Denote p := = = 1262 with » = 2 + iy, one can get

1 o0 o o
W (g 2,y) = —y_k/ W2k LRI () LI (y)e P du
0

4

_ ey p-)p-y* . pp=1-y)
Y (k)2 pat? A=k ks 17(p—1)(p—y))
_ . —klla+2) (p—l)’“(p—y)’“( y o

A (k!)? pot? (r—1p—y)
.QFl(—k,k—Og—l;—a—l;p(p__—ly_y))
_ 29T(a +2) 1 ' 1 —izf?
= TR (1 imere ik ke s Lia s ),

where o Fy (a, b; c;t) := > 27 Mt" is the hypergeometric function with (a)g :=

n=0 (c)pn!

1, (a)p, :=ala+1)---(a+n—1).

0 .
cos? —sgind
For zc U, gt = . 3 2 ) € SO(2), denote

sin?  cos?
2 2

0 8

zcos? —sin g

wi=u+iv=g(z) = —F—=;

] ’
zZsin 5 4 Cos 3
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_1—iz)?
=

RoW ¢y 2, y)

1—iwl|?
then 1=l 4“" and
v

- 0 0\a+2 o .
281N 5 + COS 5 20T (o + 2 -

_ —2 29) : (__ )a+22F1(—kak—a—1;—a—1;g)
(2sin ¢ + cos §)a+2 m(k!)2(1 — iw) o

_ 2°T(a+2) . P

= TR e (ke k —a = e = L)

= W (¥r; 2, y).

That is W*(¢r; x, y) is SO(2)-invariant. The proof of Theorem 1 is completed. O

Remark 1. The differential operator D, given by (2.6) is equivalent to the Casimir
operator of the representation U” of SL(2, R) given by (2.2). In fact, the Casimir
operator O, is given by

8_2_|_8_2)_|_'V (E_FQ)
0x2  Oy? wy Y8y ”

0, = —y?
v A ox oy

and we have (see [7], [3])

-~ ~

0, W, fi2,9) = 2# /0 (D) (yo) Flw) e do.

Y 2

We shall also note here that function 1 given by (2.3) satisfies (1.4) since 241 —k >
0.

Remark 2. If v is not an integer and ¢ is the function defined by (2.3), then for
0 € [0,27], RoeW*(¢;z,y) equals to W (¢;x,y) (up to a constant on the unit
circle).
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