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IMAGE MULTIPLE POINT SPACES

AND RECTIFIED HOMOTOPICAL DEPTH

KEVIN HOUSTON

(Communicated by Ron Donagi)

Abstract. We investigate the local topology of multiple point spaces in the
image of a finite complex analytic map. In particular, we find examples of
maps for which the constant sheaf on an image multiple point space of the
map is perverse. These results are proved by the use of a spectral sequence
which calculates the homology of the image of a continuous map.

Introduction

For a finite and proper complex analytic map f : X → Y the closure of the set of
points in the image of f that have k or more preimages is a complex analytic space.
These spaces are called the multiple point spaces in the image and are denoted
Mk(f).

In this paper we shall study the local topology of such spaces for certain classes
of maps for which the image is a hypersurface in the target space. Here local
topology means the study of punctured neighbourhoods of points. Knowledge of the
behaviour of the local topology of a space can lead to information on the topology of
the whole space, for instance, Lefschetz hyperplane theorems and Barth-Lefschetz
type theorems; see for example [Ho2] and the references therein.

One of the consequences of the results is that we find examples of spaces where
the sheaf complex defined by the constant sheaf QX in degree −dimCX and zero
elsewhere, denoted Q•

X [dimCX ], is a perverse sheaf. The definition of a perverse
sheaf can be found in, for example, [M].

In Section 1 we recall the definition of the multiple point spaces of a map and
review rectified homotopical depth of a complex analytic space. When dealing
with the topology of complex analytic spaces it is convenient to use the notion
of rectified homotopical depth; this is essentially a measure of how the homotopy
groups of punctured neighbourhoods of points vanish. The rational homological
version of rectified homotopical depth is closely related to the perversity of the
shifted constant sheaf.

The statements of the results on the rectified homotopical/homological depth of
image multiple point spaces are made in Section 2 and the proofs are given in the
following section. The final section contains some deductions from the theorems.
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Of particular interest is Corollary 2.9. From this we can deduce that if f : X → Y
is a locally stable corank 1 map between complex manifolds of dimension n and
n + 1 respectively, then the sheaf complex Q•

Mk(f)[n − k + 1] is a perverse sheaf.

Thus we have some new examples of perverse sheaves.
During the writing of this paper the author was supported by a grant from the

EPSRC (grant number GR/K/29227).

1. Notation and definitions

Suppose f : X → Y is a finite and proper continuous map. Define the kth

multiple point space Dk(f) to be

Dk(f) := closure{(x1, . . . xk) ∈ Xk|f(x1) = · · · = f(xk)for xi 6= xj , i 6= j}.
Define the kth image multiple point space Mk(f) to be

Mk(f) := closure{y ∈ Y |#f−1(y) = k}.
There exist continuous maps εi,k : Dk(f) → Dk−1(f) defined by

εi,k(x1, . . . , xk) = (x1, . . . , x̂i, . . . , xk)

for 1 ≤ i ≤ k. We denote the image of Dj(f) in Dk(f) under any one of these maps

by Dj
k(f).

There also exist continuous maps εk : Dk(f) → Y given by

εk(x1, . . . , xk) = f(xi) for any i.

By definition we have Mk(f) = εk(Dk(f)) = f(Dk
1).

Let M be a module upon which Sk acts (the group of permutations on k objects),
and give Sk the usual sign representation. Then define the idempotent functor Alt
to be given by

AltM = {m ∈M |σ(m) = sign(σ)m for all σ ∈ Sk}.
One of the main theorems of [GM] concerns the existence of a spectral sequence

calculating the rational homology of the image of f :

Theorem 1.1. There exists a spectral sequence

Ep,q
1 (f) = AltHq(Dp+1(f); Q) ⇒ H∗(f(X); Q).

This sequence can be viewed as the multiple point spaces giving a resolution of
the image. The behaviour of the multiple point spaces is often far simpler than that
of the image. For example, if f is a stable complex analytic map with the corank of
its differential at every point less than or equal to 1, then the multiple point spaces
are nonsingular (see Theorem 2.14 of [MM]), whereas, even in this case, in general
the image multiple point spaces have non-isolated singularities.

Suppose X is a complex analytic space. Let S be a Whitney stratification of X
and let LA denote the real link of the stratum A.

Definition 1.2. The rectified homotopical depth of X , denoted by rhd(X), is the
largest integer such that

πi(Cone(LA), LA) = 0 for i < rhd(X)− dimCA for all A ∈ S.
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This number does not depend on the stratification chosen. For the main theorems
on rectified homotopical depth see [HL], in particular Theorems 2.12, 3.2.1 and
4.1.2.

We can make similar definitions for rHd(X ;G), the rectified homological depth
over G, by replacing the relative homotopy groups above by relative homology
groups over the coefficient group G.

Suppose X is an Sk-invariant complex analytic space with an Sk-invariant strat-
ification, for example a multiple point space. Then we define rectified alternating
homological depth, raHd(X ; Q), by choosing an H-invariant link of the stratum A,
where H is the isotropy subgroup of a point of A, and using the following:

AltHi(Orbit(Cone(LA)), Orbit(LA); Q) = 0 for i < raHd(X)− dimCA for all A.

Examples of raHd are given in Theorem 2.13 of [Ho1] (where it was first intro-
duced) and Proposition 3.4 of [Ho2].

In [HL] Hamm and Lê prove that the condition rHd(X ; Q) = dimCX is equiv-
alent to Q•

X [dimCX ] being a perverse sheaf. They attribute this observation to Z.
Mebkhout and an anonymous referee. The theorems in the next section give new
examples of spaces for which the shifted constant sheaf is perverse.

2. Statement of results

In this section we state the main results on the local topology of image multiple
point spaces.

Definition 2.1. A complex analytic map f : X → Y is said to be induced from
a codimension 1 map with property A if there exists a finite and proper map
F : Z → U such that Z is a complex analytic space of dimension n, U is a connected
open subset of Cn+1, X = F−1(Y ) and F has property A.

Example 2.2. If f is a map of manifolds of dimension n and n+ 1 and is finitely
A-determined, then f is induced from a codimension one map which is stable. A
good reference for notions from singularity theory, such as A-determinacy, is the
paper [W] by Wall.

Theorem 2.3. Suppose that f : X → Y is locally induced from codimension 1
maps of degree 1 with Gorenstein domains. Then

(i) rhd(M2(f)) ≥ rhd(Y )− 2, and
(ii) rhd(D2

1(f)) ≥ rhd(X)− 1.

The statement obtained by replacing rhd by rHd is also true. In particular, suppos-
ing f is dimensionally correct with f(X) of codimension 1 in Y and rHd(Y ; Q) =
dimCY , then Q•

M2(f)[dimCM2(f)] is a perverse sheaf. Similarly, if rHd(X ; Q) =

dimX, then Q•
D2

1(f)
[dimCX − 1] is perverse.

Thus assuming X to be Gorenstein provides very good theorems on the local
homotopy behaviour of M2(f) and D2

1(f). To prove theorems on other image
multiple point spaces we move to homology and put stronger conditions on the
spaces and maps. A suitable (generic) condition for a map is the following.

Definition 2.4. If f : X → Y is map of complex analytic spaces, then we say f is
dimensionally correct if dimCDk(f) = k.dimCX− (k−1).dimCY for all Dk(f) 6= ∅.

That is, if f is dimensionally correct, then the dimensions of the multiple point
spaces are what one would expect from a generic map between manifolds.
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Example 2.5. Suppose f is a finitely A-determined map, f : Cn → Cp, with
n < p. Then it is proved in [Ho1] that f is dimensionally correct.

Theorem 2.6. Suppose that f : X → Y is a dimensionally correct map, with Y
a complex analytic manifold of dimension dimCX + 1 = n + 1 and rHd(X ; Q) =
dimCX. Then rHd(M2; Q) ≥ rHd(D2

1 ; Q).
Thus, if Q•

X [n] and Q•
D2

1
[n− 1] are perverse, then Q•

M2
[n− 1] is perverse.

In the following a corank 1 map will be a map that at each point has differential
of corank less than or equal to one. Corank 1 stable maps f : X → Y of complex
manifolds of dimension n and n + 1 respectively are locally immersions or trivial
extensions of maps of the form,

(x1, . . . , x2k−3, y) 7→ (x1, . . . , x2k−3, y
k + x1y

k−2 + · · ·+ xk−2y,

xk−1y
k−1 + · · ·+ x2k−3y),

for some natural number k.

Example 2.7. If n = 2 then the only stable non-immersion of corank 1 is the
Whitney umbrella.

Theorem 2.8. Suppose that f : X → Y is a map of complex analytic spaces of
dimensions n and n+1 respectively, which is locally induced from codimension one
maps that are stable and of corank 1 and have target of dimension N . Suppose that
Y is locally embedded in CN by p equations. Then

rHd(Mk(f); Q) ≥ N − p− k.

Corollary 2.9. Suppose that f : X → Y is a dimensionally correct map of com-
plete intersections of dimensions n and n + 1 respectively which is locally induced
from codimension one maps that are stable and of corank 1. Then

rHd(Mk(f)) = n− k + 1.

Thus, Q•
Mk

[n− k + 1] is perverse.

Proof of Corollary. Since Y is a complete intersection then N − p = n + 1, and
so by the theorem we have that rHd(Mk(f); Q) ≥ n − k + 1. Since the map is
dimensionally correct dimCMk(f) = dimCDk(f) = n−k+1, and so rHd(Mk(f); Q)
is maximal. The perversity statement is then trivial.

Remark 2.10. It would seem likely that the statement of Theorem 2.8 in terms of
rhd should be true, however it is not obvious how one could prove this.

3. Proofs of the theorems

Proof of Theorem 2.3. The assertion comes down to local considerations, and so
we can assume that we have a map F : Z → Cn+1 with F of degree one and Z
Gorenstein.

Since Z is Gorenstein, by Propostions 2.5 and 3.4 of [MP] there exists a sym-
metric matrix, the determinant of which defines the hypersurface F (Z), and the
maximal minors of the matrix obtained by deleting the first column of the symmet-
ric matrix define M2(F ) as a complex analytic space. By Theorem 2.1 of [V] such
a space is set theoretically defined by two equations. Since M2(f) = Y ∩M2(F ),
we deduce from Theorem 3.2.1 of [HL] that rhd(M2(f)) ≥ rhd(Y )− 2.
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The space D2
1(F ) has the same locus as the conductor ideal of the map, and since

Z is Gorenstein the conductor ideal is principal; see Proposition 3.5 of [MP]. This
implies that D2

1(f) is defined locally as a hypersurface in X . Hence by Theorem
3.2.1 of [HL] we have rhd(D2

1(f)) ≥ rhd(X)− 1.
The homology statements involving rHd work because the homology statement

of Theorem 3.2.1 of [HL] is also true.
To prove the first perversity theorem we sandwich the rHd between the dimen-

sion of the space as follows:

dimCY − 2 = rHd(Y )− 2 ≤ rHd(M2(f)) ≤ dimC M2(f) = dimCY − 2.

The first inequality is by the homology part of the theorem, and the final equality
follows from the fact that f is a dimensionally correct map.

The statement for D2
1 is proved by a similar argument.

The last two theorems of the previous section are in essence both consequences
of the following lemma.

Lemma 3.1. Suppose that g : W → Z is a finite and proper complex analytic map
and m a natural number such that

raHd(Dk(g); Q) ≥ m− k for k ≥ 2.

Then rHd(g(W ); Q) ≥ min{rHd(W ; Q),m− 2}.
Proof. Since g is a complex analytic map it is possible to make g a stratified sub-
mersion, so that the spaces Mk(g) are union of strata. The finiteness of the map
implies that g is a Thom map.

The statement of the theorem is in essence local, so we can assume that for any
point z there exists a complex analytic map F : U → V , where U is a disjoint
union of open sets in CN and V is an open set in CP for some N and P , and that
F |W ∩ U = g. We assume that locally g(W ) embeds in V and that each disjoint
set of U contains one connected neighbourhood of g−1(z).

Let A be the stratum of g(W ) that contains z. There exists a manifold N in V
such that N is transverse to the strata of g(W ) and N ∩ A = {z}. Let the pair
(Bε, Sε) ⊂ N define the real link of the stratum A, i.e. ε is sufficiently small so that
Sε, the boundary of the ball Bε of radius ε centred at z, is transverse to the strata
of g(W ).

Then, by definition, we have rHd(g(W )) ≥ r if and only if

Hi(Bε ∩ g(W ), Sε ∩ g(W )) = 0 for i ≤ r − dimCA, for all z ∈ g(W ).

The pair g−1(Bε, Sε) is a union of pairs of neighbourhoods and links of strata of
the points g−1(z), and we have rHd(W ) ≥ r if and only if

Hi(g
−1(Bε ∩ g(W )), g−1(Sε ∩ g(W ))) = 0

for i ≤ r − dimCA, for all z ∈ g(W ).
We can reduce the situation to the case of a zero dimensional stratum by defining

the map g′ = g|g−1(N). Then the map εk : Dk(f) → Z provides us with an
Sk-invariant set (εk)−1(N) defined by dimCA Sk-invariant equations. We have
Dk(g′) = Dk(g)∩(εk)−1(N). By using the alternating homology version of Theorem
3.2.1 of [HL] we deduce that

raHd(Dk(g′)) = raHd(Dk(g) ∩ (εk)−1(N)) ≥ raHd(Dk(g))− dimCA

= m− k − dimCA for k ≥ 2.
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Define the maps G = g′|(g′)−1(Bε) and G̃ = g′|(g′)−1(Sε). Then the set Bε ∩
g(W ) is the image of G and Sε ∩ g(W ) is the image of G̃. The image computing

spectral sequences for these maps (denoted E(G) and E(G̃) respectively) can now
be compared because the raHd of each multiple point space of g′ is assumed to be
known. This will then give us information on the homology of the links of g(W ).

The space Bε ∩ g(W ) is contractible to y by reducing the value of ε, and this
leads to a contraction of the multiple point spaces of G to a finite set of points.
Thus

Ep,q
1 (G) = AltHq(Dp+1(G)) = 0 for q > 0,

and the sequence must then collapse at E2, revealing that

Ep,0
2 (G) ∼= Hp(Bε ∩ g(W )) =

{
0 for p > 0,
Q for p = 0.

The multiple point spaces Dk(G) and Dk(G̃) are Sk-homotopy equivalent to the
union of pairs of neighbourhoods and links of the points in (εk)−1(y). Thus the

raHd conditions on g′ allow us to compare E1(G̃) with E1(G). Since

raHd(Dk(g′)) ≥ m− k − dimCA for k ≥ 2,

we have by definition

AltH i(Dk(G), Dk(G̃)) = 0 for i < m− k − dimCA for k ≥ 2.

This implies

Ek−1,i
1 (G̃) = AltH i(Dk(G̃)) = 0 for 0 < i < m− k − dimCA− 1 for k ≥ 2.

In a similar way to the proof of Lemma 3.11 of [Ho1] the row Ep,0
1 (G̃) com-

pares to Ep,0
1 (G): The natural map Ep,0

1 (G) → Ep,0
2 (G̃) is an isomorphism if

AltH i(Dp+1(G), Dp+1(G̃)) = 0 for i < 2. Since Ep,0
2 (G) = 0 for p > 0, this

implies that Ep,0
2 (G̃) = 0 for 0 < p < m− dimCA− 2.

We deduce that Ep,q
2 (G̃) = 0 for p > 0 and p + q < m− dimCA − 2, q > 0. So

we have

H i(Sε ∩ g(W )) ∼= E0,i
∞ (G̃) = E0,i

1 (G̃) = H i((G̃)−1(Sε))

for 0 < i < m− dimCA− 3.
We thus deduce that

Hi(G−1(Bε), (G̃)−1(Sε)) = 0

if and only if

H i(Bε ∩ g(W ), Sε ∩ g(W )) = 0

for i < m− dimCA− 2.
The former measures rHd(W ; Q) as we noted earlier, and so we finally conclude

that rHd(g(W )) ≥ min{rHd(W ),m− 2}.
Proof of Theorem 2.6. We calculate raHd(Dk(f)) using Proposition 3.4 of [Ho2];
from it we deduce that

raHd(Dk(f)) ≥ k.rHd(X)− (n+ 1)(k − 1)

= n− k + 1.

Consider the map g : D2
1(f) → Y given by the restriction of f to D2

1(f). For this
map we have Dk(g) = Dk(f) for k ≥ 2, and so by the above we have estimated
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raHd(g) for k ≥ 2. From Lemma 3.1 we deduce that if rHd(D2
1(f)) ≤ n− 1, then

rHd(M2(f)) ≥ rHd(D2
1(f)). Since dimCD2

1(f) ≤ n− 1, the result is true.
The perversity result is a simple consequence of the main part of the theorem.

Theorem 2.8 is in fact deduced from the statement of the theorem for the image
multiple point spaces of stable corank 1 maps.

Lemma 3.2. Suppose that f : X → Y is a stable map with only corank 1 singular-
ities and that X and Y are complex analytic manifolds of dimension n and n + 1
respectively. Then,

rHd(Mk(f); Q) = dimCMk(f) = n− k + 1.

Thus Q•
Mk(f)[n− k + 1] is a perverse sheaf.

Proof. The proof is similar to the proof of Theorem 2.8 of [GM], where they are
concerned with the simpler situation of stabilisations of mono-germ mappings.

Let Lemma Ar be the statement that the Lemma is true for all 1 ≤ k ≤ r.
Lemma A1 is evidently true since M1 is the image of f , which is a hypersur-

face, and so we have the stronger conclusion that rhd(M1(f)) = rhd(f(X)) =
dimCf(X) = n.

Proof that Ar−1 implies Ar for r ≥ 2. Let g = f |Dr
1; then Dj(g) = Dr

j (f) for

j < r and Dj(g) = Dj(f) for j ≥ r.
The map εj+1 : Dj+1 → Dj is a stable map between manifolds of dimension

n− j and n− j + 1 respectively, and Dr
j (f) = Mr−j(εj+1 : Dj+1(f) → Dj(f)) (see

[GM], Theorem 2.8). So by the induction hypothesis, for 1 ≤ j ≤ r − 1,

rHd(Mr−j(εj+1 : Dj+1(f) → Dj(f))) = dimCD
j+1(f)− (r − j) + 1

= n− r + 1.

The alternating rational homology groups are subgroups of the ordinary rational
homology groups, so we have raHd(Z; Q) ≥ rHd(Z; Q) for any Sk-invariant space
Z. This implies that raHd(Mr−j(εj+1 : Dj+1(f) → Dj(f))) ≥ n− r+ 1, for j < r.

Similarly, for j ≥ r the fact that Dj(g) = Dj(f) is a manifold of dimension
n− j + 1 implies that raHd(Dj(g)) = n− j + 1.

These two estimates of raHd give that raHd(Dj(g)) ≥ n − r − j + 3 for all
j ≥ 2. As rHd(Dr

1(f)) = n−r+1, we deduce from Lemma 3.1 that rHd(Mr(f)) ≥
rHd(Dr

1(f)) = n− r + 1.
The map f is stable and hence dimensionally correct, so

dimCMr(f) = dimCD
r(f) = n− r + 1,

which forces the equality of the statement.

Proof of Theorem 2.8. We again consider the local situation. By definition of f
there exists a stable corank 1 map F : U → V , where U is a disjoint union of open
sets in CN−1 for some N , and V is an open subset of CN .

Since F−1(Y ) = X , it is true that Mk(f) = Mk(F ) ∩ Y , and Y is defined in
Mk(F ) by p equations. Lemma 3.2 states that rHd(Mk(F )) = (N − 1) − k + 1,
and, using the rational homology version of Theorem 3.2.1 of [HL], we deduce that

rHd(Mk(f)) ≥ rHd(Mk(F )) − p

= N − p− k.
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4. Applications

In addition to providing new examples of perverse sheaves we have the following
consequences of the theorems.

Example 4.1 (cf. Example 5.2 of [Ho2]). Suppose f : X → Y ⊂ CPn+1 is a finite
map of complex analytic spaces locally induced from codimension one maps of
degree 1 with Gorenstein domain. Then

πi(CPn+1,M2(f)) = 0 for i ≤ 2rhd(Y )− n− 4.

This is true because rhd(M2(f)) ≥ rhd(Y ) − 2 by Theorem 2.3(i), and then we
apply Theorem 4.4 of [Ho2]. This improves the estimate of Example 5.2 of [Ho2].

Example 4.2. Suppose that X is a complex analytic manifold of dimension n and
that f : X → CPn+1 is a complex analytic map with finitely A-determined corank
1 singularities. Then,

Hi(CPn+1,Mk(f); Q) = 0 for i ≤ n− 2k + 2.

This is because by Example 2.2 such a map is locally induced from a stable corank
1 map, and so by Corollary 2.9 we have that rHd(Mk(f)) = n−k+1. The equality
comes from f being dimensionally correct. Theorem 4.6 in [Ho2] provides the global
conclusion.

With Theorem 2.8 we can improve Theorem 2.8 of [GM] to a theorem involving
the stabilisation of multi-germ mappings and not just mono-germs.

Corollary 4.3 (cf. [GM, Theorem 2.8]). Suppose f : X → Y is a stable perturba-
tion of a finitely A-determined corank 1 map multi-germ f0 : (Cn, S) → (Cn+1, 0)
for some finite set S. Then the spaces Mk(f) have reduced rational homology only
in dimension n− k + 1.

Proof. The map f0 can be unfolded by a map F : (Cn×C, S×0) → (Cn+1×C, 0×0)
so that ft(x) := F (x, t) is such that ft is stable for t 6= 0 and small. Such a map ft
is a stabilisation of f0.

The map F is induced from a codimension 1 map with stable corank 1 singulari-
ties (the Ae-versal unfolding of F ), F ′ : (Cn×Cd, S× 0) → (Cn+1×Cd, 0× 0), and
the image of F is defined in the image of F ′ by d− 1 equations. Thus by Theorem
2.8 we have

rHd(Mk(F ); Q) ≥ n− k + 2.

Because of the dimension of Mk(F ) this is in fact an equality. The maps πk :
Mk(F ) → C induced from the obvious projection π′ : Cn+1 × C → C have isolated
singularities at (0, 0) in the sense of Lê; this is proved in the same way as in [M].
Hence, by Corollary 5.5 of [L], the fibres have reduced rational homology only in
dimension n − k + 1. The fibres of the map are Mk(ft), and so the corollary is
proved.

In fact, using Theorem 2.3(i) we can prove that in the above situation the space
M2(f) is a wedge of (n−1)-spheres. From experience, it seems natural to conjecture
that all the spaces Mk above are homotopically equivalent to wedges of spheres.
This would be true if the conclusion to Theorem 2.8 could be proved for rhd and
not just rational rectified homological depth.
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