PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 126, Number 3, March 1998, Pages 907-911
S 0002-9939(98)04104-5

A COUNTEREXAMPLE TO A BP-ANALOGUE
OF THE CHROMATIC SPLITTING CONJECTURE

ETHAN S. DEVINATZ

(Communicated by Thomas Goodwillie)

ABSTRACT. We prove that, if n > 2, the E(n — 1)«-localization of the K(n)«-
localization map BPp — Ly () BP is not a split monomorphism in the stable
category by exhibiting spectra Z for which the map 7« (Lpn—1(BPp) A Z) —
Tx(Ln—1(L g (n)BP) A Z) is not injective. If p > max{%(n2 —2n+2),n+ 1}
and n > 3, we show that Z may be taken to be a two-cell complex in the
sense of E(n — 1)x-local homotopy theory. The question of whether the map
Lp—1(BP,) — Ly, —1L g (n)BP splits was asked by Hovey and is in some sense
a BP-analogue of Hopkins’ chromatic splitting conjecture.

INTRODUCTION

Let E be a spectrum, and let tg(X) : X — LgpX denote the E,-localization of
the spectrum X. If £ = E(n), write ¢, and Ly, for tg(,) and Ly, where E(n) is
the Landweber exact theory with coefficient ring E(n). = Zy[v1, ... ,vn, v, ). As
usual, p is a fixed prime number. Now let K (n) denote the n'" Morava K-theory;
its coefficient ring is Fy,[vy,, v, !]. Hopkins’ chromatic splitting conjecture (see [2, 4]
for a complete discussion) asserts that the map

Ln_le(Sg) : Ln_l(Sg) - Ln_lLK(n)SO

is a split monomorphism in the stable category, where we write X, for the p-
completion of the spectrum X and . for tx(,). (Since the map S0 — Sg is a
K (n).-equivalence for all n > 1, LK(n)So = LK(n)Sg.) More specifically, it asserts
that L, 1Lk ;) S° splits as a wedge of certain suspensions of copies of L (S)) with
k < n — 1. The conjecture is known to be true for n = 1 and for n = 2 with
p > 3. For n > 2, essentially nothing is known. An important consequence of this
conjecture would be the result that if f: X — Y is a map between (p-localizations
of) finite spectra such that Ly (n)f : Lxn)X — Lign)Y is trivial for each n, then
f is itself trivial. This is relevant to the generating hypothesis (see [1]), as are some
other consequences.

In [2], Hovey proves that if f is as above, then the composition X Ly . BPAY
is trivial. He asks whether the map

Ln_lb/\(BPp) : Ln_l(BPp) — Ln_lLK(n)BP
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908 ETHAN S. DEVINATZ

is the inclusion of a wedge summand, since this would also imply his result. We will
call this question the BP-analogue of the chromatic splitting conjecture, although
the reader should be warned that Hovey uses this terminology for the result above
that he proved.

Of course, the chromatic splitting conjecture does not imply that L,,_1."(BP,)
is a split monomorphism, since K(n) is not smashing in the sense of [5, 1.28]. In
fact, the general statement of the chromatic splitting conjecture is inconsistent with
the statement that the canonical map BP/\LK(H)S0 — Lk (n)BP is an equivalence.

In this note, we prove that the B P-analogue of the chromatic splitting conjecture
is false for n > 2 by finding spectra Z such that

Tu(Ln-10(BB)) A Z) : (L1 (BBp) A Z) = u(Ln—1 Lic(n)(BP) A Z)

is not a monomorphism. (By Corollary 1.2, m,L,_1¢"(BP,) is a monomorphism.
Thus the BP-analogue of the chromatic splitting conjecture holds for n = 1, since
any map between rationally local spectra which induces a monomorphism on 7, is
the inclusion of a wedge summand.) We will also find “minimal counterexamples”
forn >3 and p > max{%(n2 —2n+2),n+ 1}7 and we will show that, for n = 2,
one cannot find such small counterexamples. Although we believe that parts of the
chromatic splitting conjecture are true—for example we believe that L,,_1L K(n)X is
as predicted when X is an E(n — 1).-acyclic finite spectrum—we wonder whether
these minimal counterexamples might somehow be related to the failure of the
general chromatic splitting conjecture for n > 3.

1. A COUNTEREXAMPLE

The following easy lemma will be the main tool for constructing our counterex-
amples.

Lemma 1.1. Let Z be any spectrum, and suppose n > 1. Then
Tu(Ln—1"(BPy) N\ Z)
is a monomorphism if and only if BPy,Ly_1Z is vy-torsion free.
Proof. The map m,(L,—1."(BP,) A Z) can be rewritten as
N(BPy)«(Ln-12) : BPp(Ln—1Z) — (L () BP)«(Ln-12)
since E(n — 1) is smashing [6, 7.5.6].
Recall that [2]
(Lx@myBP). = lim o 'BP/(p",... ,00)

I=(ig,. yin—1)
and is therefore flat over v, ! BP,. Hence
is an isomorphism for any spectrum X. Furthermore, the Landweber exact func-
tor theorem [3] (applied to (Ly(n)BP)./v,, ' (BP,)) implies that v, 'BPyX —
(L nyBP).«X is a monomorphism for any spectrum X. Since t"(BP,)«(Ln-1Z)
factors as
BP,-Ly, 12 — v ' BPypuLy 1Z — (Li(nyBP)uLn 12,

we have that ."(BP,)«L,—1Z is a monomorphism if and only if BP,,L,_1Z —
v, 1BPp*Ln_1Z is a monomorphism. This proves the lemma. O
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Corollary 1.2. 7.(L,_1t"(BP,)) is a monomorphism.

Proof. Since E(n — 1) is smashing, BP.L,,_1S° = 7.L,_1BP as BP,-modules.
Moreover,

BP, ® @7 n=1,

BP, ® 7" BP,/(p™, v, ... ,v2°,), n > 1,

as BP,-modules [5, 6.2]. Thus BP,.L,_15° has no v,-torsion; the use of Lemma
1.1 now completes the proof. O

(1.1) TxLp_1BP ~ {

We now exhibit a spectrum Z such that BP,.L,_1Z has nontrivial v,-torsion
and thus disprove the BP-analogue of the chromatic splitting conjecture.

Proposition 1.3. Let v, : Y*®"~DBP — BP be the BP-module map inducing
multiplication by v, on m.BP, and let Z be its cofiber. If n > 2, BP,L,_1Z has
nontrivial v, -torsion.

Proof. It suffices to find an element = in BP,,L,_1BP such that
Un® € IMBPyy(Lp_1vy) but x € imBPy.(Lp_1vp).

Begin by observing that BF,.L,_1BP is an algebra over BF,,BP via the map
BP,.(tn—1) and that BP,,L,_1v, is just multiplication by nr(v,) € BP,.BP.
Since E(n — 1) is smashing, we have the following commutative diagram:

BP,.BP —  BP,.L(,_1)BP

(1.2) & &

BPp*[tl,...] — ﬂ'*Ln_lBPp[tl,...].

The bottom map is just the map on polynomial algebras induced by the localization
map BP,, — m.L,_1BP,.
Now let

T = ]./p’l}l ce e Up—1 € F*Ln_lBPp C W*Ln_lBPp[tl, . ] = BPp*Ln_lBP,
where we have identified 7, L, _1BP, as in (1.1). Since
nR(Un) = Un mod (pavla"' ,Un_]_),
it follows that v,z = ng(v,)z; hence v,z € iIM(BPyyLy—1v,). But we also have
nr(vn) = v, mod (t1,...); it is then easily seen from diagram (1.2) that = ¢
im(BP,.Lyp—1v,). This completes the proof. O
2. A MINIMAL COUNTEREXAMPLE

We have seen that 7, (L,—1."(BP,)) is a monomorphism. The next result shows
that if n > 3 and p > max {%(TF —2n+2),n+ 1}, then there exist 2-cell complexes
Z (in the sense of E(n — 1).-local homotopy theory [1, 1]) such that

Tu(Ln-1BPy A Z) — mu(Ln—1Li () (BP) A Z)

is not a monomorphism. Thus, in these cases, the BP-analogue of the generating
hypothesis fails almost immediately.

Proposition 2.1. Let n > 3 and p > max {%(TF —2n+2),n+ 1}. Then there
exists a map g : L,_18° — L,,_15° whose cofiber has nontrivial v, -torsion.
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Remark 2.2. g is actually a map from a suspension of L,_15° to L,,_15°. For the
rest of the paper we will suppress suspensions from the notation if no confusion is
likely to result.

Proof. Recall from [4, 5] the elements z,_1,,-1 € v;ilBP* defined by

2 n—1 n—1__n—2
Pt =1 pt T —pt T4
(Tn-1)P" " —vp_o Uy : n >4,
Tpn—1,n—1 = R (p—D)p+1 9 R
p°—1_(p—1)p+ p~+p—1, p”—2p —
(x2,1)P —v] "y U Uy v, n=3,
where
_ P p -1
Tn—1,1 = VUp_1 = Up_oVUp_1Un-
.. . " 1+p 1 .
By [4, 5.10], ©—1,5,—1 is invariant mod (p,v1,...,v,_3,0"_, ). In particular,
P 0 o)
(21) a:n_l,n_l/pvl-~~vn_3vn 2 E H ( BP /( ,’Un_2)),

where, if M is a BP,BP-comodule, we write H*M for EX‘DBP*BP(BP*, M). Now
BP, M, 1S° = v, \BP./(p™,... ,v°,),
where M,,_1S° is defined as in [5, 5]. By sparseness and the fact that
HY(BP,M,_158°) =0

fori > (n—1)2 (see [1, A1.5]), it follows from the convergence results of [6, Chapter
8] that the element in (2.1) survives to an element go in 7. M,_1S°. Define g so
that the diagram

M, 18 ——¥n-1L, ,S°
n—lSO

commutes, where the map M,,_1S° — ¥""1L,,_15° is the fiber of the canonical
map X" 'L, 8% — X" 1L, _»80.

We now prove that the cofiber of ¢ has nontrivial v,,-torsion by finding an element
zin BPyyLy,—1S° with v2" =22 € im(BP,.g) but z & im(BP,.g). Indeed, g is a map
of degree —(n — 1) mod 2(p — 1), so it follows from sparseness and the description
of BP.L,—1S" in (1.1) that

BP,.

Y BPyM,_1S° — BP,Y"1L, ;S°
— BB /(0% ... ,vp21)).

m(BPp.g) = im(BP,,S°

But the composition
BPy.M,_1S° — BP,.X" " 'L,_18° — BPp./(p™,... ,v5° )

is just the usual map v, ', BP,./(p™,... , 03 5) — BP,./(p™,... ,v3,); there-
fore, im(BPp.g) is the BP.-submodule of BP,./(p™,...,v2 ) generated by

I n—2 pr2
b 2/pvl Vp—ovf . Let 2 € BPpyL,—15° correspond to 1/pvy -+ v,_ovh | .

One can then show that vﬁnizz € im(BP,.g) but z ¢ im(BP,.g), completing the
proof. O

We conclude this paper by observing that Proposition 2.1 is not true if n = 2.
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Proposition 2.3. Let p be an odd prime, and let g : ¥*L1S° — L1S° be any map.
Then the cofiber of g is va-torsion free.

Proof. We may regard g € m(L1S°). Recall that [5, 8.10]

L(p), k=0,
Z k=-2
L SO: Q/ (p)» )
S Z/(pmt), k=2(p—1)sp™ =1, pts,
0, otherwise.

In degree 2(p — 1)sp™ — 1, 7 L1S° is generated by the map Qgpm /m41 given by the
composition
’U;p’ﬂl

Llsk-i-l N Ek+1L1M(pm+1) LlM(pm+1) _ LlSI7

where M (p™*1) denotes the mod (p™*1) Moore spectrum, and vi? is a self-
map inducing multiplication by v3? " on BP,.L1M (p™*1). The left end map is the
inclusion of the bottom cell, and the right end map is the projection onto the top
cell. In degree —2, aym /10 pm /1 generates the subgroup of elements of order
p™.

If k = 0, the cofiber of g is just the F(1).-localization of a Moore spectrum and
hence is vo-torsion free. Next suppose g = cagpm /my1, € € Z/(p™*1). By the same
argument as in the proof of Proposition 2.1, we have

sp™

im(BPy.g) = im(BPy. — vy BP,. /(™) ———— w7 BP,./(pt1)
——— BP./(p™,05)).

If s > 0, im(BPpy.g) = 0, so the cofiber of g is evidently ve-torsion free. If s < 0,
it is easy to see that vaz € im(BP,.g) if and only if z € im(BP,.g), so that the
cofiber of g is again vy-torsion free. Finally, if ¢ € m_5L15°, then g is the composite
of two maps, one of which induces the zero homomorphism on BP,.L;S". Hence
the cofiber of g is ve-torsion free in this case as well. O
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