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ABSTRACT. We discuss Manin and Batyrev’s notion of the arithmetic stratifi-
cation of a variety, and, for an irreducible surface V embedded in P, compare
it with the spectrum of degrees of rational curves on V. We study this spectrum
for the class of K3 surfaces generated by smooth (2,2,2) forms in P! x P x P1.

INTRODUCTION

In this paper, we study the spectrum of degrees of rational curves on varieties in
the class of K3 surfaces generated by smooth (2,2,2) forms in P* x P! x P, We show
in Theorem 2.1 that generic and non-generic varieties of this type are distinguished
by this spectrum. On a generic variety of this type, there is an action of a group of
automorphisms A = 7Z,/2x7Z/2x7/2 generated by o1, o9 and o3. We define a vector
height h on rational curves in V' with the property degC = (1,1,1) - h(C), and
show in Theorem 3.1 that there exist linear maps T; such that h(o;C) = T;h(C).
Thus, if we can find a rational curve C in V', and can measure h(C), then this can
be used to find a large subset of the spectrum of degrees of rational curves of V.
In particular, if C' is a rational fiber with respect to a projection onto one of the
components of P! x P! x P!, then the degree of C is either 2 or 4, and in Theorem
4.1 we show that the number of rational curves on V in the A-orbit of C' with
degree less than T is (2/mv/3deg C)T + O(v/Tlog T).

1. THE ARITHMETIC STRATIFICATION OF A VARIETY

We begin with a discussion of Batyrev and Manin’s arithmetic stratification of a
variety [B-M].

Let V = V(K) be a variety, defined over a number field K, and, for simplicity,
embedded in a projective space P™. Let H be the usual universal exponential
height on P™. Let U be a subset of V', and define

Ny(T)=#{P €U : H(P) < T}.

Associated to U, we can define a zeta function
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638 ARTHUR BARAGAR

There exists an ay € R such that Zy(s) converges for all s with Re(s) > ay and
diverges if Re(s) < ay. We call ay the exponent of Ny (T'), since it is related to
Ny (T) by the well known result (for divergent Ny (7))

log Ny (T)

li R EAUAC I
ok TlogT Y

Note that ay depends on the number field K. For example, if V' = K, then
ay = 2[K : Q]. Let us normalize this exponent by setting Sy = ay/[K : Q]. This
is the exponent of Ny (T') with respect to the non-universal height H = HUEQ Tt
may still be the case that Sy depends on K (for example, let V be an elliptic curve
with rank 0 over Q and positive rank over K'), but the hope is that Sy is constant
for all number fields over some sufficiently large K.

We define the arithmetic stratification Sy of V' to be:

Sy = {Bu :U is a non-empty Zariski open subset of V'}
c RYuU{0,—oc}.
Let
By = inf Sy.
Then for any € > 0, there exists a Zariski closed subset W (e) of V' so that
Ny(T) = N (T) + a(T) T,

€

i ={ g
The constants implied by the big O and 2 depend on €. If Sy # {BV}, then the first
term dominates the asymptotic behaviour of Ny (T') for e sufficiently small. Since
W (e) is a proper subvariety of V', we often dismiss this term as a characterization
of W(e) and not V. The arithmetic stratification of V is a crude measure of the
possibilities for W (e), but is more accurately a reflection of the characteristics of
V.

We can completely characterize Sy for curves. We note that V is a finite union
of irreducible curves, so let us first assume V is irreducible. If V' has genus g > 2,
then it has a finite number of rational points, so Sy = {—oco}. If V has genus g = 1,
then Sy = {0} if the rank of V' is positive, and Sy = {—oo} otherwise. If V is an
irreducible rational curve embedded in P™, then there exist coprime polynomials
Xi(t) € K[t] so that the map

£ (Xo(), ooy Xon (1)

is a map of K onto all but finitely many points in V. The degree of V is the
maximum of the degrees of the polynomials X;(¢), and Sy = {8y} = {2/degV'}.
Returning now to V' an arbitrary curve, we see that Sy is always finite.

If the dimension of V' is at least 2, then it may be possible that Sy is infinite. In
the following sections we exhibit such an example, provided Manin and Batyrev’s
conjecture [B-M, Conjecture Al is true (that is, provided By < 0).

Suppose [y is greater than Sy and both are in Sy. Then there exists a Zariski
closed subset W in V' (equal to the closure of U U U’ \ U N U’) such that Sy = Gu.
Thus, we can instead consider the spectrum

where

Sy = {Bw : W is a Zariski closed proper subset of V}.
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Note that either By & Sy, in which case Sy = {fv }; or By € Sj, and Sy C S}.
In the latter case, we also have either

Sy ={BeSy:B>pv}
or
Sy ={B€Sy:8>pv}

Note also that since W is a finite union of proper irreducible subvarieties of V,
there exists an irreducible subvariety W’ in W so that By = Bw. Thus we may
characterize S5 as

Sy = {Bw : W is a proper irreducible subvariety of V'}.

Let us now suppose V is an irreducible variety of dimension two. If W is a
non-empty proper irreducible subvariety of V', then W is a curve or point, and as
we saw earlier, if Oy > 0, then W is a rational curve. Thus, for an irreducible
surface V,

Sy = {2/degW : W is an irreducible rational curve in V'} U Sy,
where Sy is either {0, —c0} or {—o0}. In particular,
Sy C {2/n:ne€Z}U{0,—oc0}.

Thus, if V is a surface and BV > 0, then Sy is finite. This gives us some information
about three dimensional hypersurfaces: If V' is a variety of dimension three, then
Sy has at most one cluster point and that point is its infimum BV.

In this vein, Batyrev and Manin wonder whether Sy is finite for every Fano
variety [B-M, Question 1.10]. More generally, one might wonder whether it is ever
possible for a cluster point of Sy to have a value other than zero.

For a variety V with trivial canonical divisor, Batyrev and Manin conjecture
[B-M, Conjecture A]

By = inf Sy < 0.

In the following, we study a class of surfaces with trivial canonical divisor.

2. A FAMILY OF K3 SURFACES

Let V be a smooth variety generated by a (2,2,2) form in P* x P! x P1. Then V
is the zero locus of a non-singular polynomial over K in three projective variables
which is quadratic in each variable. That is to say, if we write (X,Y,Z) € P! x
P! x P!, where X = (Xo : X1), etc., then V is the zero locus of a non-singular
polynomial F' of the form

— Ly ydiyteyd2 i3 793
F(X,Y,2) = Z Wirjringaisgs X0 X1 Yo Y1~ Zg° 24
ik t+ik=2

with coefficients in K. This variety is a K3 surface, and hence its canonical divisor
is trivial.
We can write

(1) F(X,Y,Z) = X3Fy(Y, Z) + Xo X1 F\(Y, Z) + X1 P (Y, Z).
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The equations F; = 0 describe three curves in P! x P!, which generically do not
intersect (over Q.) If there is no common point of intersection, then for all P =
(P1, Py, P3) € V, the equation

F(X,Py,P5)=0

is quadratic in X, and since P; € P!(K) is a solution, the other root Pj is in P!(K).
Thus, we can define a rational automorphism of V,

o1: (P1, Py, P3) — (P{, P, P3).

In a similar fashion, there exist three curves associated to each of the Y and Z
components. We call V' generic within this family of K3 surfaces if none of these
three sets of three curves have a common point of intersection over Q.

Since we have defined the notion of degree for rational curves in terms of an
embedding into a projective space P™, let us embed P! x P! x P! into P” via the
Segre embedding:

(]5 : (X, Y, Z) (g (XQYQZQ : XOYQZl : XQYlZO : X]_YOZQ
. XOY1Z1 . X1Y0Z1 . X1Y1Z0 . lelzl).

We define the degree of C' to be deg(¢(C)).

Now suppose C' is an irreducible rational curve in V. Then there exist polyno-
mials X;(t), Yi(t), Z;(t) € K[t] so that Xo(t) and X;(¢) are coprime, etc., and the
map

X(t) = ((Xo(t) : X1(1)), (Yo(t) : Y1(2)), (Zo(t) = Z1(1)))
is a map from K onto all but finitely many points of C'. Define the height
hx(C) = max{deg X (t),deg X;(¢)}

and define hy and hz similarly. Note that the height hx(C) is well defined, even
though the polynomials X(¢) and X (¢) are not necessarily uniquely defined. Now
define the vector height

h(C) = (hx(C), hy (C), hz(C)).
Then
deg(C) = hx(C) 4+ hy(C)+ hz(C) = (1,1,1) - h(C).

Theorem 2.1. Let V be in the family of K3 surfaces generated by smooth (2,2,2)
forms in P! x P! x P'. For such a V, the following are equivalent:

1) V is generic within this family of K3 surfaces.

2)2 ¢ Sy, for any number field L over K.

3) ¢(V) contains no lines over Q.

Proof. Suppose V is not generic within this family of K3 surfaces. Then there exists
a common point of intersection in Q for one of the three sets of curves described
above. For ease, let us assume that point is (P, P3) € P! x P! over a number field
L and that F;(Py, P3) =0 fori =1, 2 and 3. Then F(X, P, P3) =0 for all X € P!,
which describes a curve C' in V with h(C) = (1,0,0). Thus, 2 € S}, and since
degC =1, ¢(C) is a line in ¢(V).

Note that there exists a rational curve C over L with 8¢ = 2 if and only if ¢(C)
is a line. Suppose such a C' exists. Then deg C =1, so h(C) = (1,0,0), (0,1,0) or
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(0,0,1). Let us assume without loss of generality that h(C) = (1,0,0). Then there
exists a map

t— (X(t),Y,2)

from L onto almost all of C' with Y and Z constant. This is possible only if
F;(Y,Z) =0 for all i. That is, such a C exists only if V is not generic. O

3. GENERIC SURFACES IN THIS FAMILY

If V is generic within this family, then associated to each of the components
X, Y and Z, there is a rational automorphism o1, o2 and o3. The group A of
automorphisms generated by o1, o9 and o3 is isomorphic to Z/2 x Z/2 « Z./2 [W2]
(see also [B].)

Theorem 3.1. Suppose C is an irreducible rational curve on V. Then o;C is an
irreducible rational curve on V and

h(0;C) = T:h(0),

where
-1 2 2 1 0 O 1 0 0
T = 0o 1 0|, Th=12 -1 2|, T3=10 1 0
0 0 1 0 0 1 2 2 -1

Proof. We show this for o1. Note that o7 fixes Y and Z, so hy (01C) = hy (C) and
hz(Ulc) = hz(C) Let

o1(X (1), Y (1), Z(t) = (X'(1),Y'(t), Z(t)).

Then, by considering Eq. (1) affinely, we have for FyX;X; # 0
Xy Xolt)  B(Y(#),2()
XiHX1(t) R (),2(t)

Recall that Xy and X; are coprime, so X divides F, and X; divides Fy (see (1)).
Thus, there exists a polynomial m(t) € K[t] so that

/ / FO

mX, = and mX; = X,

If m is not a constant, then there exists a to € Q so that m(ty) = 0. Then
F()(Y(to),Z(t())) = Fo(to) =0 and FQ(tO) =0. If Xg(t()) 7é 0 and Xl(t()) 7é 0, then
we must have Fj(tp) = 0, which means V is not generic. Thus, we may assume
Xo(to) = 0 and X;(tg) # 0. Let » > 1 be the multiplicity of the root to for Xj.
Then (¢t — to)r"’l divides F5, and hence it also divides —XgFo — X12F2 = Xo X1 Fi.
Thus, Fi(tp) = 0, and again we get V is not generic. Thus m(t) is a constant.

Hence,
deg X, = degF, — deg Xy,
deg X| = degFy—degX;.
Let us write h(C) = (n,m,l), and
Xo(t) = apt" + terms of lower degree,
X1(t) = ant" + ...
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Since hx (C) = n, at least one of ag and a; is non-zero. That is, a = (ag : a1) € PL.
Let us also write

Y()(t) = botm + ... and Y1 (t) = bltm + veey
Zo(t) = cot' + ... and Zi(t) = ot + ..

Since Fy (Y, Z) is a quadratic polynomial in Y and Z, we expect deg Fy(t) = 2m+2l.
If not, then the largest powers must cancel. That is, Fy(b,c) = 0.

So suppose first that deg Xo = deg X1 = n. Then hx(01C) # 2m + 2l — n only
if Fy(b,c) = Fy(b,c) = 0. But then deg(XZFy) < 2m + 21 + 2n and deg(X?F) <
2m + 21 + 2n, so deg(XoX1F1) < 2m + 2] + 2n. That is, deg F1 # 2m + 2I, so
Fi(b,¢) =0, and V is not generic.

Now suppose n = deg Xy > deg X;. Let us write deg X; = n — € with € >
0. If deg Fy = 2m + 2I, then deg(X2Fp) = 2m + 2 + 2n, while deg(XoX1F})
and deg(X?F,) are strictly smaller. Thus we cannot have deg Fy = 2m + 2[, so
Fy(b,¢) = 0. Let us write deg Fy = 2m + 21 — §;. Now suppose deg F} = 2m + 21.

Then
deg(X2Fy) = 2n+2m+2l— 6y,
deg(XoX1F1) = 2n+2m—+2—e,
deg(X2Fy) = 2n+2m+ 2l — 2¢ — 6o,

where 62 > 0. Since these three terms add to zero, and the degree of the last is less
than the degrees of the other two, those degrees must be equal. That is, 6; = e.

Hence,
deg X = 2m+2l—6—n<2m+2l—n,
deg X{ = 2m+2l—e—(n—¢€)=2m+2l—n,
as desired.
Now suppose Fi(b,c¢) = 0. Since we also have Fy(b,c) = 0, we must have

Fy(b,¢) # 0. That is, deg Fo = 2m + 2[. Thus,

deg X)) = 2m+2l—n,
deg X{ = 2m+20—6 —(n—e),

so we must show that 61 > e. Suppose otherwise — that is, §; < e. Then

deg(X2Fy) = 2n+2m+20—6; > 2n+2m+ 2l — e,
deg(XoX1F1) < 2n—e+2m+2l,
deg(X?Fy) = 2n—2e+2m+2l < 2n+2m+ 2l —e.

Thus, these terms cannot cancel to give zero, so we must have 6; > € as desired.
We leave to the reader the cases not covered by taking an affine perspective of
Eq. (1). |

The matrices T; are not surprisingly the same as were found in [B]. However,
when compared to results found for rational points, the striking feature of this
theorem is the absence of an error term.
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4. ORBITS OF RATIONAL FIBERS

If we can find a rational curve C' in V, and are able to calculate h(C), then we
can use Theorem 2.1 to find an infinite subset of S5;.

Let C be a fiber on V with respect to the projection onto one of the variables.
We know that in Q, there are a finite positive number of such fibers which are
singular. Such a rational fiber is the zero locus of a singular (2,2) form in P! x P!,
One can parameterize such a curve with polynomials Y;(¢) and Z;(t) of degree at
most two. Thus, for any generic V, there exists an L over K so that one can find a
rational curve C' in V over L with h(C) = (0, m,n) and m, n < 2. But since there
are no curves on a generic V with degC' = 1, we know h(C') = (0,1, 1) or (0,2,2)
(note that if h(C') = (0,1,2), then h(c3C) = (0,1,0)). Thus, over L, S}, contains
one of the two following sets:

{1,1/3,1/7,1/13,1/19,1/21,1/31,1/37,1/39,1/43,1/49, ...},
{1/2,1/6,1/14,1/26,1/38,1/42,1/62,1/74,1/78,1/86,1/98, ...}.

Counting the number of elements in the orbit of a vector under the action of the

group generated by 71, T5 and T3 is usually equivalent to a difficult lattice point

problem in hyperbolic space. We are fortunate that the orbit of a vector of the
form (0, ¢, c) is an exception, and can be handled using geometric methods.

Theorem 4.1. Suppose C is a rational curve on' V and h(C) = (0,1,1) or (0,2, 2).
Then the number of rational curves on V in the A-orbit of C' with degree less than

T is
2
—=——T+0(VTlogT).
7r\/§degC ( ogT)
Proof. Note that
Ti(u?, 0%, (u+0)%) = ((2u+v)%,0°, (u+v)?),
To(u?, 0%, (u+v)?) = (U2 (u+20)2 (u+v)?).

Thus, we are counting the number of coprime positive pairs (u,v) which satisfy
T
2, .2
o2 Fu < ——.
W deg C
By Theorem 3.5 of [B] this is

6
F|R| + O(|0R|logT),

where R is the portion of the above ellipse in the first quadrant, and |R| and |OR)|
are its area and perimeter. The area of this region is

_ T

V3 deg C' 33 deg C' ’

and the perimeter is O(\/T ), giving us the result. O

arctan(v/3)

As we noted before, if V' is generic in this family of K3 surfaces, then there exists
a sufficiently large field K so that there exists on V(K) a rational curve of degree
2 or 4. On the other hand, there is never a curve of degree 1. Thus one might find
the following quantity of interest:

Sy = U SV
K
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644 ARTHUR BARAGAR

where the union is taken over all number fields K. It seems conceivable that there
might be a sufficiently large K so that S;(@) = S{*,(K).
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