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ON A CLASSICAL THEOREM

IN THE THEORY OF FOURIER INTEGRALS

ZOLTÁN SASVÁRI

(Communicated by J. Marshall Ash)

Abstract. In this note we give a short proof of a classical theorem in the
theory of Fourier integrals.

We will say that an even, continuous function f : R −→ [0,∞) with f(0) =
1 is of Pólya-type if f is convex on (0,∞) and limt→∞ f(t) = 0. Titchmarsh
([6], Theorem 124) has proved (using a different terminology) that every Pólya-
type function is the characteristic function of an absolutely continuous probability
distribution.1 A proof of this result is essentially contained already in [4]. Esseen
[1] and Pólya [5] were the first to point out the usefulness of Pólya-type functions in
probability theory. Pólya also noted that the corresponding density is continuous
except perhaps at zero. In their proofs, Titchmarsh and Pólya first show that

p(x) :=
1

2π
lim

T→∞

∫ T

−T

f(t) cosxt dt (x 6= 0)

exists and is nonnegative. Then, applying Fourier’s inversion theorem, they prove
that p is Lebesgue integrable and that

f(t) =

∫
R
p(x) cosxt dx (t ∈ R).

The aim of the present note is to point out that the result above has a short proof
that does not use inversion theorems. Moreover, p can be given explicitly with a
certain Lebesgue integral. Our proof is based on Fubini’s theorem and the following
simple fact (see e.g. Lukacs [3]):

A function f is of Pólya-type if and only if it admits a representation

f(t) =

∫ ∞

0

ψ(t/y) dν(y),(1)

where ν is a probability distribution on (0,∞) and ψ(t) = max(0, 1− |t|). The “if
part” of this statement is trivial, while the “only if part” follows from the equation∫ ∞

t

(1 − t/y) d[1− f(y) + yf ′(y)] = −t
∫ ∞

t

d

dy

[
f(y)

y

]
dy = f(t), t > 0,
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1Since this theorem seems to have most of its applications in probability theory we use the

terminology of that field. In textbooks on probability theory the result is usually referred to as
Pólya’s theorem.
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which can be proved by integrating by parts and using elementary properties of
convex functions. Here f ′ and d

dy denote right derivatives. From the equation

above we also see that dν(y) = d[1− f(y) + yf ′(y)].
For y ∈ (0,∞) and x ∈ R let

K(x, y) :=
2

π

sin2 yx/2

yx2
=

y

2π

(
sin yx/2

yx/2

)2

if x 6= 0, and K(0, y) := y/2π. We will use the well-known fact (see e.g. [7], p. 251)
that for any fixed y the function x −→ K(x, y) is a density and the corresponding
characteristic function is t −→ ψ(t/y). That is,

ψ(t/y) =

∫
R
K(x, y) eitx dx.

By λ we will denote the Lebesgue measure on R.
Now we can prove the following theorem.

Theorem. Let f be a Pólya-type function given by (1). Then:

(i) f is the characteristic function of an absolutely continuous distribution with
density

p(x) =
2

π

∫ ∞

0

sin2(yx/2)

yx2
dν(y);

(ii) p is finite and continuous on R \ {0};
(iii) p is bounded if and only if ∫ ∞

0

y dν(y) <∞.

Proof. (i) By Fubini’s theorem (see e.g. [2])

1 =

∫ ∞

0

1 dν(y) =

∫ ∞

0

∫
R
K(x, y) dxdν(y)

=

∫
R

∫ ∞

0

K(x, y) dν(y) dx =

∫
R×(0,∞)

K(x, y) dλ× ν(x, y),

so that K ∈ L1(λ× ν). Moreover, the function

p(x) :=

∫ ∞

0

K(x, y) dν(y) (x ∈ R)

is a probability density. Since K ∈ L1(λ× ν), we obtain from Fubini’s theorem∫
R
p(x) eitx dx =

∫
R

∫ ∞

0

K(x, y) dν(y) eitx dx

=

∫ ∞

0

∫
R
K(x, y) eitx dxdν(y) =

∫ ∞

0

ψ(t/y) dν(y) = f(t).

(ii) Using the inequalities K(x, y) ≤ 1/2π (0 < y ≤ 1) and K(x, y) ≤ 2/πx2 (y ≥
1), we see that p(x) < ∞ (x 6= 0). Moreover, in view of these inequalities,
Lebesgue’s dominated convergence theorem can be applied to show that p is con-
tinuous on R \ {0}.
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(iii) If
∫
y dν(y) < ∞ then, using the inequality K(x, y) ≤ y/2π = K(0, y), we

see that p(x) ≤ p(0) <∞ holds for every x. Assume now that p is bounded. Then,
by Fatou’s lemma,

∞ > lim inf
x→0

p(x) = lim inf
x→0

∫ ∞

0

K(x, y) dν(y)

≥
∫ ∞

0

lim inf
x→0

K(x, y) dν(y) =
1

2π

∫ ∞

0

y dν(y)

completing the proof.
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