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ABSTRACT. Let X, X be mixing one-sided subshifts of finite type such that
Xo € X. We show a necessary and sufficient condition for the existence of
mixing Markov shifts Yp, Y, Yo C Y, and a conjugacy m : ¥ — X with
7(Yo) = Xo, such that the sets of letters appearing in both systems are the
same, more precisely, L1(Yp) = L1(Y).

1. INTRODUCTION

In this paper we address a question of codification of subshifts of finite type.
Given two nested mixing one-sided subshifts of finite type, Xg C X, we study the
conditions for the existence of mixing Markov shifts Yy and Y, Yy C Y, conjugate
to Xo and X respectively, with the additional condition of using the same letters.
This question is natural when you try to hide one subshift of finite type inside
another in some maximal way.

Let us comment on two aspects of this question. First, the recoding of subshifts
of finite type as Markov shifts can be achieved by classical methods in Symbolic
Dynamics (for both one-sided and two-sided subshifts), in particular, the higher
block presentation of subshifts. On the other hand, the restrictions imposed on the
languages of the Markov shifts obtained after conjugacy lead us to think of methods
of embedding (various theorems are well known in the two-sided case, see [LM])
over some full shifts requiring some orbits of X to be mapped into periodic points
using the whole alphabet. However this process does not take care of the Markov
property of the final subshifts obtained. Then it is necessary to develop a mixed
method taking care of both conditions.

The article is laid out in three sections. Section 2 is devoted to definitions and
a general background in the process of state splitting. The main result is given in
section 3.

2. DEFINITIONS
In this section we give some tools from Symbolic Dynamics that shall be used in

the sequel. We follow closely reference [LM].
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2.1 Subshifts of finite type and conjugacy. Let A be a finite alphabet. We
denote by A* the set of finite sequences or words on A, and by |w| we mean the
length of the word w € A*. A language L is an arbitrary subset of A*, and we
denote by L,, the set of words of length n of L. AN is the set of infinite sequences
x = (2;)ien, where x; € A. This set is endowed with the product topology and the
shift action o : AN — AN o(2) = (2441)ien. For this topology AY is a compact
metric space and o is continuous. The flow (AN, ) is called the one-sided full shift.
A one-sided subshift is a closed shift-invariant subset X of AN endowed with ¢. In
general, the space X is identified with the dynamical system (X, o). The language
associated to the subshift X is L(X) = {w € A*| 3z € X, i € N, such that
Tioo T |1 = w}. Since we will only consider one-sided subshifts we will omit the
adjective “one-sided”.

Let X and Y be two subshifts. A factor map from X to Y is a continuous onto
map f: X — Y such that foo = oo f. Y is called a factor of X. If f is also
one-to-one we say that X and Y are conjugate, and f is called a conjugacy. The
continuous o-commuting maps are characterized as those maps which are defined
by a local rule, that is:

JreN, 3 f*:L.41(X)— L1(Y), such that

VeeX, VieN, f(x); = f(x...xipr)

Such a map f is called an (r 4+ 1)-block map. In what follows we will identify f*
with f. If f is a conjugacy then f~! is also defined by a local rule.

A subshift X C AN is said to be of finite type (SFT) if there exist a positive
integer N and a collection B of words of length N, such that z € X if and only if
Zi...tirn—1 € B for all ¢ € N. The integer N is called an order of X. An SFT of
order 2 is called a Markov shift. Every SFT is conjugate with a Markov shift.

A Markov shift (MS) can be defined by a square nonnegative integral matrix M,
or equivalently by a directed graph G, (this graph has M,, edges from vertex v to
vertex v'). If the set of edges is Ejy then the MS Xy is the set of z € (Ey )Y such
that the terminal vertex of z; is the initial vertex of ;41 for all i € N. Another way
to represent an MS X is by a directed graph where L (X) is the set of vertices and
there is an edge from a € L1(X) to b € L1(X) if and only if ab € L2(X). Then X
is the subshift defined by the one-sided infinite walks on the vertices of this graph.
It is easy to see that the MS X, defined by the incidence matrix of this graph is
conjugate to X, and it is called the arc representation of X. We recall that the
incidence matrix of a graph is the 0—1 matrix indexed by the vertices which has
a 1 in the entry corresponding to a pair of vertices if and only if there is an edge
between them.

An SFT X is mixing if there is ¢ty € N such that for any pair of words wy,wy €
L(X) and any t > to we can find w € L(X), |w| = ¢, with wyww, € L(X). A
matrix which defines a mixing MS is irreducible and aperiodic. The mixing SFT
using only one letter will be called trivial.

For a subshift X the predecessor and successor sets of a € L1(X) are Px(a) =
{d/ € Li(X)|a’a € L2(X)} and Sx(a) = {a’ € L1(X)|aa’ € L2(X)} respectively.
Let us point out that if X = X, then the equality of sets Px(a) = Px(b) holds if
and only if the initial vertices of a and b in G coincide.

The following property will be used frequently. Let ¢ : X — Y be an (r 4+ 1)-
block conjugacy between the mixing MS X and Y. It is straightforward that ¢ is
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left resolving. That is, if p(wp...w,) =a € L1(Y) and o’ € Py (a), then there is a
unique b € Px(wp) satisfying p(bwg...w,—1) = a’. Therefore there is a one-to-one
relation between Py (a) and Px (wp). Left resolving maps are onto.

2.2 State splitting and amalgamation. The ideas in this section originated in
the work of R.F. Williams [Wi]. The properties that we describe can be found in
[Wi], [BFK] or [LM].

Let M be an n X n nonnegative integral matrix and G, be its associated graph.
Let V) and Ejs be the set of vertices and edges of G respectively.

We describe an elementary splitting of G;. Fix v € V), and partition the set
of edges starting at the vertex v into two nonempty disjoint sets a' and a?. We
construct a new graph G based on this partition as follows.

The vertex set of G is V = (Vs \ {v}) U {v1,v2}. For each edge e € af, where
i € {1,2}, put an edge in G from v; to the terminal vertex of e in Gy if it is not
v, and draw edges from v; to v; and ve otherwise. For each e € E); starting at
some vertex @, ¥ # v, and ending at v put two edges in G, one of them from o to
v1 and the other one from ¥ to v3. The other edges in Gj; remain identically in G,
completing its construction. Denote by M the nonnegative integral matrix defining
G. M is called an elementary splitting of M, and M an elementary amalgamation
of M. The matrix M has a repeated column, the one corresponding to v; and
vg. To obtain M from M it is enough to eliminate one of these columns and add
the rows corresponding to v; and v, and index the new rows and columns in the
natural way. We notice that if M is a 0-1 matrix the former process reduces to
split G following partitions of the vertices.

Given a nonnegative integral matrix M, there is another nonnegative integral
matrix M; with no repeated columns that can be obtained from M after a finite
number of elementary amalgamations (see [Wi]). Also, it can be proved (see Lemma
2.7 in [BFK]) that M; is unique up to conjugacy by a permutation matrix. M; is
called a total amalgamation of M.

If M is an elementary amalgamation of M then there is a one-block conjugacy
¢ : Xy — X with a two-block inverse ¢ ~! (see Theorem 4.10 in [LM]); therefore
X and Xy, are conjugate by a one-block map ¢ : Xpr — Xay,.

3. THE RESULT

Let Xo C X be two nested mixing SFT. We know that X is conjugate to a mixing
MS X given by a nonnegative integral matrix M. Let M; be a total amalgamation
of M, which is unique up to permutation; therefore X is also conjugate to Xpy,.
Fix one such representation and denote by X M, the associated totally amalgamated
system, by ¢ : X — XMt the conjugacy, and put Xy = #(Xo). Observe that X, is
an SFT but it is not necessarily an MS.

Our main result is the following one.

Theorem 3.1. Let Xy C X be nontrivial mizing SFT. Then, there is a conjugacy
7:Y — X, where Y and Yy = 7~ 1(Xo) are mizing MS verifying that the sets of
letters effectively used by them are the same (L1(Yo) = L1(Y)) if and only if for
any a € Ly(Xpy,) there is an o’ € Ly(Xo) such that Piu, (a) = Piu, (a').

First, we supply two examples to illustrate how the conditions of the theorem
apply. In the first one we present a pair of SFT (X, Xy) which fails to meet the
condition of Theorem 3.1 and therefore the conclusion of the theorem does not
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hold. In the second example we exhibit a pair of SFT meeting the condition of the
theorem, and we provide the corresponding conjugate MS and the conjugacy.

Example 1. Consider the mixing one-sided Markov shift X C {0, 1,2} such that
the blocks 11, 12 and 21 are not allowed, and consider a subshift of finite type
Xo in X using the alphabet {0,1}. This example fails to meet the condition of
Theorem 3.1. In fact, the matrix which defines X is already totally amalgamated
and for any pair of distinct letters a,b € {0, 1,2} there is ¢ € {0, 1,2} such that ca
is a block in X but ¢b is not an allowed block in X, or vice versa. As Theorem 3.1
says, it is impossible to recode this pair of systems as an MS, where the symbols
used to describe the recoded version of X are all the symbols used to describe
the recoded version of X. Let us give an argument for that. If we suppose there
are Markov shifts Y and Yy with Yy C Y using exactly the same letters, and a
conjugacy ¢ : Y — X that maps Yy onto Xy, then by a recursive argument it
is possible to prove that ¢ is a letter to letter projection, that is, a 1-block map.
Therefore Xy and X use exactly the same alphabet, which is a contradiction.

Example 2. Let X C {0,1,2}" be the MS forbidding the two-blocks 11, 12 and
20, and Xo C {0,1}" be the MS such that 11 ¢ Ly(Xy). Clearly Xo C X and
L1(X) # L1(Xo). Also, the letter 2 € L1(X) \ L1(Xo) has the same predecessor
set as 1 € L1(Xo). This property is stronger than the condition of Theorem 3.1,
as is proved below. On the other hand, it is not difficult to see that the matrix [2]
is a total amalgamation for X, and then the condition of Theorem 3.1 is trivially
satisfied.

Now we define Markov shifts Yy and Y, where Yy C Y and L;(Yy) = L1(Y),
and a conjugacy ¢ : Y — X such that ¢(Yy) = Xy. The MS Y is defined in
{0, 1,2} by forbidding the two-blocks 01, 20 and 22, and Yj is the MS in Y such
that 11 ¢ Lo(Yp). Clearly Li(Yy) = L1(Y). The conjugacy ¢ : Y — X has the
following block code: ¢(00) = 0, (02) = 0, ¢(21) = 0, ¢(10) = 1, ¢(12) = 1,
»(11) = 2. A simple computation yields ¢(Yy) = Xo. The MS Y is obtained after
state splitting of Xy with respect to the symbol 0, and ¢ is an extension of the
resulting map to Y.

The proof of the theorem will follow once we have proved some lemmas and
propositions. The following property will be useful. Let Z and W be subshifts with
W C Z. The couple (Z,W) is said to satisfy property (V) if

(N)  for every b e Li(Z) there exists b’ € L1(W) such that Pz(b) = Pz (V).

Let us begin by showing that the condition of the theorem is necessary. For this
we assume there is a conjugacy 7 : Y — X, where Y and Yy = 7~ !(Xj) are mixing
MS with Ll(Yo) = L1 (Y)

Let M’ be the 0-1 matrix defining Y, Y3+ be the arc representation of Y, and
Yy be the arc representation of Yy. The pair (Y, Yy) satisfies property (N).

Since X is conjugate with X M,, wWe can construct a conjugacy 7' : Yy — X M,
with 7/ (Yy) = Xo. Hence, by William’s theorem (see Theorem 2.11 in [BFK]), M’
and M; have the same total amalgamations. In particular, M; is a total amalgama-
tion of M’. Let 7 be a conjugacy from Y to Xps, compatible with a sequence
of elementary amalgamations from M’ to M;, and put Yy = 7 (Yy). The maps 7"
and 7’ induce an automorphism ¢ : Xas, — Xy, where o(Yy) = X.
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Therefore, to state the necessary condition it is enough to prove that prop-
erty (N) can be transferred from (Yazr, YY) to (Xas,,Yo) and from (Xyy,,Ys) to
(XMt?XO)

Lemma 3.2. Let v : Xpr — X be a one-block conjugacy between the MS defined
by the nonnegative integral matrices M and M’, and let Xo be a subshift contained
in Xar. Then (X, 9(Xo)) has property (N) whenever (X, Xo) does.

Proof. Let b € L1(X ) and take y € X such that by € Xy Since ¥ is a
conjugacy, there are unique a € L1(Xys) and z € X with ¢(ax) = by. Fix a’ €
L1(Xo) which satisfies Px,, (a) = Px,,(a’), and take xo € Xy such that a’z¢ € Xp.
We will prove that Px,, (b) = Px,, ('), where b satisfies ¢ (a’x0) = b'yo € ¥(Xo).

Let ¢ € Px,,, (b). The point cby is in Xy and it has a unique preimage by 1,
dax € Xjp. This implies d € Px,,(a) = Px,,(a’) and da’zo € Xp. Therefore,
Y(da'zy) = Y(d)(a'xg) = cb'yo (recall that 1 is one-block), which means ¢ €
Px,, (V). We have proved Px,,(b) C Px,,(b'). The other inclusion is shown in
an analogous way. O

The conjugacy 7" between Y, and X M, is constructed as a composition of
elementary amalgamations; then it is one-block. Therefore, by the last lemma, the
pair (X, , o) satisfies property ().

To show that ¢ preserves property (V) it is necessary to go further into the
structure of the automorphisms of one-sided MS. We will rely heavily on the results
in [BFK].

Lemma 3.3. (X, Xo) has property (N).

Proof. From Theorem 2.12 in [BFK] it follows that the automorphism ¢ : Xy, —
XMt can be decomposed as ¢ = g o @1, where ¢ is a composition of simple
automorphisms of X M, and o is a vertex automorphism of X M, - In particular, ¢q
is a one-block automorphism (definitions of simple and vertex automorphisms can
be found in [BFK]).

On the other hand, from Lemma 2.23 in [BFK] it follows that ¢ satisfies the
following property: for all z € Xy, and i € N, (p1(x)); has the same initial and
terminal vertex as x; in Gy, . Therefore, since (Xyy,, Yp) satisfies property (N), for
any vertex in Gy, there is a point in ¢, (Yp) starting from it, that is, (X, , ¢1(Y0))
verifies property ().

To conclude the proof, observe that ¢q is a one-block automorphism and ¢g o
©1 (Yo) = Xy, so Lemma 3.2 implies that (XM“XO) also verifies the property. O

We have proved the necessity of the condition of Theorem 3.1. The proof of the
sufficiency is more involved. To do it we use state splitting.

Lemma 3.4. Let Wy C W be nontrivial mizing MS such that L1 (Wy) = L1(W)

and let w € Li(W). Then, there are mizing MS Wy C W, where Ly(Wy) =

Li(W), and a one-block conjugacy ¢ : W — W with @(WO) = Wy such that
TH({w}) = {wr, wa}, P(wr) = Pr(w2) and Sy (w1) 0 Sy (w2) = 2.

Proof. Since Wy and W are mixing MS using more than one letter, there are states

Uy = W, U1, .., us € L1(W) = L1(Wp) such that (i) Sw,(u;) = {uir1} for i €

{0,...,s — 1}, (i) |Sw, (us)| > 2 and (iii) u; # uj if ¢ # j.
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Now in W we split the state us into ugl) and ug2), following a partition P =
{aM a1 of Sy (us) such that oV N Sy, (us) # @ and a® N Sy, (us) # @. This
is possible because | Sy, (us)| > 2. Denote by W) the resulting mixing MS and by
©®) - W) — W the corresponding amalgamation map (recall that it is one-block).
We have that Li(W®)) = (Ly(W) \ {us}) U {ugl), ug)}, and, since both atoms of
P intersect Sy, (us), L1(WSY) = Ly (W), where o(®) (W,”) = W,. Observe that
WO(S) is also a mixing MS.

In this new system Swés) (us—1) = {ugl),ug)} and Swés> (us) = {uit1}, 7 € {0, ...,
s —2}. Thus, we can repeat the last procedure recursively until we reach state w.
We obtain nontrivial mixing MS Wo(i) C WO with Ly(W®) = Ll(WO(i)) and
one-block conjugacies ¢® : W® — W+ guch that (?) (Wéi)) = é”l), for
i €{0,....s} (we have put WD) = W and W*™) = W;). Moreover, in W) the
state w is split into the states w; and we, ensuring that Py (w1) = Py (w2)
and SW(o) (wl) N SW(O) (wg) =J.

We conclude by defining W = WO, W, = WO(O), and ¢ : W — W as the
composition of the one-block maps ¢*. O

Let W, Wy, Z, Z be nontrivial mixing MS such that Wy C W, Z C Z, and let
m: W — Z be a two-block conjugacy. Let us point out that, since 7 is left resolving,
we have Pz(n(vv")) = Pz(w(vv')) for vv’,vv"” € Lo(W). Now we define a property
which strengthens this last one. We say that the 5-tuple (m, Wy, W, Z, Z) satisfies
property (P) if the following conditions hold:

(Py) for any vv”, vv' € Lo(W); Pz(mw(w'")) = Py(m(vv'));

(P2) Li(Wy) = Li(W).

When 7 is a one-block map condition (P;) follows directly.

For any a € L;(Z) define the MS Z, such that Ly(Z,) = La2(Z)U{ab € La(Z)|b €
L1(Z)}. Notice that Z, is also a nontrivial mixing MS contained in Z which contains
Z.

The following proposition will be used in the one-block version. For the sake of
completeness we give a more general statement.

Proposition 3.5. Let (7, Wy, W, Z,Z) be a 5-tuple with property (P) and a €
Li(Z). Then there are mizing MS W} C W' and a two-block conjugacy ©' : W' —
Zo such that 7' (W}) = m(Wy) and the 5-tuple (', W}, W', Z,, Z) has property (P).
Moreover, 7’ is one-block whenever w is one-block.

Proof. Let us fix a state w € L1(W) such that w(ww’) = a for some w’ € Ly(W).
This choice is possible because a € L1(Z) and 7 is onto.

We apply Lemma 3.4 to w, Wy and W in order to produce nontrivial mixing MS
W and W satisfying Wo C W and L (W) = L1(Wj), and a one-block conjugacy
¢ : W — W such that p(Wo) = Wy and ¢~ ({w}) = {wi,ws} with Pyr(wy) =
Pyr(we), Syr(wi) N Syr(wz) = &. Set T = 7 o ; then it follows directly that the
5-tuple (7, Wo, W, Z, Z) satisfies property (P) and 7(W¢) = n(Wj). Notice that if
7 is a one-block map then 7 is also one-block, with 7(w1) = 7(ws2) = 7(w) = a.

The following property (@) can also be deduced from this construction:

(@Q1) if b = 7(vv') and b = 7(vv") with vo’, 00" € Lo(W), then Pz, (b) =
Pz (V);

(Q2) under the same conditions as in (1) and v = w; or v = we we have
Pza (b) = PZa(bl) = PZa(a,).
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In fact, from property (P) we get P5(b) = P5(b') and Pz(b) = Pz('), and since
¢ is one-block, P5z(b) = Pz(V') = Pz(a) and Pz(b) = Pz(V') = Pz(a) whenever
v = wjy or v = we, which proves the desired property.

The idea of the proof is to extend 7 : W — Z to a factor map whose domain is
an MS W' containing W and whose range is Z,. In that purpose consider the sets
of letters,

B={be Li(Z) | abe Ly(Z,) \ L2(Z)},
U={ue Li(W)|3Iu € Sy(u), 7(uu') € B}.
From property (Q) we deduce that,
ifueU and u' € Syr(u), then 7(uu') € B.
We define the Markov shift W’ through the set of two blocks
Lo(W') = Lo(W) U{wiu | u € U, wiu ¢ Lo(W)} U {wou | u € U, wiu € Lo(W)}.

By construction, Spr(wi) N Sr(w2) = @5 then wou ¢ Lao(W) whenever wiu €

Lo(W). Therefore for all u € U there is a unique w;, ¢ € {1, 2}, such that w;u €
La(W') and w;u ¢ Lo(W). Also W' is a mixing MS.

We extend 7 to W’ by putting 7/ (w;u) = a if wyu € Lay(W')\ Lo(W), i € {1,2},
and 7' (uv) = T(uwv) if wv € La(W). Set W, = Wy; then n'(W)) = #(Wy). By
construction, if 7 is one-block the resulting 7’ is also one-block because T(w;1) =
7(wz) = a. In the sequel we shall prove that 7’ is a conjugacy between the mixing
MS W' and Z,. We begin by showing that 7’ is a left resolving factor map onto
Zg.

Fix v € L1(W') = L1(W). From the construction it follows that Py (v) is equal
to Pyr(v) when v ¢ U, and Py (v) is equal to Pyr(v) U {w;} for a unique ¢ € {1,2}
when v € Y. Take b € L1(Z,) = L1(Z) such that 7' (vo) = b for some v € Syr(v).
The left resolving property of 7 implies that Py-(v) and Pz(b) are in a one-to-one
correspondence and {7(v'v) | v/ € Pyr(v)} = Pz(b). Also, for any v € Pyr(v),
7' (V)b = T(W'0)T(vD) € La(Z) C Lo(Z,). In addition, if v € U then b € B, and
there is a unique v’ € Py (v) that is equal to w; or wy such that 7’/(v'v) = a. Hence
ab € Ly(Z,). We conclude that for any 0" € Py, (b) there is a unique v’ € Py (v)
such that 7' (v'v) = 0" and {#'(v'v)b | v' € Pw:(v)} C La(Z,).

Now suppose that v = w; for some ¢ € {1,2} and b = 7'(w;7) with w;v €
La(W') \ La(W); then b must be equal to a. We know from (Q) that Pz, (a) =
Py (V) for any b/ = 7(vv') with v’ € Lo(W). Then for any b’ € Py, (a) there is
a unique v” € Py (w;) such that #'(v"v) = b and {7’ (v"v)a | v € Py (v)} C
L2(Z,). Therefore 7’ is a left resolving factor map from W’ to Z,,.

Now we will prove that 7' is one-to-one. Let x € Z,. If x € Z, there is a
unique y € W such that 7(y) = 7'(y) = 2. If we can find another y € W’
such that 7/(y’) = z it must be in W’ \ W, and, for some integer i*, x4 =
az;-+1 ¢ L2(Z), which is a contradiction. Then z € Z has a unique preimage by
7’. Furthermore, since 7’ is left resolving, we can extend this last property to the
points x = za’ € Z, such that z € L(Z,) and 2’ € Z. In fact, the unique preimage
of z is y = 2'y/, where |2/| = |z|, 7(y') = 2/, and 2’ is uniquely determined from
z,x’ and 3y’ by using the left resolving property.

It remains to consider the case when x € Z, and for infinitely many coordinates
we have ;2,11 = ab € La(Z,) \ Lo(Z). If y € W' is a preimage of such a x, then
yi € {w1, w2} whenever x;x;41 € La(Z,) \ L2(Z). Fix a coordinate j > 2 such that



1226 ALEJANDRO MAASS AND SERVET MARTINEZ

xjzj1 ¢ La(Z). We have that wy € U if and only if we € Y. In fact, from property
(Q) we have that a7 (w1v) € La(Z) \ L2(Z) if wy € U and v € Syr(w1). Again by
using property (Q)) we obtain that, for o € Syr(w2), Pz (T(w1v)) = Pz (7 (we0)) =
P5(a) and Pz(7(wiv)) = Pz(7(w20)) = Pz(a). Then wy € U. Therefore, there is
at most one j € {1,2} such that wjwi, wjws € La(W') \ La(W). It follows that
Py (wy) = Py (wz) and also 7’(w;) = 7/ (vwse) for any ¥ € Py (w1). Therefore,
for any ¢ € Py, (a) there is a unique ¥ € Py (w1) such that 7' (w;) = 7n’(vws) = c.
This implies that the value of y;_; is uniquely determined, and therefore, for all
i < 7, y; is determined. Thus, applying the last argument for infinitely many j, we
find a unique y € W’ such that 7'(y) = x. We have proved that 7’ is a two—block
conjugacy between the mixing MS W’ and Z,.

To conclude we show that (7', W}, W', Z,, Z) has property (P). We have already
mentioned that W and W’ are nontrivial mixing MS with W C W', L{(Wy) =
Liy(W"), and «’ : W' — Z, is a two—block conjugacy which is one-block if 7 is one—
block. Furthermore, since W}, = W we also have the property ' (W) = (W) =
W(Wo).

Finally, to establish property (P;) it is enough to observe that for w;v € Lo(WW’)\

Ly(W), i € {1,2}, the letter n’/(w;v) = a has the same predecessor set in Z as
any other symbol a' € L1(Z) such that 7(w;v) = a’ for w;v € Lo(W), because
(w7, W, Wy, Z,Z) has property (P). |
Corollary 3.6. Let (7, Wo,W,Z,7Z) be a 5-tuple with property (P) such that L1(Z)

= L1(Z). Then there is a 5-tuple (m,Wo, W, Z,Z) with property (P) such that
m(Wo) = 7(Wy). If T is one-block then 7 is also one-block.

Proof. Put L1(Z) = {au, ...,as}. By applying recursively Proposition 3.5 we prove
the existence of 5-tuples (7(%), Wo(i)7 W z0) 7)) with property (P), where Z() =
(26D, ZO = Z and 7O (W) = #(W,). Therefore, (7, W W) z() =
Z, 7)) satisfies the requirements of the corollary. |

Let m : W — Z be a two-block conjugacy between the nontrivial mixing MS
W, Z, and let Wy be a mixing MS contained in W such that L;(Wy) = L1 (W). Let
Z be a mixing MS containing Z. We will say that the 5-tuple (7, Wo, W, Z, Z) has
property (P*) if it satisfies the following additional conditions:

(P}) {ab € Ly(Z)|a,b € L1(2)} = Lo(2),

(Py) Vo, vv’ € Loy(W), Py(m(vv”)) = Py(m(vv')),

(PHYVacLi(Z) 3d € Li(Z), Pgla) = Pz(d).

Let a € L1(Z) \ L1(Z) be such that ac € Lo(Z) for at least one ¢ € L1(Z) and

also assume that (7, Wo, W, Z, Z) has property (P*). We can define the MS Z* such
that Ly (Z7) = Ly(Z)U{a} and Lo(Z7) = La(Z)U{ba € La(Z)|b € L1(Z2)} U{ac €
Lo(Z)|c € L1(ZF)}. Tt is straightforward that Z* is also a nontrivial mixing MS.
Properties (Py) and (P§) of (P*) imply that {ba € Lo(Z) | b € L1(Z)} = {ba €
La(Z) | b € Pz(a') U{a}} for any a’ € L1(Z) with Pyz(a) = Pyz(a’).
Proposition 3.7. Let (7, Wy, W, Z,Z) be a 5-tuple with property (P*), and let
a € L1(Z)\ L1(Z) be such that ac € Lo(Z) for at least one ¢ € Li(Z). Then
there are mizing MS W5 C W' and a two-block conjugacy «' : W' — Z* such that
7' (W4) = 1(Wo) and the 5-tuple (x', W}, W', Z*, Z) has property (P*).

Proof. Fix o' € L1(Z) and w € L1 (W) such that Pz(a') = Pz(a) and m(ww') = a’
for some w' € Ly(W). Now apply Lemma 3.4 to w, W and Wy in order to produce
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nontrivial mixing MS W and Wy, where Wy C W and Li(W) = L{(Wy), and a
one-block conjugacy ¢ : W — W which satisfies (W) = Wy and ¢ !({w}) =
{w1,w2}. We also recall that Pyr(w1) = Pyr(we) and Syr(wi) N Syr(we) = 2.
Therefore, the 5-tuple (7, Wo, W, Z, Z), where @ = 7 o ¢, has property (P*) and
7(Wo) = m(Wp). In addition we have the following property (Q*):

(Q7) for i € {1,2} and v € Syr(w;), Pz(T(wv')) = Pz(a') = Pz(a);

(Q3) for any v' € Pyr(wy), T(v'wy) = 7(v'ws).

Consider the sets B = {b € Li(Z)|ab € Ly(Z)} and U = {u € Li(W)|F v €
Li(W),7(uu') € B}. Tt follows from properties (Q%) and (Q3) that wy € U if and
only if wy € U. The MS W' is defined in such a way that

Lo(W') = Lo(W) U {wyu|u € U, wiu ¢ Lo(W)} U {wou|u € U, wyu € Lo(W)}.

The subshift W’ is mixing and Li(W') = L1(W). Define the map 7’ with domain
W’ such that 7' (w;u) = a if wu € Lo(W')\ Lo(W), i € {1,2}, and 7' (uv) = 7(uv)
if uv € Lo(W). If we put Wy = W, then 7/ (W) = #(Wy). Let us point out that
for all u € U there is a unique w;, i € {1,2}, such that wyu € Lo(W') \ La(W).
Moreover, if wy, wy € U, then w;wy, wjws € La(W')\ La(W) for a unique i € {1,2},
and 7' (w;wy) = 7' (w;we) = a. This means that properties (Q7) and (Q3) are also
satisfied with respect to #’ and W’.

Let us show that 7’ is a two-block conjugacy from W' to Z*. First notice that for
any b € L1(Z) the blocks b'bin Lo(Z) are those in Ly (Z), and only in the case when
b € B is the block ab added to the last set. Furthermore, since 7 is left resolving,
the map 7" produces all the blocks b'a € Ly(Z}), b’ € Pz(a’), and the block aa if
a’ € B. This shows that 7/(W’) C Z*. In an analogous way as in Proposition 3.5 we
can show that for every b € Li(Z}),v € Li(W’), and b’ € Pz (b) with n'(vv) = b
for some ¥ € Sw(v), there is a unique v’ € Py (v) such that «’(v'v) = b’. This
means that 7' is a left resolving factor map from W' to Z}.

To prove that 7’ is one-to-one, since 7 is a conjugacy, we only have to look at
those points « € Z7 such that for infinitely many coordinates we have z; = a.
In this case, if we take i > 2 with 2; = a and y € W’ such that 7'(y) = z, then
y; € {w1,wa}. Since 7’ is left resolving and 7’ (vwy ) = 7' (vws) for any v € Py (w1),
there is a unique y;_1 such that 7/(y;—1w1) = 7’ (y;i—1w2) = ;1. Therefore, if we
use the left resolving property recursively, we conclude that yi...y;—1 is uniquely
determined for all 4 > 2. Then y is unique and 7’ is a conjugacy.

We have constructed a two-block conjugacy between the nontrivial MS W' and
Z¥, and an MS W[ C W’ such that L, (W') = L1(W{) and #'(W() = n(Wp). To
prove that (7', W}, W', Z*, Z) has property (P*) we have to verify properties (P;),
(Pg) and (P5). Since L1(Z) C L1(Z}), property (P5) is straightforward. On the
other hand, by construction, the MS Z* already has both blocks in Ls(Z) with
letters in L1(Z)U{a}, so it satisfies property (P;°). Finally, by using the facts that
(7,Wo, W, Z,Z) has property (P*) and property (Q3) with respect to 7/ and W,
we can prove that (Py) is also true. |

Corollary 3.8. Let (ﬁLW_O,W, Z,7) be a 5-tuple with property (P*). Then there
is a 5-tuple (1, Wy, W, Z, Z) with property (P*) and 7(Wg) = w(Wp).

Proof. Put Li(Z) \ L1(Z) = {a1,...,as} and suppose that for each i € {1,...,s}

there is ¢ € L1(Z) U {az1, ...,a;—1} such that a;c € L2(Z). By using Proposition 3.7
we construct for each i € {1, ..., s} a 5-tuple (7(?, Wol), W@, z0) Z) with property
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(P*), where 2 = (Z(=1)* and such that w(i)(Wo(i)) = 7(Wy). Therefore,
since Z®) = Z. we conclude that (W(S),WO(S),W(S),Z, 7) has property (P*) and
T (W) = 7(Wo). O

Proof of Theorem 3.1. We have already discussed the necessity of the condition,
which results from Lemmas 3.2 and 3.3.

In order to prove the sufficiency, it is enough to show it for the systems X M,
and Xo. A simple composition and Lemma 3.3 serves to conclude. For simplicity
we will denote by V the mixing MS X M, and by Vp the mixing subshift of finite
type Xo. We also assume that for any a € L;(V) there is o’ € Ly (Vp) such that
Py (a) = Py(a’). Both V; and V are nontrivial.

Let N be an order of the SFT V. Now define for each i € {1, ..., N} the following
mixing MS:

i) T
Vo(l) = | (mi)iGN ev, V] eN Tj..Tjti—1 € Ll(V())

Observe that the MS VO(N) is the N-block presentation of V; in particular, VO(N) and
Vo are conjugate. We also set Voi) equal to the projection of the first ¢ coordinates
of V™. We denote this projection by ¢(*+1), so V¥ = o+ (1Y), Notice
that Vo(i) - Vo(i) and Vo(i) is a nontrivial MS conjugate to VO(HI),
one-block conjugacy. Also, Ll(VO(i)) = Ll(f/oi)) = L;(Wo).

In the first part of the proof we will produce a 5-tuple (w, Wy, W, Vo(l)7 V) with
property (P*) and 7m(Wy) = V. To achieve it we use a recursive process.

Fix i = N — 1. Put WV-1 = VO(N_I) and WO(N_l) = VN1 and consider
the identity 7(V =1 . W=D VO(N_D. It is obvious that W(N_l)(WO(N_l)) =
VO(N_l). The identity is a one-block map; thus for all v/, vv” € Lo(WW-1),
Py(nN =D (') = Pxr(r™ =Y (vv")) for an arbitrary mixing MS Z containing
VO(N_l). We conclude that (7(V =1, WéN_l), WwW-1, VO(N_l),7) has property (P).

Consider the map #(V=2) = (N=1) o £(N=1) ; V=1 _, 7/(N=2) 1t i 4 one-
block conjugacy, and 7%<N—2)(W0(N_1)) = cp(N_l)(f/O(N_l)) is a mixing SFT. There-
fore (#(N=2), WO(N_l), W=, %(N_2),7) has property (P) for any mixing MS Z
containing VO(N_Q). Since Ll(VO(N_Q)) = Ll(VO(N_2)), we can apply Corollary 3.6
with Z = VO(N_z) in order to obtain a 5-tuple (7(N=2), W(EN_2), wWWN=2), VO(N_Q),
VO(N_Q)) with property (P). Furthermore, 7V ~2) is a one-block conjugacy and

@D being a

Zo I
V=W TY) = N () = : D] | (@i)ien € Vo

TN-3 TN—-2

Since 7(N=2) is one-block, we can replace the last VO(N_Q) in the 5-tuple by any
mixing MS which contains it, keeping property (P).
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Let us suppose that for some j € {N — 2,...,2} we have constructed a 5-tuple
(D), WO(J)7 W), VO(J)7 7) with property (P), 7) is a one-block map and

Zo I
(W) = : S|l (@i)ien € Vo

Tj—1 €

(here Z is any mixing MS containing Vo(j ), because 1) is one-block).

Consider 701 = pox() . Then the 5-tuple (fr(j_l) , WO(J), W, VO(J_U ,Z) has
property (P). Moreover, (=1 is a one-block conjugacy, Ly (VY ™" = Ly (V7 ™)
and

Zo I
#ITDW) = : fo e T @i)ien € Vo
Tj—2 Tj—1
Thus by taking Z = Vo(j Y we can apply Corollary 3.6 to produce a 5-tuple
(W(j—1)7wéj_1)7 wi-1, Vo(j_l), Vo(j—l))
with property (P), where 70~1 is a one-block map and
7r(j—l)(v[/o(j—l)) — fr(j_l)(WO(j)).

In this way we prove that there is a 5-tuple (w(l), Wél), w, Vo(l), V') with prop-
erty (P), ) is a one-block conjugacy and W(l)(Wo(l)) = V. Moreover, this 5-tuple
has property (P*) ((P5) is the hypothesis, (P;) because 7 is one-block, and (Py)
follows from the definition of Vo(l)). Then we can apply Corollary 3.8 to obtain a
5-tuple (m, Wy, W, V, V) with property (P*) and w(Wy) = Vp; that is, we have a
conjugacy m : W — V and a mixing MS Wy C W with Li(Wy) = Ly (W) such that
m(Wy) = V. This proves the theorem. O

The following corollary has been pointed out to us by Mike Boyle. It concerns
the same codification problem in the two—sided case.

Corollary 3.9. Let Xg C X be nontrivial two—sided mizing SFT. Then there is a
conjugacy 7 : Y — X, where Y and Yo = 7~ 1(Xy) are two-sided mixving MS with
Li1(Yy) = L1 (Y).

Proof. Without lost of generality let X be a mixing MS defined by a totally amal-
gamated matrix. Because X is a nontrivial SFT, it contains an infinite orbit
{o™(xz) : n € Z} such that z is forwardly asymptotic to a periodic point z and
backwardly asymptotic to a periodic point y. Thatis x = ...vvva_; ... zrwww. ..,
where v and w are defining blocks for y and z respectively.

Because X is a mixing SFT, for j and k large enough, there is a word u_;...ux
such that

(i) z = ..vvvu_;...upwww... is a point in X, and

(ii) every symbol in L1 (X) occurs in u_;...us.

Now we have a natural isomorphism of SFT’s:

O Ay, zyu{o"(z) : neZ} — {y,z}u{c"(z) : ne€Z}
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such that ¢'(z) = Z, ¢'(y) = y and ¢'(z) = z. Since ¢’ moves no periodic points,
it follows from Lemma 1.4 in [BK] that ¢’ can be extended to an automorphism
p: X — X.

Now, ¢ is a conjugacy such that Lq(¢(Xo)) = L1(X). Therefore, to finish the
proof we can use Theorem 3.1 to produce a conjugacy 7 : ¥ — X, where Y and
Yy = 7 1(Xp) are two—sided mixing MS with L;(Yy) = L1(Y). |
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