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A BANACH COUPLE IS DETERMINED
BY THE COLLECTION OF ITS INTERPOLATION SPACES

O. E. TIKHONOV AND L. V. VESELOVA

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. We prove that an arbitrary Banach couple is uniquely determined
by the collection of all its interpolation spaces, which extends a result by N.
Aronszajn and E. Gagliardo.

1. INTRODUCTION AND NOTATION

In this paper, we affirmatively answer a question which originates from the clas-
sical paper by N. Aronszajn and E. Gagliardo [1]: is an arbitrary Banach couple
uniquely determined by the collection of all its interpolation spaces? It was em-
phasized in the survey [3] (on page 9) that this question is an important unsolved
problem from the fundamentals of the theory of interpolation of linear operators.
In the monograph [2], Yu. A. Brudnyi and N. Ya. Kruglyak conjectured that the
answer to the question is affirmative (Conjecture 2.2.32 on page 133) and posed
the corresponding problem (Problem 2.7.4(a) on page 286). Moreover, by using
our techniques, we obtain a much-simplified proof of the uniqueness for embedded
couples (cf. [1, p. 97, Theorem 10.XVI] and [2, p. 133, Theorem 2.2.33]).

We first introduce some notation and recall some definitions and facts from the
theory of interpolation of linear operators in Banach spaces.

For a Banach space E, we will denote by || - ||g the norm in E, by Bg the open

unit ball in E, by D" the closure in E of a subset D C E, and by || - | ¥ the norm
in the conjugate space E*.

Let E and F be two Banach spaces. The notation ¥ — F' will mean that F is
linearly and continuously embedded into F. If E — F and ¢ € F*, then ¢|g € E*,
and we write ||¢||¥ to denote ||¢|g||”. The notation E ~ F stands for the case
when F and F coincide as linear spaces and their norms are equivalent.

Two Banach spaces X and Y form a Banach couple (X,Y) if they both are
linearly and continuously embedded into a certain Hausdorff topological vector
space. Each Banach couple (X,Y’) can be canonically associated with two Banach
spaces, the intersection X NY and the sum X + Y, with the norms defined as
[zl xny = max{]|z]|x, [lz[ly} (z € X NY) and [|z]x1y = inf{[lz]lx + [lylly : = €
X,yeY, z=x+y} (€ X+Y). A Banach couple (X,Y) is called embedded if
X <—=YorY — X. It is called reqular if X NY is dense in X and Y.
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A Banach space Z is called intermediate for a Banach couple (X,Y) if XNY —
Z—=X+Y.

A linear operator T in X +Y is called a linear continuous operator on a Banach
couple (X,Y) if T maps X into X and Y into Y continuously. We denote by
L((X,Y)) the set of all such operators. L((X,Y)) is a Banach space with respect
to the norm

17N Lox,vy) = max{[|T]|x—x, | T]ly—v}

An intermediate space Z for a Banach couple (X,Y) is called an interpolation
space for this Banach couple if T(Z) C Z for all T € L((X,Y)). The set of all
interpolation spaces for (X,Y") will be denoted by Int(X,Y"). It is well-known [1, p.
73, Theorem 6.XI] that if Z € Int(X,Y’), then there exists a constant C' such that
the following “interpolation inequality” holds true:

IT|z—z < C|T||L(x,yy forallT e L((X,Y)).

Let (X,Y) and (V,W) be two Banach couples. We will write (X,Y) ~ (V, W)
fXNY~VNWand X +Y ~V +W. We will write (X,Y) ~ (V,IW)if X =V
andY ~Wor X ~WandY ~ V.

2. LEMMAS

We continue by presenting a sequence of lemmas, which we will use in the proof
of the main result.

Lemma 2.1 (e.g., [4]). Let (X,Y) be a Banach couple. Then

a) X NY is dense in X if and only if Y is dense in X +Y [4, p. 23, Corollary
1 of Lemma 1.3.1];

b) if X NY is dense in both X and Y, then it is dense in X +Y, too [4, p. 23,
Corollary 2 of Lemma 1.3.1].

Lemma 2.2 (e.g., [4, p. 25, Lemma 1.3.4]). For a Banach couple (X,Y), let a sub-
set D C X NY be dense in X, and let ||z||y < c||z||x on D. Then X is embedded
into Y with an embedding constant less than or equal to c.

Let us remark that Lemma 2.2 is trivial to prove if D is a linear space, and only
this case is necessary in the present paper. The next lemma is immediate.

Lemma 2.3 (see [1, p. 96, the proof of Corollary 10.XIV]). Suppose that for two
Banach couples (X,Y) and (V,W) the following conditions are fulfilled:

1) (X,Y) ~ (V, ),

2) X >V,

3)Y — W.
Then X ~V and Y ~W.

Lemma 2.4 ([1, p. 76, Theorem 7.1V]). If Z € Int(X,Y), then Z must satisfy one
of the following four conditions:

N Z~X4Y,

NX—mZoX T,

Y z-7

HXNY wZXny .

Lemma 2.5 will play a leading role in the proof of the main result.
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Lemma 2.5. Let E and F be Banach spaces such that E — F. Suppose that £
and F do not coincide as linear spaces. Then there exists a sequence {¢,} C F*
such that ||, ||F =1 and ||¢n]|¥ — 0.

Proof. Tt is well-known (e.g., [4, p. 11, Lemma I.1.1]) that the unit ball Bg is
nowhere dense in F'. Therefore, nBr does not contain Bg for any natural number

n. Hence, there exists z,, € Br such that =, &€ nB EF. It follows from the Hahn—
Banach theorem that there exists ¢, € F* such that ||, [ =1 and

—F
sup{lon ()| : x € nBg } < vn(zs).
Hence we have
lenll® = sup{lpn(z)| : x € B} < @n(an)/n < 1/n.
3. MAIN RESULTS
Note, first, that the following implications hold true for every pair of Banach
couples (X,Y) and (V,W):
Int(X,Y) =Int(V, W) = (X,Y) ~ (V, W),

Int(V, W) CInt(X,Y) <= V., W € Int(X,Y).

The proof is straightforward.

Next, we recall a result which is due to N. Aronszajn and E. Gagliardo (see [1,
p. 97, Theorem 10.XVI]. Here, we give a proof which is simpler than in [1] or [2, p.
133, Theorem 2.2.33].

Theorem 3.1 ([1]). Let a Banach couple (X,Y) be non-embedded. Then either X
or'Y does not belong to Int(X NY, X +Y).

Proof. We denote A = X NY and ¥ = X + Y. Suppose that (X,Y) is non-
regular and X,Y € Int(A, ¥). Then, from Lemma 2.4, we get A — X — A
and A < Y <> A, Hence ¥ < A By Lemma 2.1 a), this contradicts the
assumption that (X,Y’) is not regular.

Now, let (X,Y) be regular. Note that A =¥ by Lemma 2.1 b). Suppose, for
example, that Y € Int(A, X). By Lemma 2.5, we can choose a sequence {p,,} C ¥*
with [|@n]|® = 1 and ||, || — 0. Clearly, ||¢n||® — 0. Since By, = conv(BxUBy),
we have ||, [|¥ — 1. For z € A, we consider the linear operators of rank one given
by the formula T, (-) = ¢ (-)x. Then we have

ITally =y = lenll” lzlly — ll2lly,
ITalla—a = leal®llzlla — o0,

ITnlls—x = lleall®lzlls = l|lz]s-

By applying the interpolation inequality for Y € Int(A,X), we infer that there
exists a constant ¢ such that ||z]|y < ¢||z|g for all z € A. By Lemma 2.2, it follows
that 3 < Y. This contradicts the hypothesis of the theorem of that (X,Y) is not
embedded.

Corollary 3.1. Suppose that for an embedded Banach couple (X,Y) and another
Banach couple (V,W) we have Int(X,Y) = Int(V,W). Then (X,Y) ~ (V,W).



1052 O. E. TIKHONOV AND L. V. VESELOVA

Theorem 3.2. Suppose that for a Banach couple (X,Y) and a non-embedded Ba-
nach couple (V,W) we have (X,Y) ~ (V,W) and Int(V,W) C Int(X,Y). Then
(X,Y) = (V, ).

Proof. We first remark that the hypotheses of this theorem imply, using Theorem
3.1, that (X,Y) cannot be an embedded couple. Now the proof naturally splits
into three parts.

I. Let us first consider the case when X NY is dense in neither X nor Y. By
Lemma 2.1 a), neither X nor Y is dense in X +Y. Since they are both in Int(X,Y"),
each of the spaces V and W must satisfy at least one of the conditions 2), 3)

or 4) of Lemma 2.4. If they are both contained in YXH/, then sois V 4+ W ,
which contradicts the assumptions that V +W ~ X + Y and X< % X +Y.

—X+Y
Similarly, they cannot both be contained in Y . Thus neither V nor W can
satisfy condition 4), and the only remaining possibilities are that either

XoVoX Mady - w7

or a similar condition holds with V' and W interchanged. In both of these cases it
follows from Lemma 2.3 that (X,Y) ~ (V,W).

IT. We now suppose that X NY is dense in Y, but not in X. Then X is dense in
X +Y,but Y isnot. Again V' and W must each satisfy at least one of conditions

2), 3) or 4) of Lemma 2.4. Exactly as in the previous step, they cannot both be

. . SX+Y . . .
contained in V" . Also they cannot both satisfy 2), since X cannot be contained

in VNW ~ X NY. Thus exactly one of them must satisfy 2). If the other satisfies
3), then again Lemma 2.3 ensures that (X,Y) ~ (V,W). It follows that we can
assume that

XNY =VeaXxny 7, Xewox

(or that an analogous condition holds with the roles of V' and W interchanged).

We will consider two different cases, a) and b).

a) Let X4V ~ X+Y. By Lemma 2.5, we can choose a sequence {p,,} C (X+Y)*
such that ||¢,||*TY =1 and ||p,||* — 0. Then ||p,||¥ — 1. Since X +V ~ X +Y
and ||, | ¥ — 0, there exist constants ¢;,co > 0 and a natural number ng such
that ¢; < [|onl|V < ca (n > ng). For z € X NY and the operators Ty, (-) = pn(-)z,
we have

ITnllx—x = llenll™[lz]lx — 0,
ITolly =y = lleall” zlly — [lz]ly,

1T llv—v = lleallV Izllv > cillzlly  (n > no).

By applying the interpolation inequality for V' € Int(X,Y), we obtain ||z|y <
cllz|ly for all z € X NY. Hence by Lemma 2.2, we have Y < V. As X — W, we
obtain from Lemma 2.3 that X ~ W and ¥ ~ V.

b) We now consider the case when X + V does not coincide with X +Y as a
linear space. We choose a sequence {¢,,} C (X + Y)* such that ||, [*TY =1 and
lonl| XY — 0. Clearly, ||¢n]|¥ — 0 and ||@,||Y — 0. Hence, [|¢,|¥ — 1, and
there exists a constant ¢; > 0 such that ||, || > ¢; if n is sufficiently large. For
x € X NY, consider the operators T, (-) = ¢, (-)x. We have

IT0llx—x = lenll ¥ zllx — 0,
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ITlly =y = lleall lzlly — llzly,

I Tallw—w = lnll™ llzllw-

By applying the interpolation inequality for W, we obtain |z|lw < c¢||z|y for all
x € X NY. From this, we conclude that Y «— W. As X — W, this implies that
X +Y — W, which contradicts the hypothesis of the theorem that (V, W) is not
embedded.

III. Let (X,Y) be regular. We first suppose that X +V ~ X +Y. As in the case
IT a), we obtain Y — V. If, in addition, Y + W ~ X + Y, then we see (similarly
to the case IT a)) that X <— W. By Lemma 2.3, we obtain X ~W and Y ~ V. If
Y+ W #£ X +Y, then, similarly to the case II b), we obtain X <— V. Since Y — V
and X +Y ~ V + W, this contradicts the hypothesis that the couple (V, W) is not
embedded.

Now, we suppose that X +V % X + Y. As in the case II b), we obtain that
Y — W. Similarly to the case IT a), from Y+ W ~ X +Y we get X — W, which
contradicts the hypothesis that the couple (V,W) is not embedded. Therefore,
Y+W#X+Y. Then X — V, and by Lemma 2.3, we have X ~V and Y ~ W.

Corollary 3.2. Let (X,Y) and (V,W) be two Banach couples such that Int(X,Y)
= Int(V,W). Then (X,Y) ~ (V,W).

Remark 3.1. Theorem 3.2 gives an answer to a question which was treated by N.
Aronszajn and E. Gagliardo in [1]. In that work, they stated (see Remark 10.XV
on page 96) that they did not know whether there exist two different non-embedded
Banach couples, (X,Y) and (V, W), such that (X,Y) ~ (V,W) and Int(V, W) C
Int(X,Y) .

Remark 3.2. By making use of Corollary 3.2, we have proved in [5],[6] that a Banach
couple is uniquely determined by the collection of all its exact interpolation spaces.
The first step in that direction was made in [7]. In that paper, the case of a Banach
couple (X,Y) with X ~ Y was examined. Note that in case of the collection of the
exact interpolation spaces the meaning of “uniquely determined” differs from that
in the present paper.
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