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ON ANALYTIC STRUCTURE OF SOLUTIONS
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Abstract. We prove the existence of entire solutions to some abstract higher
order Cauchy problem for a dense subset of initial values.

Let X be a complex Banach space, and let A be a closed linear operator on X
with dense domain D(A). We study analytic properties of strong solutions of the
higher order Cauchy problem

x(p)(t) = Ax(t), t ∈ [0,∞),

x(i)(0) = xi, 0 ≤ i ≤ p− 1, p ∈ N.
(1)

These questions were considered for the cases p = 1, 2 and for uniformly well-posed
Cauchy problems in the papers [3, 6, 7] (and related topics in [1]). The special
properties of semigroups and cosine (sine) functions that correspond to such Cauchy
problems were used in the arguments. But in the case p ≥ 3 the Cauchy problem
(1) is uniformly well-posed if and only if A is a bounded operator [3].

So it is natural to treat the problem (1) in its intrinsic terms and essentially
weaken well-posedness assumptions.

Let us consider a particular case of the problem (1):

x(p)(t) = Ax(t), t ∈ [0,∞),

x(i)(0) = 0, 1 ≤ i ≤ p− 1, x(0) = x0.
(2)

Definition 1. We say that a closed densely defined linear operator A satisfies the
condition (G) if the set E = {x0 ∈ D(A) | there exists a solution x(t, x0) of the
problem (2) such that

||x(p)(t, x0)|| ≤ Ceαt
p

, t ≥ 0(3)

for some α = α(x0) > 0 and some C > 0 } is dense in X .

Remark 1. If p = 2 and A is a generator of the strongly continuous cosine function,
we can put E = D(A).

Remark 2. The inequality (3) implies that the solution x(t, x0) of (2) also satisfies
the inequalities

max
0≤k≤p

||x(k)(t, x0)|| ≤ C1e
βtp for some β = β(x0) > 0.(4)
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Indeed, (4) follows from the identity

x(k)(t) =
1

(p− k − 1)!

t∫
0

(t− s)p−k−1x(p)(s) ds, 0 ≤ k ≤ p− 1.

The following two examples illustrate the condition (G).

Example 1. We shall show that the condition (G) is not too restrictive. Let A be
a closed densely defined operator satisfying the assumption:

there exist C0 > 0, 0 < a < 1 and b0 such that R(z, A), the resolvent of
(G1) A, exists for Re z ≥ max {b0, c0 | Im z|a}, and ||R(z, A)|| ≤M(1 + |z|N ),

M > 0, N ≥ 0, for these z.

Define

||x||β,ε = sup
n∈N

(n!)−βεn||Anx||, x ∈ C∞(A) =

∞⋂
n=1

D(An),

G(β, ε) = {x ∈ X : ||x||β,ε <∞}, G(β) =
⋃
ε>0

G(β, ε).

Then, according to [1], G(β) = X , β > 1. So the set M = {x ∈ C∞(A) | ||Anx|| ≤
αn−1nn(p−1), n ≥ 1, for some α = α(x) > 0} is dense in X . Moreover, for x ∈ M
we have

∞∑
n=0

tnp

(np)!
||An+1x|| ≤

∞∑
n=0

tnp

(np)!
αn(n+ 1)(n+1)(p−1)

≤ C

∞∑
n=0

(α1t
p)n

n!
= Ceα1t

p

, α1 = α1(x) > 0.

It is easy to see that the function

x(t, x0) =

∞∑
n=0

tnp

(np)!
Anx0, x0 ∈M,

is a solution of the Cauchy problem (2) and

||x(p)(t, x0)|| = ||Ax(t, x0)|| ≤ Ceαt
p

.

Therefore, the condition (G1) is sufficient for (G). (But it is not necessary. See
example 2(b). )

Example 2(a). Now we shall demonstrate that the condition (G) indeed limits
the growth of solutions of (1). To this aim we modify an idea of the example from
[5] to higher order equations. Set

X0 := l. s.
{
sie

∑p
j=0 ajs

j | ap > 0, i ∈ N ∪ {0},

aj ∈ C, 0 ≤ j ≤ p, s ∈ [0, 1]
}

and note that X0 = C([0, 1]) in the max-norm.

Define the operator A in C([0, 1]) as the closure of dp

dsp on X0. A is a closed linear
operator with dense domain. Next consider the Cauchy problem (2) in C([0, 1]).
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Then the function x0(s) from X belongs to D(A) and y : [0,∞) → C([0, 1]), given
by

y(t) :=
1

p

p−1∑
k=0

x0(ω
kt + s), t ≥ 0, s ∈ [0, 1],(5)

ω being a p-th root of unity, is a strong solution of the problem (2). Indeed,

y(p)(t) =
1

p

p−1∑
k=0

ωkpx
(p)
0 (ωkt + s) =

1

p

p−1∑
k=0

x
(p)
0 (ωkt + s)

=
1

p

p−1∑
k=0

dp

dsp
x0(ω

kt+ s) = Ay(t), t ≥ 0,

di

dti
y(0+) =

1

p

p−1∑
k=0

ωkix0(s) = 0, 1 ≤ i ≤ p− 1, y(0) = x0(s).

Moreover, by routine estimations one can prove that

||y(i)(t)|| ≥ Cie
αtp ,

Ci > 0, 0 ≤ i ≤ p, α > 0, for sufficiently large t. In a similar way we can indicate
a Cauchy problem of the form (2) for which some solutions grow faster then et

p

as
t→∞ (take, for instance,

X = l. s.
{
sie

∑2p
j=0 ajs

j | a2p > 0, i ∈ N ∪ {0},

aj ∈ C, 0 ≤ j ≤ 2p, s ∈ [0, 1]
}

and the same operator A in C([0, 1]) ).

Example 2(b). Next we give an example showing that the implication (G) ⇒
(G1) is false. The construction is close to the preceding one. We describe it

briefly. Let X = C([0, 1]), A the closure of dp

dsp , defined on the functions {f ∈
C([0, 1])|f (p) ∈ C([0, 1])}. The operator A satisfies condition (G) with the set

E = {
m∑
n=0

ans
n, s ∈ [0, 1], m ∈ N is arbitrary }. Solutions of problem (2) can be

derived by means of formula (5). On the other hand, the spectrum of A fills the
whole complex plane. So the condition (G1) is not satisfied.

Remark 3. Thus introduction of the condition (G) allows us to treat the Cauchy
problem (2), for which the resolvent set of the operator A is empty.

The next theorem partially generalizes the main statements of [1, 2, 7] and is
proved following the general idea of [2].

Theorem 1. Let the operator A satisfy the condition (G), p ≥ 2. Then the set{
x0 ∈ X | the solution x(t, x0) of (2) exists and

can be extended to an entire function x(z) : C → X}
is dense in X.

The proof of the theorem depends on the following result.
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Lemma 1. Let f : R+ → X be a strongly measurable function satisfying the con-
dition

||f(t)|| ≤ Ceat
p

, t ≥ 0, a > 0, C > 0.

Then for every b > a

∥∥∥ ∞∫
0

(e−bt
p

)(pn)f(t) dt
∥∥∥1/n

= O(np−1), n→∞.

Proof. Observe that the next representation is true for every m ∈ N and b = 1:

(e−t
p

)(m) = e−t
p

m∑
i=rm

ai,mt
ip−m,(6)

where rm = m
p if m

p ∈ N and rm =
[
m
p

]
+ 1 otherwise. Then from (6)

(e−t
p

)(m+1) = e−t
p

m∑
i=rm+1

ai,m+1t
ip−m−1,(7)

and, on the other hand,

(e−t
p

)(m+1) =

m∑
i=rm+1

(−pai−1,m + ai,m(ip−m))tip−m−1

+ arm,m(trmp−m)′ − ammt
(m+1)p−m−1.

(8)

Let’s constitute the recurrent relations for am−k,m, 0 ≤ k ≤ m− rm. We have

am−k,m+1 = −pam−k−1,m + am−k,m[(m− k)p−m], k < m− rm.(9)

If m
p /∈ N, then rm+1 = rm and

arm+1,m+1 = arm,m(rmp−m).(10)

(Note that |rmp−m| ≤ p.) In the opposite case rm+1 = rm + 1 and

arm,m+1 = p(arm+1,m − arm,m).(11)

Further, we shall prove the following inequalities:

|am−k,m| ≤ pmm2k

(2k)!!
, m ≥ 1, 0 ≤ k < m− rm,(12)

|arm,m| ≤ pm(m− 1)2(m−rm−1)

(2(m− rm − 1))!!
, m ≥ 2,(13)

where (2n)!! := 2 · 4 · 6 · ... · 2n, n ∈ N. Proceed by induction on m. The inequalities
(12), (13) are obviously true for m = 1, 2. Suppose that they hold for every m ≤ m0

and every 0 ≤ k ≤ m− rm. For the next reasoning one has to consider two cases.
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1. If am0+1−k,m0+1 has the form arm0+1,m0+1 (k = m0 + 1− rm0+1), we use the

relations (10), (11) for the estimates. For m0

p /∈ N we get from (13)

|arm0+1,m0+1| ≤ |arm0 ,m0 |p ≤ pm0+1 (m0 − 1)2(m0−rm0−1)+1

[2(m0 − rm0 − 1)]!!

≤ pm0+1 m
2((m0+1)−rm0+1−1)
0

[2((m0 + 1)− rm0+1 − 1)]!!
.

If m0

p ∈ N, then similarly from (12), (13)

|arm0+1,m0+1| ≤ p(|arm0+1,m0 |+ |arm0 ,m0 |)

≤ p
(
pm0

m
2(m0−rm0−1)
0

[2(m0 − rm0 − 1)]!!
+ pm0(m0 − 1)

(m0 − 1)2(m0−rm0−1)

[2(m0 − rm0 − 1)]!!

)
≤ pm0+1m0

m
2((m0+1)−rm0+1−1)
0

[2((m0 + 1)− rm0+1 − 1)]!!

2. Now suppose k < m0 + 1 − rm0+1. If k = 0, then am0+1,m0+1 = (−p)m0+1.
Thus (12) is satisfied. For fixed m0 we use induction again. Assume that (12) holds
for some k0 and pass from k0 to k0 + 1. From (9)

a(m0+1)−(k0+1),m0+1 = am0−k0,m0+1 = −pam0−k0−1,m0

+am0−k0,m0((m0 − k0)p−m0) = am0−k0,m0((m0 − k0)p−m0))

−pam0−k0−1,m0−1 × ((mo − k0 − 1)p−m0 + 1)

+p2am0−k0−1,m0−1 = · · ·
=

m0−s∑
i=0

(−p)iam0−k0−i,m0−i((m0 − k0 − i)p−m0 + i)

+(−p)m0−s+1ars,s, s− rs = k0 + 1.

(14)

By the induction hypothesis am0−k0−i,m0−i, 0 ≤ i ≤ m0 − s, and ars,s can be
estimated according to (12), (13). Note also that |(m0−k0−i)p−m0+i| ≤ (m0−i)p.
So from (14), (12) and (13) we get

|a(m0+1)−(k0+1),m0+1| ≤
m0−s∑
i=0

pi
(m0 − i)2k0

(2k0)!!
pm0−i(m0 − i)p

+pm0−s+1ps
(s− 1)2k0+1

(2k0)!!
= pm0+1

m0−s+1∑
i=0

(m0 − i)2k0+1

(2k0)!!

≤ pm0+1
m0∑
i=0

j2k0+1

(2k0)!!
≤ pm0+1 (m0 + 1)2(k0+1)

[2(k0 + 1)]!!
.

Thus the required estimates (12), (13) are proved. (Observe that we shall not
succeed if we substitute (12) directly in (14).)
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Further, let m = np. Then rm = rnp = n and

|(e−btp)(np)| ≤ e−bt
p

max (1, bnp)

np∑
i=n

|ai,np|tip−np

≤ e−bt
p

max (1, bnp)n(p− 1) max
n≤i≤np

|ai,np|tip−np, t > 0,

where ai,np, n ≤ i ≤ np, are defined by (6). So using (12), (13) we obtain:

|(e−btp)(np)| ≤ e−bt
p

max (1, bnp)n(p− 1)

× max
0≤k≤n(p−1)

(np)2kpnp

2kk!
t(np−k)p−np.

By the last inequality

T :=
∥∥∥ ∞∫

0

(e−bt
p

)(np)f(t) dt
∥∥∥

≤ C

∞∫
0

|(e−btp)(np)| eatpdt ≤ C max (1, bnp)n(p− 1)

× max
0≤k≤n(p−1)

{ (np)2kpnp

2kk!

∞∫
0

e(a−b)t
p

t(np−k)p−np dt
}

(15)

= C max (1, bnp)n(p− 1) max
0≤k≤n(p−1)

(np)2k

2kk!
pnp−1

× 1

(b− a)np−k−n+1/p

∞∫
0

e−zznp−k−n−1+1/p dz.

Then (15) implies

T
1
n ≤ C1 max

0≤k≤n(p−1)

{ (np)
2k
n

2
k
n (k!)

1
n

[
C2 +

∞∫
0

e−zznp−k−ndz
]}

≤ C3 max
0≤k≤n(p−1)

n
2k
n

(k!)
1
n

[(np− k − n)!]
1
n

≤ C4 max
0≤k≤n(p−1)

n
2k
n n

np−k−n
n

k
k
n

= C4 max
0≤k≤n(p−1)

(n
k

) k
n

np−1.

Since the function x
1
x is bounded for x > 0,

(n
k

) k
n ≤ C5, 0 ≤ k ≤ np − n and

T
1
n ≤ C6n

p−1. The lemma is proved.

Proof of Theorem 1. Let

E1 =
{ ∞∫

0

e−at
p

x(t, x0)dt |x(t, x0)

is a solution to (2), a > α(x0), x0 ∈ E
}
,
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xε = cε

∞∫
0

e−t
p/εx(t, x0) dt, cε = pε−1/pΓ

(1

p

)−1

,
1

ε
> α(x0).

The following estimates demonstrate that the elements of E can be approximated
by the elements of E1.

For arbitrary x0 ∈ E,

||xε − x0|| ≤ cε

∞∫
0

e−t
p/ε||x(t, x0)− x0|| dt

≤ sup
0≤t≤ε

||x(t, x0)− x0||+ cε

∞∫
t>ε

e−t
p/ε(||x0||+ eαt

p

)dt.

Using the continuity of x(t, x0) at 0, we have xε → x0, ε → 0. The last state-
ment and condition (G) imply that E1 is dense in X . Further, condition (G) and
integration by parts yield for y ∈ E1 that y ∈ D(A) and

Ay = (−1)p
∞∫
0

(e−at
p

)(p)x(t, x0) dt.

By induction,

Any = (−1)np
∞∫
0

(e−at
p

)(np)x(t, x0) dt.

By Lemma 1,

||Any|| 1
np = o(n), n→∞.(16)

Thus the function x̂(t, y) =
∞∑
n=0

tpnAny
(pn)! is entire. Moreover, x̂(t, y) is a solution of

the problem (2).

Remark 4. It follows from (16) that the function x̃(t, y) =
∞∑
n=0

tpnAny
(n!)p is also entire

for y ∈ E1. Observe that x̃((t1...tp)
1/p, y) is the strong solution of the Goursat

problem

∂px

∂t1...∂tp
= Ax, x(~0) = y, p ≥ 2.(17)

So the following corollary is true.

Corollary 1. Under the condition (G) on the operator A there is a dense subset
E1 in X such that for every y ∈ E1 the Goursat problem (17) has a strong solution.

(Concerning the existence of strong solutions to abstract Goursat problems, see
[7, 4, 8]).

The next corollary modifies the statement of Theorem 1 for Cauchy problems of
the form (1).
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Corollary 2. Let the operator A satisfy the condition (G), p ≥ 2. Then the set{
~x0 = (xi)

p−1
i=0

∣∣ the solution x(t, ~x0) of (1) exists and can be

extended to an entire function x(z) : C → X
}

is dense in
⊕p

i=1 X.

The result follows immediately from the representation

x(t, ~x0) =

p−1∑
i=0

∞∑
n=0

tnp+k

(pn+ k)!
Anxi,

xi ∈ E, 0 ≤ i ≤ p− 1.
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