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THE DEDEKIND-MERTENS LEMMA

AND THE CONTENTS OF POLYNOMIALS

WILLIAM HEINZER AND CRAIG HUNEKE

(Communicated by Wolmer V. Vasconcelos)

Abstract. We prove a sharpening of the Dedekind-Mertens Lemma relating
the contents of two polynomials to the content of their product. We show that
for a polynomial g the integer 1+deg(g) in the Dedekind-Mertens Lemma may
be replaced by the number of local generators of the content of g. We also
raise a question concerning the converse.

1. Introduction

Let R be a commutative ring and let t be an indeterminate over R. The content
c(f) of a polynomial f ∈ R[t] is the ideal of R generated by the coefficients of
f . The Dedekind-Mertens Lemma states that if f = a0 + a1t + · · · + amtm and
g = b0 + b1t + · · ·+ bnt

n are polynomials in R[t], then

c(f)nc(f)c(g) = c(f)nc(fg).(1.1)

Since c(f)c(g) ⊇ c(fg), the right hand side of (1.1) is always included in the left
hand side. For a given polynomial g ∈ R[t], it is natural to ask about a sharper
form of Dedekind-Mertens in the sense of the following definition.

Definition 1.2. The Dedekind-Mertens number µ(g) of a polynomial g ∈ R[t] is
the smallest positive integer k such that

c(f)k−1c(f)c(g) = c(f)k−1c(fg)

for every polynomial f ∈ R[t].
Observe that the Dedekind-Mertens number of a polynomial g(t) very much

depends upon the coefficient ring R. It is not invariant under base change; indeed
we know little of the behavior of this number even under faithfully flat extension.
The Dedekind-Mertens Lemma says that µ(g) ≤ deg(g)+1, the maximal number of
coefficients of g. It is shown in [CVV, Theorem 2.1] that if f and g are polynomials
with indeterminate coefficients over a field, then µ(g) = deg(g) + 1. But for many
polynomials g, the Dedekind-Mertens number µ(g) is smaller than deg(g) + 1. For
example, polynomials g having Dedekind-Mertens number µ(g) = 1 are precisely
the Gaussian polynomials, i.e., the polynomials g such that c(f)c(g) = c(fg) for
every f ∈ R[t]. An interesting conjecture of Tsang-Glaz-Vasconcelos [GV] states
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that a nonzero Gaussian polynomial over an integral domain has an invertible
content ideal. Glaz and Vasconcelos establish the truth of this conjecture over all
normal Noetherian integral domains in [GV], and it is shown to be true over all
Noetherian domains in [HH].

In this paper we discuss a question which at the same time generalizes the clas-
sical Dedekind-Mertens Lemma1 and the result concerning Gaussian polynomials
described in the paragraph above. Our motivating question is:

Question 1.3. Let (R,m) be an excellent local domain, and let g ∈ R[t]. Is
µ(g) = µ(c(g))?

Here, µ(I) denotes the minimal number of generators of an ideal I. This question
extends both of the theorems discussed above. We think of (1.3) as two separate
questions: namely we divide the equality into two inequalities in opposite directions.

First consider the inequality µ(g) ≤ µ(c(g)). In general µ(c(g)) ≤ deg(g) + 1, so
this inequality is a generalization of the classical lemma of Dedekind and Mertens.2

The inequality µ(g) ≤ µ(c(g)) should have nothing to do with the assumptions
on the ring in (1.3): this inequality should be universal, and the veracity of this
inequality is the main theorem of this paper, Theorem 2.1 below.

The other inequality, µ(c(g)) ≤ µ(g), is considerably less clear. The case in which
µ(g) = 1 would say that µ(c(g)) = 1, i.e. it would say that Gaussian polynomials
have locally principal content ideals. This is the content of the theorems in [GV] and
[HH] cited above, since over an integral domain a finitely generated ideal is invertible
iff it is locally principal (and nonzero). This inequality needs some condition on
the ring. The ring should be local, since the definition of µ(g) localizes, while the
number of generators of ideals may change greatly under localization. Moreover,
the question has a negative answer in general over zero-dimensional rings. For
example, if the maximal ideal m of R is not principal and m2 = (0), then it is
easily seen that there exist polynomials g ∈ R[t] such that µ(g) < µ(c(g)), i.e., a
generalization of (1.3) to this setting is false. Evidence is scanty for this direction.
However, the case where f and g are both generic polynomials over a field is proved
in [CVV, Theorem 2.1].

1The history of the Dedekind-Mertens Lemma is interesting. In [Ed, page 2], Edwards states
that the theorem which Dedekind proved (see [De]) said that if f and g are polynomials whose
coefficients are algebraic numbers such that the coefficients of fg are algebraic integers, then the
product of any coefficient of f with an arbitrary coefficient of g is also an algebraic integer. In
modern language this is just saying that the ideal c(f)c(g) is integral over the ideal c(fg), a
theorem which is considerably weaker than what is now known as the Dedekind-Mertens Lemma.
Apparently the fact that there exists an N such that c(f)N c(f)c(g) = c(f)N c(fg) was known
to Mertens, Kronecker [Kro], and perhaps Hurwitz [Hu]. Mertens’ proof in 1892 shows that in
characteristic 0, the number N can be chosen approximately equal to deg(g)2. However, the
precise value of N = deg(g) was given by Dedekind in his 1892 paper [De, page 10]. Prüfer
reproved this theorem with N = deg(g) [Pr, page 24] in 1932. The earliest reference we have
found with the name ‘Dedekind-Mertens Lemma’ is in Krull [Kru, page 128]. It is interesting that
the theorem Krull states as the Dekekind-Mertens Lemma has the value N equal to the sum of
the degrees of f and g. In an article in 1959 [N] Northcott says he has not been able to find a
reference for the Dedekind-Mertens Lemma and gives a proof he attributes to Emil Artin. Arnold
and Gilmer [AG] give a proof and generalization whose idea we use in this paper.

2Gilmer, Grams and Parker [GGP, Theorems 3.6, 3.7] and Anderson and Kang [AK] prove

and generalize that if g has k + 1 nonzero terms, then c(f)kc(f)c(g) = c(f)kc(fg) holds for all
polynomials f ∈ R[t]; i.e., in our terminology, the Dedekind-Mertens number of g is bounded
above by the number of nonzero coefficients of g. Theorem 2.1 below sharpens this by replacing
the number of nonzero coefficients by the number of local generators.
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All rings we consider are assumed to be commutative with identity and our
notation is as in [M].

2. An upper bound on the Dedekind-Mertens number

The following is the main result of this paper.

Theorem 2.1. Let R be a commutative ring, let g ∈ R[t] be a polynomial, and let
c(g) denote the content ideal of g. If for each maximal ideal m of R, c(g)Rm is
generated in Rm by k elements, then the Dedekind-Mertens number µ(g) ≤ k.

Proof. Since c(f)nc(f)c(g) = c(f)nc(fg) holds in R if and only if c(f)nc(f)c(g)Rm

= c(f)nc(fg)Rm for each maximal ideal m of R, the Dedekind-Mertens number
µ(g) is the maximum of the Dedekind-Mertens numbers of the image of g in Rm[t]
as m varies over the maximal ideals of R. Thus we may assume that the ring R is
local (but not necessarily Noetherian), and it suffices to prove the following:

Lemma 2.2. Let (R,m) be a local ring and let g ∈ R[t] be a polynomial. If the
content ideal c(g) of g is minimally generated by k elements, then the Dedekind-
Mertens number µ(g) ≤ k, i.e., for every polynomial f ∈ R[t] we have

c(f)k−1c(f)c(g) ⊆ c(f)k−1c(fg).(2.3)

We prove (2.2) by induction on k, the case k = 1 follows by factoring out the
principal content of g and using the lemma of Gauss that says that a polynomial
with unit content is Gaussian.

The following lemma implies we may assume that every nonzero coefficient of g
is a minimal generator of c(g).

Lemma 2.4. Let (R,m) be a local ring and let g ∈ R[t] be a polynomial. Suppose
b ∈ R is such that b ∈ mc(g). Let i be a nonnegative integer and set h = g + bti.
Let a be a finitely generated ideal of R and f ∈ R[t] a polynomial. If ac(f)c(h) =
ac(fh), then also ac(f)c(g) = ac(fg). Therefore g and h have the same Dedekind-
Mertens number, i.e., µ(g) = µ(h). More generally, if g∗ and h∗ are polynomials
in R[t] and if c(g∗ − h∗) ⊆ mc(g∗), then µ(g∗) = µ(h∗).

Proof of (2.4). It is clear that ac(f)c(g) ⊇ ac(fg). For the reverse inclusion, since
b ∈ mc(g) and h = g + bti, we have c(g) = c(h) by Nakayama’s Lemma. Thus

ac(f)c(g) = ac(f)c(h) = ac(fh) = ac(f(g + bti)) ⊆ a(c(fg) + bc(f))

⊆ ac(fg) + mac(f)c(g).

Nakayama’s Lemma [M, page 8] implies ac(f)c(g) = ac(fg). Letting a = c(f)k,
we see that µ(g) ≤ µ(h). Since g = h + (−b)ti, we also have µ(h) ≤ µ(g). If
c(g∗−h∗) ⊆ mc(g∗), then h∗ is obtained from g∗ by a finite sequence of operations
hj = gj + bjt

ij , where bj ∈ mc(gj) = mc(g∗). Therefore µ(g∗) = µ(h∗).

Proof of (2.2). Assume that c(g) is minimally generated by k ≥ 2 elements and
that for every polynomial h ∈ R[t] minimally generated by less than k elements,
we have for every polynomial f ∈ R[t] that

c(f)k−2c(f)c(h) ⊆ c(f)k−2c(fh).

Our inductive step employs a technique used in [AG]. Let g = bmtm+· · ·+b1t+b0.
By (2.4), we may assume that bm is a minimal generator of c(g). Write g =
bmh(t)+g1(t), where c(h) = R and c(g1) is generated by less than k elements. Also
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write f(t) = ant
n + f1(t), where deg(f1) < deg(f) = n. By induction on deg(f),

we may assume c(f1)
kc(g) = c(f1)

k−1c(f1g).

Claim 2.5. c(fg1) ⊆ c(fg) + bmc(f1).

Proof. We have

c(fg1) = c(f(g − bmh)) ⊆ c(fg) + c(bmfh) = c(fg) + bmc(fh) = c(fg) + bmc(f)

= c(fg) + bmc(ant
n + f1(t)) ⊆ c(fg) + anbmR + bmc(f1) = c(fg) + bmc(f1),

the last equality on the first line since c(h) = R and the last equality on the second
line since anbm ∈ c(fg).

Claim 2.6. c(f1g) ⊆ c(fg) + anc(g1).

Proof. We have

c(f1g) = c((f − ant
n)g) ⊆ c(fg) + anc(t

ng) ⊆ c(fg) + anc(g)

⊆ c(fg) + anc(bmh(t) + g1(t)) ⊆ c(fg) + anbmR + anc(g1) = c(fg) + anc(g1),

the last equality since anbm ∈ c(fg).

We now establish (2.3). It suffices to show each term in c(f)k−1c(f)c(g) =
c(f)kc(g) of the form θ = av00 · · · avnn bj , where

∑
vi = k, is in c(f)k−1c(fg). Since

g = bmh(t) + g1(t), we can write bj = bmej + b1j , where ej is the coefficient of tj in
h(t) and b1j is the coefficient of tj in g1(t).

Consider the following cases:

(2.7). Suppose vn 6= 0 and j = m. Then θ = av00 · · · avn−1
n anbm ∈ c(f)k−1c(fg).

(2.8). Suppose vn 6= 0 and j < m. Then

θ = av00 · · · avnn bj = av00 · · · avnn (bmej + b1j) = av00 · · · avn−1
n anbmej

+ av00 · · · avn−1
n anb1j ∈ c(f)k−1c(fg) + c(f)k−1anc(g1).

(2.9). Suppose vn = 0. Then θ ∈ c(f1)
kc(g) = c(f1)

k−1c(f1g) by induction on the
degree of f .

Combining these three cases, we have

c(f)kc(g) ⊆ c(f)k−1c(fg) + c(f)k−1anc(g1) + c(f1)
k−1c(f1g)

⊆ c(f)k−1c(fg) + c(f)k−1anc(g1)+c(f1)
k−1(c(fg)+anc(g1)) (by (2.6))

⊆ c(f)k−1c(fg) + c(f)k−1anc(g1) (since c(f1) ⊆ c(f))

Since c(g1) is generated by less than k elements, we have c(f)k−1c(g1)
= c(f)k−2c(fg1) by induction on k. Therefore

c(f)kc(g) ⊆ c(f)k−1c(fg) + anc(f)k−2c(fg1)

⊆ c(f)k−1c(fg) + anc(f)k−2(c(fg) + bmc(f1)) (by (2.5))

⊆ c(f)k−1c(fg).

This completes the proof of Theorem 2.1
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Added in Proof

Concerning Question 1.3, in a joint paper with Alberto Corso entitled “A gener-
alized Dedekind-Mertens Lemma and its converse” to appear in Trans. Amer. Math.
Soc., we have shown (1.3) has an affirmative answer under suitable dimensionality
restrictions, and that it is not true in general.
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