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TWIST POINTS OF THE VON KOCH SNOWFLAKE

FAUSTO DI BIASE, BERT FISCHER, AND RÜDIGER L. URBANKE

(Communicated by Albert Baernstein II)

Abstract. It is known that the set of twist points in the boundary of the von
Koch snowflake domain has full harmonic measure. We provide a new, simple
proof, based on the doubling property of the harmonic measure, and on the
existence of an equivalent measure, invariant and ergodic with respect to the
shift.

The von Koch snowflake domain D is the union of an increasing sequence of
open polygons Dn, where D0 is an equilateral triangle, and Dn+1 is obtained from
Dn by replacing the middle third of each side of Dn by the two other sides of the
equilateral triangle based on the removed segment and lying outside Dn [vK06]. A
point ω ∈ bD is called a twist point if

lim inf
z→ω,z∈σ arg[z − ω] = −∞, lim sup

z→ω,z∈σ
arg[z − ω] = +∞

for each curve σ in D ending at ω [P92, p.141]. Let νp be the harmonic measure
on bD for D with respect to the center p of D0. We show that the following known
theorem admits a new, simple proof, based on the doubling property of νp and on
the existence of a measure equivalent to νp, invariant and ergodic with respect to
the shift.

Theorem. The set of twist points in the boundary of the von Koch snowflake has
full harmonic measure.

Let Tn be the collection of the sides of Dn. For n = 1, 2, . . . we now define a
labeling ` : Tn → A, where A = {l, r, cl, cr}. For each x ∈ Tn (n = 0, 1, 2, . . . ), the
left third of x is an element of Tn+1 and is labeled by l; the right third of x (also
an element of Tn+1) is labeled by r; the equilateral triangle based on the middle
third of x has two other sides (again, elements of Tn+1): the one adjacent to the
left (right) third is labeled by cl (cr). The subset of Tn+1 just described is denoted
by λ+(x); its elements are called direct descendants of x; each y ∈ Tn+1 is a direct
descendant of a unique element of Tn, denoted by y−. Let T =

⋃∞
n=0 Tn. For x ∈ T

we write |x| = n if x ∈ Tn.
Let C be the collection of the vertices of all the polygonsDn; since C is countable,

its harmonic measure is zero [HK76, p.247]. For each ω ∈ bD \ C there is a
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unique sequence {ω(n)}∞n=0 in T such that ω(n) ∈ Tn, ω(n) = ω(n + 1)
−

and
limn→∞ infz∈ω(n) |z − ω| = 0. Conversely, each sequence {xn} in T such that

xn ∈ Tn and xn = x−n+1 determines a unique point ω ∈ bD such that

lim
n→∞ inf

z∈xn
|z − ω| = 0.

For x ∈ T let E(x) = {ω ∈ bD : ω(|x|) = x}.
Lemma 1. There is a number ε ∈ (0, 1/2) such that for each x ∈ T \ T0 one has

ε νp(E(x−)) ≤ νp(E(x)) .

Proof. Observe that a fixed dilation of the Euclidean ball E(x−) contains E(x),
and apply the doubling property of the harmonic measure of the snowflake.

Fix x0 ∈ T0. Since νp(E(x0)) = 1/3, it is enough to show that the set of
twist points of bD belonging to E(x0) has harmonic measure equal to 1/3. Let
Ω := E(x0) \ C and let ν := 3νp on Ω. The labeling ` : Tn → A induces the
embedding J : Ω → AN given by ω ∈ Ω 7→ J(ω) := {`(ω(n))}∞n=1. Consider
the projection π : AZ → AN which maps {xj}∞j=−∞ into {xj}∞j=1, and the shift

S : AZ → AZ which maps a sequence {xj}j into the sequence {xj+1}j .
Lemma 2. There is a probability measure µ on AZ, invariant and ergodic with
respect to S, and there are positive finite constants C1 and C2 such that for all
x ∈ T with E(x) ⊂ Ω one has C1ν(E(x)) ≤ µ(π−1(J(E(x)))) ≤ C2ν(E(x)).

Proof. See Lemma 2 in [C85], or [S94, pp.123–130].

We now show that the condition that a point ω ∈ Ω is a twist point can be easily
expressed in terms of the sequence {ω(n)}; to this end, we define α(x0) to be the
number between 0 and 2π such that eiα(x0) is the inward normal vector to x0. Then
we set

α(x) = α(x−) if `(x) = l or r,

α(x) = α(x−) + π/3 if `(x) = cl,

α(x) = α(x−)− π/3 if `(x) = cr,

which guaranties that eiα(x) is always the inward normal vector to x.

Lemma 3. If ω ∈ Ω and

lim sup
n→∞

α(ω(n)) = ∞ and lim inf
n→∞ α(ω(n)) = −∞,

then ω is a twist point.

(The opposite implication holds as well, but will not be needed).

Proof. Let σ be a curve in D ending at ω, that is to say, a continuous map σ :
[0, 1) → D such that limt→1 σ(t) = ω. Without loss of generality we may assume
that σ(0) ∈ D0. Let σ∗ : [0, 1) → R be the continuous function (determined modulo
a multiple of 2π) such that σ(t) − ω = |σ(t) − ω|eiσ∗(t); we may also assume that
|σ∗(0) − α(x0)| < π/2 (thus uniquely determining σ∗). To prove the lemma, we
show that for each curve σ in D ending at ω, there is a sequence {tn} ⊂ [0, 1) such
that limn→∞ tn = 1 and

σ∗(tn) = α(ω(n)) + εn(1)
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with |εn| ≤ π/2. For n = 0 and t0 = 0 this statement follows from the definition of
σ∗. For each x ∈ T let ∆(x) be the equilateral triangle based on x and pointing to

the inside of D. Now let tn be the smallest t such that σ(tn) ∈ ∆(ω(n)). It follows

that σ(tn) also belongs to ∆(ω(n− 1)). Observe that for every s ∈ ∆(ω(n)), the
vector from ω to s lies in a π/2-cone around the inward normal vector to the basis
of the triangle. So we have

σ∗(tn) = α(ω(n− 1)) + 2πk + ε′(2)

with |ε′| ≤ π/2 and

σ∗(tn) = α(ω(n)) + 2πl + ε′′(3)

with |ε′′| ≤ π/2. Let us also assume that we already have proven that

σ∗(tn−1) = α(ω(n− 1)) + εn−1(4)

with |εn−1| ≤ π/2.
Observe that whenever the segment between σ(s) and σ(t) is contained inside

D, then |σ∗(s) − σ∗(t)| < π. In fact, if we complete the curve from σ(s) to σ(t)
with the segment between them, then we obtain a closed curve inside the simply
connected domain D. (Note that between the times s and t the curve σ might go
anywhere in D and σ∗ might become much greater or smaller). Now, the segment
between σ(tn−1) and σ(tn) is contained in D. So we can deduce from (2) and (4)
that |2πk + ε′ − εn−1| < π, which implies k = 0.

Since we also know that |α(ω(n)) − α(ω(n − 1))| ≤ π/3, we can conclude from
(2) with k = 0 and (3) that |2πl + ε′′ − ε′| ≤ π/3, which implies l = 0. So finally
we get (1) with εn := ε′′.

Proof of the theorem. By Lemma 3, it suffices to show that the following sets have
harmonic measure zero:

A+ := {ω ∈ Ω : lim sup
n→∞

α(ω(n)) = ∞ and lim inf
n→∞ α(ω(n)) > −∞},

A− := {ω ∈ Ω : lim sup
n→∞

α(ω(n)) <∞ and lim inf
n→∞ α(ω(n)) = −∞},

Ad := {ω ∈ Ω : lim sup
n→∞

α(ω(n)) − lim inf
n→∞ α(ω(n)) = dπ/3} for d ∈ N .

Let us start with Ad for some fixed d ∈ N. Since the image of the function α
is a discrete set, for each ω ∈ Ad there exists a number n0 such that α(ω(n0)) ≤
α(ω(n)) ≤ α(ω(n0))+dπ/3 for all n > n0. Therefore Ad is a subset of

⋃
x∈T E′

d(x),

E′
d(x) := {ω ∈ Ω ∩ E(x) : α(x) ≤ α(ω(n)) ≤ α(x) + dπ/3 for all n ≥ |x|}.

Since T is countable, it suffices to show that ν(E′
d(x)) = 0 for all x ∈ T . Define

λ1
+(x) := λ+(x), and, recursively, λn+1

+ (x) :=
⋃

y∈λn+(x) λ+(y). For each y ∈ {x} ∪⋃∞
n=1 λ

n
+(x) there is a unique ŷ ∈ λd+1

+ (y) such that α(ŷ) = α(y)− (d+1)π/3; thus

E′
d(x) ∩E(y) ⊂

⋃
z∈λd+1

+ (y)\{ŷ}
E(z) .(5)

In particular, we get

E′
d(x) ⊆

⋃
x1∈λd+1

+ (x)\{x̂}
E(x1)(6)
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and therefore

ν(E′
d(x)) ≤

∑
x1∈λd+1

+ (x)\{x̂}
ν(E(x1)) ≤ (1 − εd+1)ν(E(x)) ,

since, by Lemma 1, ν(E(x̂)) ≥ εd+1ν(E(x)). Now we apply (5) in (6) and get

E′
d(x) ⊆

⋃
x1∈λd+1

+ (x)\{x̂}
E(x1) ∩ E′

d(x) ⊆
⋃

x1∈λd+1
+ (x)

x1 6=x̂

⋃
x2∈λd+1

+ (x1)
x2 6=x̂1

E(x2)

and therefore, applying Lemma 1 twice,

ν(E′
d(x)) ≤ (1− εd+1)2ν(E(x)).

An iteration of these arguments gives ν(E′
d(x)) ≤ (1 − εd+1)nν(E(x)) for all n.

Since |1− εd+1| < 1, it follows that ν(E′
d(x)) = 0.

Finally, we show that ν(A+) = ν(A−) = 0. Since π−1(J(A+)) and π−1(J(A−))
are invariant under the shift and disjoint, and µ is ergodic, at least one of them
has µ-measure zero; then at least one of the sets A+ and A− has zero ν-measure,
since µ(π−1(J(A±)) is comparable to ν(A±), by Lemma 2. On the other hand, the
reflection on the line through p perpendicular to x0 exchanges A+ with A−, leaving
Ω and ν invariant; thus ν(A+) = ν(A−). Thus ν(A±) = 0.
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