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ABSTRACT. Let f be a polynomial of degree n having only real zeros and none
in (—1,1). We look for a sharp upper bound for |f(z)| at an arbitrary point
of the complex plane C in terms of the supremum norm on [—1,1].

1. INTRODUCTION

Let P,, be the class of all polynomials of degree at most n. As usual, we denote
by T, the n-th Chebyshev polynomial of the first kind. According to a classical
result of P.L. Chebyshev (see [5] or [6]), if f € P, and |f(z)] <1 for -1 <z <1,
then

(1) [f(@)] < [Tn(z)] for zeR\[-1,1].

In (1) equality holds at some point zo € R\ [~1,1] if and only if f(z) = €T, (2)
for some real . It was noted by S. Bernstein [2] that if f(z) is real for real z, then

(2) [f ()| < |Tu(z)] for |z[ =1,

even if | f| is bounded by 1 only at the n + 1 points cos 2%, v = 0,1,... ,n, which
are the extrema of T, in [—1, 1]. Bernstein’s paper went unnoticed, and his result
was rediscovered by P. Erdos [4].

The polynomial T, is extremal for several other problems. For example, it was
proved by A. Markov (see [5] or [6]) that if f € P, and |f(z)] <1 for -1 <z <1,
then

!/ 2 !
(3) _max (@)l <n” = max [T'n(z)].

All the zeros of T,, are real and lie in the open interval (—1,1). This suggests
that the above inequalities can be considerably improved if the zeros of f are all
real but none of them lies in (—1,1). As regards (3), P. Erdos [3]; see in particular
the second half of p. 311 proved the following result.

Theorem A. Let f € P, be such that [f(z)| <1 for =1 < x < 1. If the zeros of
f are all real and lie on R\ (—1,1), then

(4) max |f'(z) < 1 (1 - %)U

—1<z<1 2
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The inequality becomes an equality for polynomials of the form

ent(1+2)" 11 —2) (1 —z)" (1 +2)
2n(n — 1)n—-1 ’ 2n(n — 1)1

, where vy € R.

Here we obtain a result which may be seen as an analogue of (2) for polynomials
with zeros restricted as in Theorem A.

For each positive integer n and k = 0,1,... ,n let n, 5 := =1 + % . Denote by
Pnr,1 the family of all polynomials f in P, which have only real zeros, none of
which lies in (—1,1), and satisfy |f(z)| < 1 for all x € F), := {npr: 0 <k <n}.
Furthermore, for K =0,1,... ,n, let

n

BT A

Note that max_1<z<1 |gn.k(T)| = ¢nk(n,x) = 1 for each k. We prove

Ink(2)

Theorem 1. Let § be the union of the open disks

7 2
z€C:lz+ —| < — ¢,
{ V3 \/§}
and S := C\Q. If f € Por1, then for all z € S

) £ < e g s(:)]-

Remark 1. Our proof of the theorem will show that except when z = 4iv/3 and
n = 1, strict inequality holds in (5) unless f(z) = € ¢, x(2) for some k and v € R.
If n = 1, then |f(4iv/3)] is also maximized by each constant of modulus 1.

2. PROOF OF THEOREM 1

There is nothing to prove for z = £1. Besides, for reasons of symmetry, it is
enough to prove (5) for all

ze€E = Sn{z+iy : x>0} \ {1} .
The result is obtained in several steps.
Step 1. Given any point ¢ € E, let o¢ :=supsep ., [f(¢)|. There exists a poly-
nomial g € P,, g1 such that |g(¢)| = o¢ . For this we observe that if

n

b(z) = [ = o) -

k=0
then for all z € C we have
_ Y(2)
1@ = 2 S g5

k=0

n

From this it follows that the polynomials in P, g, are uniformly bounded on every
compact subset of C, and so they form a normal family [1, p.216]. Consequently,
there exists a polynomial g € P,, such that |g (%) < 1 for k =0,1,...,n and
lg(¢)] = o¢ . Obviously, g cannot be identically zero. So by a well-known theorem of
Hurwitz [1, p.176] it must belong to P, r,1. We call such a polynomial extremal.
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Step 2. Let

E = 1{9€Pura : [9(Q)| =0¢} -
It is clear that if g € &, then maxi<g<n |g (n,k)| must be equal to 1. Besides, it
must be of degree n unless n =1 and ¢ = iy/3. Indeed, if a polynomial g € Prr1

is of degree n — j < n, then
1+2Y/
5:) = (F57) 9t

also belongs to Py r,1, and |g+(¢)] > [g(¢)] if |¢ + 1] > 2. In particular, |g+(C)] >
lg(¢)| for all ¢ € E, ¢ # /3, and so g cannot be extremal for any ¢ € E except
possibly for ¢ = iv/3. Now let n > 2 and suppose that a polynomial g € Pr.Rr1
of degree n — j < n is extremal for ¢ = iv/3. Without loss of generality we may
assume g to be positive on (—1,1). Since f(z) := 1 — 22 belongs to P, g1 for n > 2
and |f(iv/3)] = 4 > 1, it follows that g(z) cannot be identically equal to 1, i.e. g
cannot be of degree 0. Next we note that g cannot attain its maximum on the
set {mnkx : k=0,1,... ,n} at both —1 and +1. If it did, it would have at least
three critical points between the largest zero in (—oo, —1] and the smallest zero in
[1,00). But that is not possible since the zeros of g are all real. Hence if g_(z) :=
(1 —2)/2) g(2), then either maxo<k<n |9+ (Mn.x)| < 1 or maxo<k<n |g— (Mnx)| < 1.
Since |9+ (iv3)| = lg- (1v/3)| = lg(iv/3)], we see that g ¢ &, 5.

Step 3. In order to prove the theorem we need to show that if g € & and g(a) =0,
then a is either +1 or —1. First of all we show that « cannot lie in (—oo0, —1).

Let us agree to denote by A, B, P and X the points of the complex plane which
represent the numbers —1,+1, ¢ and «, respectively. Assume that o € (—o0, —1).
It is easily seen that in this situation

1-— 1
' Y2 21 for ze[-1,1].
2 22—«
Furthermore,
l—al+1| |[1-a C—i—l‘_sin@sin@_sin@ o
2 (—« (—a 2 sin XBPsin APB  sin APB '
Hence, the polynomial
l—az+1
91(2) = ——=———4(2)

belongs to P, 1, but |g1(¢)| > |g({)|, contradicting the assumption that g € & .
It remains to show that if g € € and g(a) = 0, then a cannot lie in (1,00).

Step 4. For each ¢ € (0, §), we denote by L, the line
z=—1+te” (—o0 <t < o00)
and by H, that half-plane bounded by £, which contains the infinite interval
[-1,00). Let
t1 =t1(yp) = inf {¢ : —1+te¥ ¢ E} 0<¢< g)
and consider the half-lines

Lh:—1+te” (tp <t < o00).
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Take any point P on E;’f , i.e. P represents ( = ((t) = —1+ te', where t > t;.
Take another point @@ on the same half-line such that P is an interior point of the
line segment AQ.

Before we go on, we need to take a point C' on the positive real axis and draw

three half-lines A1, A2, A3 contained in H, with P as initial point. The half-lines
are drawn so that A; makes with PB an angle equal to @, A5 makes with PB
an angle equal to P/B>C’7 and Az makes with P_Q an angle equal to APB.

At this stage the reader will find it useful to note that the chord AB subtends an

= % which lies in the upper half-plane.

angle % at each point of the circle ‘z — \/Lg

It should be clear that except when ¢ = iv/3, the half-line A; intersects the positive
real axis. Denote the point of intersection by L({), or by L for brevity. We may
say that L(iv/3) = co. Let a = a(¢) be the distance of L from the origin. Thus
a(¢) < 400 unless ¢ = iV/3.

The half-line A5 intersects the positive real axis if and only if APB + PBC <
™ — @, which is equivalent to

@+ﬁ4§<g

since PBC = PAB + APB. Thus Ao intersects the positive real axis if and
only if (e ENn{x+iy : x > 1, y > 0}. Denote the point of intersection by M (),
or by M if there is no ambiguity. We say that M is the point at infinity for all
CeE\{z+iy : x >1,y>0}. Let b =>b({) be the distance of M from the origin.
Note that b (—1 + tei‘/’) < 4oo for each t > t; when 0 < ¢ < %, and only for
t > 2secy when ¢ € [%, %) .

The half-line A3 intersects the positive real axis if and only if APB > PAB.
This cannot be the case if P lies on E;j for any ¢ € [1 1) It e (O ’T) and

372 ’3
(= —1+te'?, then APB > PAB if and only if t;(¢) = %sjn<p+ 2cosp <t <

4cosp. If Ag intersects the positive real axis, we denote the point of intersection
by N (¢) or simply by N. Let ¢ = ¢(¢) be the distance of N from the origin.

Step 5. We need to compare the quantities a(¢), b(¢) and ¢(¢). Note that ¢ ({) =
+o00 if ¢ € E;’f, where T < ¢ < 7, and also when ¢ = ((t) = —1 + te'®,
where ¢ € (0,%) but t > 4cosy. For each ¢ € (0,%) the quantity ¢ (—1+ te™#)
increases as t increases from ¢ (¢) to 4 cosp.

It follows that

b(¢) < ¢(C)
except possibly when ( is of the form —1 +t¢e?, where 0 < ¢ < gandt; <t <
4cosp.
Since b(() = +oo for ¢ € E\ {x + iy : = > 1, y > 0}, we trivially have
c(¢) < b(C)

if ( =—1+te", where £ < <Z and t; (p) <t <4cosp. At least one of ¢(()
and b(¢) will be +o0 for ¢ € [%, %) , because 2secp > 4cosy for such values of
®.

For each ¢ € (0, %) there exists a number

ta () € (max {t1 (¢),2secy},4cosp)
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such that
c (—1 + tg(gp)e“") =) (—1 + tg(cp)ei“") ,

whereas ¢ (—1+te?) < b(=1+te™?) or ¢(—1+te™¥) >b(—1+te) accord-
ing as t1 (p) <t < t<ts ((p) or t > to (), respectively. Indeed, for { = —1+4te¥ €
E;j the angles APB PBC decrease as t increases; so there is one and only one
¢ e E;’f corresponding to which APB + PBC = 7 — @, and this occurs for
3 < PBC < % . For such ¢ the point M (C) coincides with N (¢); N(() lies to the
left of M ({) or to the right of M (() according as APB + PBC > n— APB or
APB + PBC < 7 — @, respectively.

Since PBC = APB + PAB > APB, it follows that a(¢) < b(¢) for all ¢ €
E\ {iv3} , whereas a(iv/3) = b(iv/3) = +oo.If ( = —1+te™, where 0 < ¢ < Z
and t > t1(p) , then APB < T;s0 APL < 2= whereas APN > 2= which

implies that a({) < ¢(¢). The ssame can be sabid3 if t =t1(p) and ¢ 63 (2,%) .
However, if t = t1 (¢) and ¢ € (0,%) , then a(¢) = ¢(¢) < 400, and for ¢ = %
we have a(iv/3) = ¢(iv/3) = +oc.

The above observations about a((), b(¢) and ¢(¢) allow us to conclude that the
interval (1,400) can be the same as (1,¢(C)). But in the case ¢({) < 400, we

(9
can express (1,400) as (1,c¢(Q)]Ula(¢),b(¢)) U b(C),+00) if b(¢) < +oo and as
(1, ¢(Q)] U a(€), b(C)) if b(¢) = +oc.
Step 6. We are finally ready to prove that if g € & and g(a) =0, then o cannot
lie in (1,4+00).
I. Let a € (1, ] if ¢ < 400; otherwise let « € (1, +00). It is clear that

j:;a—;l‘ <1 for z€e[-1,1].
Since
(—la+1| sin PAB sin APX _ sin APX
‘ 2 (—a| sinAPBsinPAX sinAPB
and

APB < APX < APN = 7 — APB,

it follows that sin APB < sinKP\X, i.e. ‘%QTH‘ > 1, where the inequalities
are strict unless X coincides with N({). Hence the polynomial
z—1la+1
0(z) = e

Z—

belongs to P, g1 and |g2(¢)| > |g9(¢)|, where the inequality is strict unless ¢(¢) <
+oo and o = ¢(¢). So the assumption g € & is contradicted except in such a
situation. Since c(iv/3) = +o0, we may hereafter assume ¢ # i/3.

II. Now let « € [a,b). There exists a point X; in (—oo, —1) such that X,PB =
BPX . Denote by —aj the corresponding real number. The function

z4+a; a—1

93(2) = 9(2)

z—a o +1
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is easily seen to belong to P, g1 . Besides,

'C—Foq a—1 sinmsinﬁ
I+a1||¢—a sinX/lP\BsinP/B7(,
ie. |g3(¢)| = |g9(¢)| . Thus the function
z+11l+oq
h =
3(2) 2 z4+o 93(2)
belongs to P, r,1 and
C+1||14+ sinXB\PsinX/lP\B
el = |5 o = ABPIXPE 61 > lgtc)),
C+ao sin APB sin X, BP

where the inequality is strict unless o = a((). So, we get a contradiction except
when a = a(() .
III. Next, let b < +00 and @ > b. The polynomial

a—1
94(2) = ———g(2)
belongs to P,,—1,r,1, and
sin BPX
194()] = ——= 19(Ol = [9()] ,
sin PBX
where the inequality is strict unless @« = b({). But there is really no extremal

polynomial of degree less than n, since ¢ # iv/3. This is a contradiction.
Summarizing the above conclusions, we see that we have got a contradiction
except when ¢(¢) < +oo and a = ¢(¢) or when a = a(¢). Comparing parts
I, IT and III, we see that a = ¢(¢) and a = a({) are covered if a(¢) < ¢(C).
All that remains is the case a = a(¢) = ¢(¢) < +oco. But this occurs only when

4 2

¢ =( = —1+t1e% where 0 < ¢ < 7, 1.e. ( lies on the circle ‘z VA RvE
In that case we introduce the polynomial
_alQ)+1lz—1
95(2) = —= a0 2 9(2).

First we note that g must vanish at —1. If not, the polynomial g(—z) would have
all its zeros in (—oo, —1], and |g(—(¢)| would be larger than |g({)|, contrary to the
assumption that g € 54 Next we note that a(C)Ezl) 2= decreases from 1 to 0 as x in-
creases from —1 to +1. This means that max,cr, |g(z)| and max,ep, ;1(2&1) z—1

are not attained at the same point of F;,. Hence

max |gs(z)| = p max |g(z)| ,

n

where p € (0,1). We get a contradiction with the fact that if g5 € & then
max {|g5s(Mnx)| : £ =0,1,...,n} must be equal to 1.
It remains to consider points ¢ € (1,400). Clearly g(¢) cannot be zero. So

we have to consider two possibilities, namely, a € (¢,+o0) and « € (1,¢). In the

first case, we may consider g4(z) := g_i g(z) to see that g cannot belong to & if
g(a) = 0. In the second case, g2(z) = =22+ ¢(z) shows the same.

a—z
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3. DETERMINATION OF maxo<k<n |gn,k(2)| FOR A GIVEN z

First let Re(z) > 0, i.e. ‘ifj‘ > 1. Then, for [2H] < k < n, we have
|gn,k(2)/@n.n—k(z)| > 1. Hence

O(2) = jmax lank(2)] = [%}Tg]ignMn,k(zﬂ :

For 0 <t <mn,let
(t+ 1) (n—t—1)nt7t
tt(n—t)n—t ’
where, as usual, 0° = 1. Examining its logaritmic derivative, we see that p(t) is
strictly increasing on [0,n — 1]. Hence

o () () < e

Furthermore, it is easily checked that

p(t) =

(8) p({n_l]) <1< p({n—’—l}) if n is even,
2 2

whereas

9) p({n_l}) =1< p({n—’—l}) if n is odd .
2 2

It is clear that if z # 1 and w(z) := 12, then

(10) |gnk+1(2) [ gni(2)] > 1 for 0<k<n-1

if and only if

1+2
1) el = || 2 o0,

where equality holds in (10) if and only if it does in (11). Hence for [251] < k <
n—1,

|gn.k+1(2)| > |ank(z)] if and only if p(k) < Jw(z)] < +o0.

Besides, |gn.k+1(2)] = |gnk(2)] only if |w(z)| = p(k). Because of (7), it follows
that for each integer j such that n > j > [251], we have
lqn,j(2)] = lani(2)] for all k<j—1if p(j—1)<|w(z)],

where |gn j(2)| = |gn,x(2)| only if £ = j — 1 and |w(z)| = p(j — 1) . In addition, for
n>jz "5,

9n.i(2)] 2 lgni(2)] for j<k<n if |w(z)| < p(5),
where |¢,,;(2)] = |gnk(2)] only if £ = j + 1 and |w(z)| = p(j). Thus, setting
p(n) = +o0, we see that for each integer j such that n > j > [”T’Ll] ,

oeiax lans(2)l <lan(2)] i p(G —1) <fw(2)] < ().

It may be added that if |w(z)| = p(j —1), then |gn ;(2)| = |gn,j—1(2)|. Thus, for
any given z belonging to the closed right half-plane, ©(z) is attained by |gn, ;(2)|
aloneif p(j—1) < |w(z)| < p(4); it is also attained by |gn ;—1(2)] if |w(z)| = p(i—1).
Each point z belonging to the closed right half-plane H™ is covered, since for each
such z there exists, in view of (8) and (9), an integer j in [[241],n] such that
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p(j = 1) < w(z)| = |12
left half-plane, it suffices to observe that ©(z) = ©(—z) for all z.
For [%H] <k <n—1 let
WPl 2
(p(k))* — 1 (p(k))* — 1
It is easily checked that c; — 7 increases with k, whereas ¢ + i decreases. So if
Dy = {2€C : |z—ck| < 7}, then

D, O D,, if {TLT—H] <l<m<n-—1.

< p(j). To determine ©(z) for points belonging to the

Now note that |w(z)] > p(k) for some integer k such that [241] <k <n—1 if
and only if z € Dy . We therefore have the following:

Theorem 2. Let 7@(,2), H* and Q be as above. If z € D,_y1, then O(z) =
|gnn(2)| 5 if 2 € Dpa \ D1, then ©(2) = |gnn-1(2)| . More generally, if = €
Dk \ D41 for some k such that [%31] <k <n—2, then O(2) = |qnp41(2)| . If

2 € HH\ Djusay , then O(z) = m[nTﬂ](z)] .

Remark 2. It may be noted that if |z — ¢x| = 7 for some k such that 2] <
kE < n—1, then O(2) = |gni+1(2)] = |gnk(2)| . Furthermore, if n is odd and

Re(z) =0, then O(z2) = n[nTﬂ](z)‘ = ‘qn[an](z)‘ .

4. SOME ADDITIONAL REMARKS

Remark 3. Even if we assume |f(z)| to be bounded by 1 for all z € [-1,1], it is
clearly not possible to improve upon (5). But for (5) to remain true for all z € S,
do we have to assume that |f(n,.%)| <1 for 0 <k <n? The answer is yes. In fact,
if we require |f(x)| to be bounded above by 1 on any closed subset F' of [—1,1]
which does not contain one of the above n + 1 points, say 7y, ;, then (5) will fail at
least for all z € C, where ©(z) = |gn,j(2)| . This is because there exists § > 0 such
that [(1 4 6)gn,(z)] <1forallz e F.

Remark 4. What can we say about |f(z)| when z ¢ S, i.e. z € Q7 First of all we
wish to point out that S is independent of n. The answer to the question depends
on n. Note that inequality (5) does not hold for any z belonging to the intersection
A of the two disks |1 + z| < 2 and |1 — 2| < 2 in case n = 1. This follows from
the definition of A. Now consider the polynomial f(z) := 1(1 4 z)(2 — 2), which
satisfies the conditions of Theorem 1 in case n = 2. Comparing |f(1 + iy)| with
lg2,0(1 + y)], |g2,1(1 +iy)| and |g2,2(1 + iy)|, we see that

1) > max jaas(z)

if 2 =1+iy,0< |yl < % . Note that these points lie in 2\ A. On the other hand,

not only for n = 2 but for all even n, we have |f(iy)| = [f(0)| [T\, |1 —iyz.| .
where —1 <z, <1 for v =1,...,n. Hence,

IFG)| < 1FO) A+ 9% = |gn,2 (iy)]

i.e. (5) holds at all points of the imaginary axis in case n is even.
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Remark 5. Although a polynomial f of degree n having only real zeros none of
which lies in (—1, 1) is not completely determined by the value it takes at any point
a in (—1,1), its modulus at any point z € C can be estimated in terms of n and
|f()]. To see this note that f(z) = f(0) [[,_,(1 — zz,), where —1 < z,, <1 for
v=1,...,n. Forall z,

1 —zx,| < max{|l1+z[,|1—2z|}.
Hence, if |f(0)| < 1, then

12) 7)) < 1F0)] max {142, 1 - 2"} = {

If |f(a)] < 1, where a € (—1,0)U (0,1), then
Fw) == (aw+1)" f (;Tm)

is a polynomial of degree at most n having only real zeros none of which lies in
(—1,1). Furthermore, |F(0)] = |f(«)] <1, and so by (12)

[1+z|™ if Re(z)>0,
[1—z|™ if Re(z)<O0.

w417 (250 = )] < max{1+ 0l 1 ul")
Replacing 5% by 2, we easily conclude that if |f(a)| < 1, where a € (=1,0) U
(0,1), then for all z € C,
2| i [o- 2] < 52
£(2) )
I R =

REFERENCES

1. L.V. Ahlfors, Complex Analysis, 2nd ed., McGraw-Hill Book Company, New York, 1966. MR
32:5844

2. S.N. Bernstein, Sur une propriété des polynomes, Comm. Soc. Math. Kharkow Sér. 2 14
(1913), pp. 1-6.

3. P. Erdds, On extremal properties of the derivatives of polynomials, Ann. of Math. 41 (1940),
pp- 310-313. MR 1:323g

4. P. Erdos, Some remarks on polynomials, Bull. Amer. Math. Soc. 53 (1947), pp. 1169-1176.
MR 9:281g

5. I.P. Natanson, Constructive Function Theory, vol. I, Frederick Ungar Publishing Co., Inc.,
New York, 1964. MR 33:4529a

6. T.J. Rivlin, Chebyshev Polynomials: From Approzimation Theory to Algebra and Number
Theory, 2nd ed., Wiley, New York, 1990. MR 92a:41016

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOFIA, JAMES BOUCHER 5, 1126 SOFIA, BUL-
GARIA

Current address: Département de Mathématiques et de Statistique, Université de Montréal,
Montréal, Canada H3C 3J7

E-mail address: dryanovd@ere.UMontreal.CA

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE DE MONTREAL, MONTREAL,
CAaNADA H3C 3J7

E-mail address: rahmangi@ere.UMontreal.CA



