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ABSTRACT. Let G be a locally compact abelian group. A function w : G —
[1,00) is said to be a weight if it is locally bounded, Borel measurable and
submultiplicative. We call a weight w on G semi-bounded if there exist a
constant K and a subsemigroup S with S — S = G, such that

log w(—ns)

w(s) <K and lim =0

n— oo \/ﬁ

for all s € S. Using functional analytic methods, we show that all Beurling
algebras L1 (G) whose defining weight w is semi-bounded satisfy Ditkin’s con-
dition.

0. INTRODUCTION

Let A be a commutative Banach algebra and denote by A(A) its Gelfand space.
A is called regular if for every closed subset E C A(A) and every point M ¢ E
there exists an element f € A such that f =0on E and f (M) # 0, where f is the
Gelfand transform of f. We say that A satisfies Ditkin’s condition at M € A(A)
if for each f € A with f(M) = 0 there exists a sequence (f,) C A such that
fn = 0 in a neighbourhood V,, of M and ff, — f in the norm of A. Further, A
satisfies Ditkin’s condition at infinity if the subalgebra of all f € A whose Gelfand
transforms f have compact support is norm dense in A. The algebra A is called
a Ditkin algebra if it satisfies Ditkin’s condition at every point of A(A) and at
infinity.

The importance of the Ditkin condition resides in the well-known fact that closed
subsets with scattered boundary of the maximal regular ideal space of a regular
semisimple Banach algebra satisfying the Ditkin condition are sets of spectral syn-
thesis (see [12, p.225], [14, p.86] and [8]). Recently, Bade and Dales have found its
applications to the automatic continuity of epimorphisms (see [5, Theorem 2.3]).

The group algebra L*(G) of a locally compact abelian (LCA) group G is a Ditkin
algebra. This is a standard result in harmonic analysis; apart from this example
however, only relatively few subalgebras of L'(G) are known to satisfy Ditkin’s
condition, e.g.

e the Segal algebras [17, pp. 92-93];
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e the Beurling algebras L'(R";w,) and L'(Z";w,), where 0 < o < 1 and
Wa(t1, o tn) = (3071 13)/? (see [16, p. 132 and p.137));
e the Beurling algebras L} (Q?), where QY is the v-times product of the group
Q; of l-adic numbers and « > 0 (see [16, pp. 134-136]);
e the Beurling algebras L!(R;w) and L!(Z;w), where the weight w is uniformly
bounded on [0, +00) and lim,_ 4.0 7~ % logw(—n) = 0 (see [20, Cor. 3.5]).
For all these algebras the Ditkin condition was checked by classical methods
involving the construction of functions with certain special properties. In this paper,
we will extend this list by introducing axiomatically a class of subalgebras of L!(G)
whose members turn out to be Ditkin algebras. This class contains the Segal
algebras and many Beurling algebras that were not previously known to satisfy
Ditkin’s condition. Our approach is novel, and is based on functional analytic
methods.
The paper is organized as follows. In Section 1 we recall some facts from the
spectral theory of non-quasianalytic group representations. In Section 2 we prove
our main results.

1. SPECTRAL THEORY OF NON-QUASIANALYTIC REPRESENTATIONS
oF LCA GROUPS

In this section we briefly recall some well-known facts concerning measure alge-
bras, Beurling algebras, and spectral theory of representations of LCA groups on a
Banach space. We refer to [10], [14], [12] or [3] for the basic theory of LCA groups
and Banach algebras.

Let G be an LCA group with unit element e. A weight w on G is a function
w : G — [1,00) which is locally bounded, Borel measurable and submultiplicative
in the sense that

w(s+1t) <w(s)w(t) forall s,ted.

Let M(G) be the measure algebra of all bounded, regular Borel measures on G,
with convolution as multiplication. For a weight w on G, the subalgebra M, (G) is
defined as

MAG) = {p € MG il = [ wlt) dul(t) < o)
and the Beurling algebra L. (G) is defined as
LLG) = {F € LX) fll = [ IF@)iote)dt < o}

It follows from Lebesgue’s decomposition theorem that L. (G) is identical to the
absolutely continuous part of M,,(G), and thus L. (G) is an ideal of M, (G). It is
shown by Domar [9, Theorem 2.11] that L. (G) is a regular Banach algebra if and
only if the weight w is non-quasianalytic (n.q.a.), i.e.,

i logw(nt)

2 < oo forall ted.

n=1
This generalizes a theorem of Beurling [4, Theorem V B] for G = R. It follows that
if w is an n.q.a. weight on G, then the ideal

Ko(G):={f e LL(G): f has compact support}
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is norm dense in L' (G). Here, as usual, f is the Fourier transform of f € L1 (G),
f(y) = / y@t)f(t)dt  forall e @,
G

where G is the dual group of G.

Let X be a (complex) Banach space. We denote by £(X) the Banach space
of all bounded linear operators on X. A continuous algebra homomorphism ® :
M, (G) — L(X) is called a non-quasianalytic representation if the defining weight
w is non-quasianalytic and ® maps the unit of M, (G) to the identity operator Ix
on X. A systematic theory of n.q.a. representations has been developed recently
by one of the authors [11]. Here, we collect some results from this theory needed
for our present purposes.

Let @ : M, (G) — L(X) be an n.q.a. representation. The set

Ip ={feLL(G): ®&; =0}
is a closed ideal in L. (G). The spectrum Sp(®) of ® is defined as the hull h(Ig) of
I@, i.e.
Sp(®) :=h(I) ={v € G: f(y)=0 forall fely}.
For a closed subset A C G we denote by j,(A) and k,(A) the following ideals in
LL(G):
ju(A) :={f € LL(G) : f vanishes on a neighbourhood of A}

and

ko(A) :={f € LL(G) : f vanishes on A}.
Iflw is bounded, then the subscript w will be omitted and the ideals are taken in
- EAGYD).H.Q.EL. representation ® : M, (G) — L(X) is called non-degenerate if the
kernel
Xo:={r e X :®p(x)=0 forall feLl(G)}
is trivial, i.e., Xo = {0}.

Theorem 1.1 ([11, Cor.1.2.7 and Cor.1.3.17]). Let ® : M,(G) — L(X) be a non-
degenerate n.q.a. representation. Then the following assertions hold:

(i) For all f € j,(Sp(®)) one has &5 = 0.

(it) For all t € G one has

o(®:) = {y(t) : v € Sp(®)},

where @y is the image of the Dirac measure 6; under ® and o(®Dy) is the spectrum
of the operator ®;.

The second assertion is referred to as “Spectral Mapping Theorem”; it extends
a result of D’Antoni-Longo-Zsidé [6] for bounded representations.

We call a strongly continuous group representation T : G — L(X) non-quasian-
alytic if there exists an n.q.a. weight w on G such that

IT: <w(t) forall teG;
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cf. [19]. For a strongly continuous n.q.a. group representation T': G — L(X) we
define the spectrum Sp(T) of T as the set of all v € G for which there exists a net
{z4} of norm-one vectors in X such that

1T (za) = v(t)zall — 0

uniformly for ¢ in compact subsets of G. The following functional calculus enables
us to compute the spectrum of T" from an appropriate n.q.a. representation.

Theorem 1.2 ([11, Prop.1.3.3]). Let T : G — L(X) be a strongly continuous
n.q.a. group representation and let w be an n.q.a. weight such that ||T¢|| < w(t) for
all t € G. Then, for each 1 € M, (G) there exists an operator ®,, € L(X) such that

(p, @, (z)) = /G<p, Ti(z)) du(t) forall z€ X, pe X*.

The map p— ®,, defines a norm-decreasing algebra homomorphism ® from M, (G)
into L(X) which extends T in the sense that ® =T for allt € G. Moreover, the
spectrum Sp(®) of ® coincides with the spectrum Sp(T') of T.

Thus the spectral theory for n.q.a. group representations is an extension of
Arveson’s spectral theory for uniformly bounded group representations [1]. It easily
follows from Theorem 1.2 that the functional calculus ® of a strongly continuous
n.q.a. group representation 7' is non-degenerate. Thus by Theorem 1.1 (ii), the
spectrum of T is non-empty if the underlying Banach space X is non-trivial. This
fact is used in the proof of our main results below.

2. THE DITKIN CONDITION FOR CERTAIN SUBALGEBRAS OF L!(G)

Let G be an LCA group. The right translation representation R of G on L'(G)
given by

Rif() = [(—1), teq,

is a strongly continuous representation and satisfies ||R|| < 1 for all t € G. Defining
Ruf = f*p, R extends to a norm-decreasing algebra homomorphism from M (G)
to L£(X), which will also be denoted by R.

Definition 2.1. A weight w on the LCA group G is called semi-bounded if there
exists a constant K and a subsemigroup S C G with S — S = G, such that

w(s) <K and lim logw(zns)

n—-+4oo \/H

By definition, a semi-bounded weight is always non-quasianalytic.

=0 forall se&S.

Definition 2.2. Let G be an LCA group and let R be the right translation rep-
resentation of G on L!(G). Let S(G) denote the class of all Banach subalgebras
A C LY(G) satisfying the following properties:

(i) A is norm dense in L'(G) and the injection A — L(G) is continuous.

(ii) A is translation-invariant, i.e., Rs.A C A for each t € G.

(iii) For each f € A the mapping G >t — R f € A is continuous.

(iv) There exists a semi-bounded weight w on G such that ||R¢||a < w(t) for
allt € G.

(v) The intersection AN LL(G) is norm dense in both L. (G) and A.
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Example 2.3. (1) A subalgebra A of L*(G) is called a Segal algebra (see [17], [18])
if it satisfies the above properties (i)-(iii) and the following stronger version of (iv):

IRiJa=1 forall t¢ted.
This trivially implies property (v). Consequently, all Segal algebras belong to the
class S(G). The following are examples of Segal algebras (see [16], [17], [13]):
e The Wiener algebra
WR):={f€GR): [If|:=) sup |f(z)]<oc}.

ne’ z€[n,n+1]

e L'(G)N LP(G) with the norm || f|| :== || fll1 + | fllp, 1 < p < oc.

o 4,(G) == {f € L'(G) : [ € LP(G)} with the norm [[f| := [ fll1 + [|f]lp
1<p<oo.

(2) A Beurling algebra L} (G) belongs to the class S(G) if and only if the defining
weight w is semi-bounded. To give a concrete example, let d := (d1, ..., d,,), where
0 <d; <1/2, and let wq be the weight on R™ given by

1 ety > 0;
wa(ty, .. tn) = { exp(Z?zl [t;]9),  otherwise.
The weight wq is semi-bounded with constant K := 1 and generating subsemigroup
S = {(t1, ..., tn) ER™ 1 t1, ...ty > 0}
Let A be in the class S(G), with corresponding semi-bounded weight w. The

first three properties in Definition 2.2 imply that the right translation representation
{R: : t € G} is a strongly continuous group representation of G on A satisfying

IRel|a <w(t) forall tea.

It follows from Theorem 1.2 that R extends to an n.q.a. representation of M, (G)

on A, which will also be denoted by R. For this representation we have
Ruf=f*p forall pe M,(G), feA

Therefore, for all u € M, (G) and f € A,

- IFpla = IRl = | foRef duto)]
< Jolfla-w® diale) = Il - 1£].4

In particular, the extended algebra homomorphism R : M, (G) — L(A) is contrac-
tive.

Proposition 2.4. Let A be a Banach algebra in the class S(G).
(i) For the Gelfand space of A we have A(A) = G.
(ii) A is reqular and semisimple.
(iii) The set {f € A: f has compact support} is dense in A.
(iv) A closed subspace of A is an ideal if and only if it is translation-invariant.
(v) f € fx A for each f € A, i.c., A possesses approzimate units.

Proof. Choose a semi-bounded weight w corresponding to A as in Definition 2.2.
Let f € LL(G) N A and denote by f(™ the n-fold convolution product of f. Then,
fM™ e LL(G)NAand fOH+D = Rt f for all n. Therefore, by (*)

1O+l = (R Flla < 1F - 1 L.
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Since

Jim | FO = (f) = sup |fO)

~yeEG
we see that
Tim [ F)Y" = r(f):

Let ¢ € A(A). It follows that for all f € LL(G)N A,
(I < Tlim [F)" = r(f).

By Definition 2.2 (v), LL(G) N A is norm dense in L} (G), and hence also in L*(G).
Thus, the above inequality implies that ¢ extends to an element in A(LY(G)) = G.
This proves the inclusion A(A) C G. The converse inclusion is obvious.

Recalling that the Gelfand tranform for L!(G) is just the Fourier transform, the
semisimplicity in (ii) follows from the uniqueness theorem for the Fourier transform.
To prove regularity, let v € G and A C G with v ¢ A. By the regularity of LL(G)
we can find f € LL(G) such that f(7) =1 and JE\A = 0. Since A is dense in L'(G)
there exists g € A such that §(v) = 1. Consider h := f x g. Then, h = Rsg € A,
h( ) =1 and h‘A = 0. This implies the regularity of A.

For the proof of (iii) we note that the ideal K, (G) consisting of all f € LL(G)
whose Fourier transforms f have compact support is norm dense in LL(G) (see
Section 1). We have K,(G) * A C A, and the support of the Fourier transform of
each function in K, (G)*A is compact. Therefore, it suffices to show that K, (G)*.A
is dense in A. To this end, let F' € (K, (G)*.A)*. Then by the denseness of K (G)
in LL(G) we have (F, f * g> =0forall f e LulJ(G) and g € A. Hence,

O:<F,f>kg>:<F,ng>:/G<F,Rtg>f(t)dt forall fe LL(G), g€ A

It follows from the strong continuity of R that (F,R:g) = 0 for allt € G and g € A.
This implies that F' = 0.

To prove (iv), let I be a translation invariant closed subspace of A. Let f € I.
Then R;(f) € I for all t € G. This implies for all g € LL(G) N A that

fxg=Ryf = /Rt t)dt € I.

Since L. (G) N A is norm dense in A (Def. 2.2(v)), it follows that f * g € I for all
g € A, and thus [ is a closed ideal of A. For the converse assertion, let I be a closed
ideal of A. To show the translation invariance of I we first adopt the fact that A
has approximate units, which will be immediately established in (v). Let f € I.
We choose gy, € A such that ||f — f * gn|la — 0 as n — co. Let t € G. Then

Ri(f) = lim Ri(f *gn) = lim f+(R-s(gn))-

Since R_+(gn) € A and I is an ideal, f * (R_:(gn)) € I for all n. It follows from
the closedness of I that R.(f) € I.

To prove (v), let f € A and fix ¢ > 0. By Definition 2.2 (iii) there exists a
neighbourhood V' of the unit e € G such that the Haar measure |V| of V is finite
and

IRef — flla<e forall teV.



DITKIN’S CONDITION 1403

Let g := ﬁx‘/ € LL(G). Note that

1
g*f—f:Rgf—f:m/thf—f)dt.

We have

1
lg* f— flla < mfvnntf— Fladt<c.

By Definition 2.2 (v) we can find h € L, (G) N A such that ||g — k|, < . From (*)
it follows that

(g = h) = flla=IIRg-nflla < [Ifll.a-llg = Al
Thus for h* f € A we have

[ f=flla<llg*f—fllatlilg="h)*flla<e@+[f]a)-

This implies (v). O

Proposition 2.4 (iii) implies that an algebra A in the class S(G) satisfies Ditkin’s
condition at infinity. Next we will show that it satisfies Ditkin’s condition at every
point v € G = A(A). For this we need some auxiliary results. First we recall that
there exist left invariant means on [°°(S) whenever S is an abelian semigroup [7,
p. 109, Theorem 4]. A left invariant mean on {°°(S) is a bounded linear functional
¢ € (I°°(9))* such that

(i) (f) > 0 for all f > 0;

(ii) ¢(1) = 1, where 1 is the constant one function;
(iil) ¢(f(-+ ) = &(f) for all f €1°°(S) and s € S.

Lemma 2.5. Let A be a Banach algebra in the class S(G). Let B, C be two closed
ideals of A with C C B. If v € G and ¢ € (B/C)" satisfy
Y([Ref1) = v(O)p((f])

for allt € G and [f] € B/C, where [f] denotes the equivalence class f + C in B/C,
then ¥([f]) =0 for all f € BNE({}).

Proof. Let K be the constant and S be the subsemigroup corresponding to the
semi-bounded weight w given by Definition 2.2. By the Hahn-Banach theorem we
can extend ¥ to an element ¥ € (A/C)*. Let ¢ be an invariant mean on [°°(S).
Since

sup{||Rsl|a:s€ S} <K < o0
by Definition 2.2 (iv), for each f € A the function
F(f;s):=7(s)""W([Rsf]), s €S,
is in 1°°(.S), and thus
U(f):=o(F(f;), [feA
defines a linear functional on A with ||¥|| < K||¢||. For s,t € S and f € A we have
F(Rsf5t) = 4(s) - (s + )T ([Rage f1) = v()F (f5 5+ 1),
It follows that

U(Rsf) =7(s)o(F(f;-+5)) = v(s)V(f),
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where in the last equality we use the left invariance of ¢. In other words, RV =
~(s)¥ for all s € S. Applying R* ; to both sides, we also have R* ;U = ~(—s)¥,
and therefore Rf¥ = ~(¢)¥ for all t € G, since S — S = G. Thus

U(R:f) =~v@)¥(f) forall te@G, feA
For g € LL(G)N A and f € A this implies

U(gef) = U(Ryf)= /G W(R, f)g(t) dt

= [ A0 i =it
By Definition 2.2 (v), LL(G) N A is norm dense in A. Therefore,

U(g*f)=g(n)¥(f) foral g,feA

Let g € k({v}) N B. Then, ¥(g* f) =0 for all f € A. By Proposition 2.4 (v), g is
in the norm closure of g x A. Hence ¥(g) = 0. Our assumptions on v and ¢ imply

F(g;s) = ~(s)""¥([Rsg)) = v([g])
for all s € S. Thus
0=""(g) =¢(F(g;-)) = ¥([g])

which completes the proof. O
Next we recall an extension of Gelfand’s theorem due to Atzmon [2]: If T €
L(X) is invertible and satisfies
log" |T—"
sup [|[T"]| < oo, lim log” IIT~"]] =0,
n>1 n—-+o0o \/ﬁ

then o(T) = {20} implies T = zpIx.

Lemma 2.6. Letw be a semi-bounded weight on the LCA group G and letT : G —
L(X) be a strongly continuous group representation such that | ;]| < w(t) for all
te G. If vy € Sp(T) is an isolated point, then there exists 0 # x* € X* such that

Trz" =~(t)z" forall teG.
Proof. Let T : M,,(G) — L(X) be the extension of the given group representation

T. Let fo € LL(G) be such that fo(y) = 1 and suppfo is disjoint from Sp(T) \ {~}.
Then fo — fo * fo € j(Sp(T)), and thus, by Theorem 1.1 (i),

0="Tf—foufo =Tp, — (Tfo)z'

Hence, the operator P := TY, is a projection, and for the spectrum of the subspace
representation 7’| PX we have

Sp(T|PX) = {7}.
From the Spectral Mapping Theorem 1.1 (ii) applied to T|PX we conclude that
o(Ty|PX) = {y(t)} forall tegG.

Let K be the constant and S be the subsemigroup corresponding to w. Then, for
s € S we have

|Ts| PX|| < K and  log™ [|[T_,s| PX|| = o(v/n)
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as n — +oo. Applying Atzmon’s theorem to the operators 75| PX, we find that
T,P =~(s)P.
Since S — S = G, this identity holds for all s € G. It follows that
T;P* =~(t)P* forall teG.
Choose y* € X* such that z* := P*y* # 0. Then
Tiz" =~(t)z* forall teG.

A slightly more general result is proved in [11, Theorem 3.1.8].
Our main result now reads as follows.

Theorem 2.7. Let A be a Banach algebra in the class S(G). Let A C G be a closed
subset whose boundary OA is scattered. Assume f € k(A)NA. Then,

fefxGA)nA).

As a consequence, A is a spectral set for the Banach algebra A in the sense that

EAMNA=3A)NA,
and A is a Ditkin algebra.
Proof. Consider
B:=fxA and C:=fx((A)NA.

Then B and C are translation-invariant ideals of 4 with C C B. By Proposition 2.4
(v) we have f € B. We will show that f € C by proving that B = C.

Consider the quotient space X := B/C. Let w be a semi-bounded weight as
in Definition 2.2. The translation representation R of G on A derives a strongly
continuous group representation ¢ of G on X by

Qilg] == [Reg], g€ B, teG;
here we write [g] for the class g + C. Clearly,

[Qtllx < IRella Sw(t), ted.
Furthermore,

Qulgl = [n*gl, g€B, peM,(G).

We will show that X = {0} by checking that @ has empty spectrum.
Assume for a contradiction that X # {0} and thus Sp(Q) # 0. To compute the
spectrum of () we note that Q, = 0 for all g € j,,(A). It follows that

Sp(Q) € h(ju(A)) = A.
We want to show that Sp(Q) is contained in the boundary dA. To see this, let
be an interior point in A. Then, by the regularity of L. (G), we can find a function
g~ € LL(G) such that g,(v) = 1 and suppg, C A\OA. Since f vanishes on A, we have

f+Gy =0, and thus f*g, = 0 by the uniqueness of the Fourier transform. Therefore,
Ry, f = f*gy=0,and thus Q, [f] = [Ry, f] = 0. This implies v ¢ Sp(Q), and
hence

Sp(Q) € OA.
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Therefore Sp(Q) is a non-empty scattered set, since OA is scattered by assumption.
Let o be an isolated point in Sp(@Q). Applying Lemma 2.6 to @, we find 0 # ¢ € X*
such that Q¢ = yo(t)y for all t € G, i.e.,

$(Qelg]) =20 ®)¥([9])
for all t € G and [g] € X. Lemma 2.5 yields

P(lg)) =0 forall gek({r})NB.

Note that fxh € E({v})N(f*xA) C k({y})NB for all h € A. Thus ¢([f xh]) =0
for all h € A, and hence ¥ = 0, a contradiction.

This proves the first assertion. It follows that A satisfies Ditkin’s condition at
every point v € G. As we have seen before, A also satisfies Ditkin’s condition at
infinity. Hence, A is a Ditkin algebra. |

Corollary 2.8. Let w be a semi-bounded weight on the LCA group G. Then the
Beurling algebra L} (G) is a Ditkin algebra.

It is shown in [17, pp. 92-93] that all Segal algebras are Ditkin algebras. Since
each Segal algebra on G belongs to the class S(G) (see Example 2.3), our Theorem
2.7 gives a functional analytic proof of this result.

Our final result is an application of [5, Theorem 2.3] to algebras in S(G).

Proposition 2.9. Let A be a Banach algebra in the class S(G) and I be a closed
ideal in A. Then each epimorphism from a Banach algebra onto A/I is automati-
cally continuous. As a result, the algebra A/I has a unique complete norm.

Note that non-semisimple quotients arise when A = L!(G) where G is a non-
discrete LCA group and I = m for some non-spectral set A C G. The existence of
such ideals is the well-known theorem of Malliavin [15]. In this situation Johnson’s
uniqueness theorem for semisimple Banach algebras cannot be applied.
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