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ABSTRACT. We prove that every analytic proper subgroup of the reals can be
covered by an F, null set. We also construct a proper Borel subgroup G of
the reals that cannot be covered by countably many sets A; such that A; + A;
is nowhere dense for every 1.

Let G be an (additive) proper subgroup of the reals. It is well-known that if G
is measurable then G is null, and if G has the Baire property then G is of the first
category. This implies that if G is analytic, then G must be a first category null
set. In the next theorem we prove a somewhat stronger statement.

Theorem 1. FEvery analytic proper subgroup of the reals can be covered by an F,
null set.

The proof of Theorem 1 is based on two results. The first is due to Gy. Petruska
[3], and states that if an analytic set H C R cannot be covered by an F,, null set,
then there is a closed set F' such that each portion of F' is of positive measure and
H is residual (comeager) in F. (By a portion of a set ' C R we mean a nonempty
and relative open subset of F.) If A, B are arbitrary portions of F, then they are
measurable sets of positive measure, and thus the set A+B = {z+y:z € A,y € B}
has nonempty interior. As we shall prove in the next lemma, this implies that
whenever a set H is residual in F, then H + H is residual in an interval. In our
case, however, H is an analytic group, and hence H + H = H is of first category.
This contradiction proves the theorem.

Lemma 2. Let Fy and Fy be closed subsets of R, and suppose that whenever A; is
a portion of F; (i = 1,2) then int(A; + Ag) # 0. If H; is residual in F; (i = 1,2),
then Hi + Has is residual in any interval contained in Fy + Fb.

Proof. Let Iy be an interval contained in F; + F5. We shall play the Banach-Mazur
game in Iy (as discribed in Chapter 6 of [2]), with the second player winning if
the intersection of the intervals (moves) is a subset of Hy; + Ho. We give a winning
strategy for the second player; by Theorem 6.1 of [2], this will prove that H; + Hs
is residual in Ij.

We may assume that H; is a dense Gs subset of F;. Let H; = ﬂ;o:l G! (i=1,2),
where G7 is open (in R) and dense in F; for every i = 1,2 and n = 1,2, ... . Suppose
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that the first move of the first player is the interval I;. Since H; + H> is dense in
F1 + F5, there are points ;v} € Hy, x% € Hy such that x} + x% € int I;. Then there
are open intervals J} such that z} € J}, clJ! C G} (i = 1,2), and J{ + J3 C I1.
By assumption, the set

U= (JiNF)+ (J;NE)

has nonempty interior. Let the first move of the second player be any closed interval
I, C Uy.

Let the second move of the first player be the interval I5. Since I3 C I C U;
and H; is dense in Fj, there are points 27 € H; N J} such that % + 2% € int I.
Then there are open intervals J? such that 2? € J2, clJ? C J1NG? (i = 1,2), and
J? + J3 C I3. By assumption, the set

Uy = (JENF) + (J3N F)

has nonempty interior. Let the second move of the second player be any closed
interval I, C U,, etc.

We have to show that if the second player sticks to this strategy, then (2, I,, C
Hi+H> holds. We have Iy, C J{'+J¥ for every n, and cl Jl-"+1 C JI'NG?Y for every n
andi=1,2.Let z € (), Ion, and let & = 21+ 2%, where 2 € J*. If (x1, z2) is the
limit of a convergent subsequence of (27, x%), then z; € (\ ;1 J* C H; (i=1,2)
and x = x1 + a9 € Hi + Ho. O

We remark that the statement of Theorem 1 is true in every locally compact and
second countable group with the Haar measure. Indeed, such a group is (homeo-
morphic to) a Polish space. Since Petruska’s theorem is valid for every Polish space
(with any continuous Borel measure on it), it is easy to check that the proof of
Theorem 1 works also in this more general setting.

The statement of Lemma 2 does not remain valid if we replace the condition on
the sets F1, F» by int (Fy 4+ F») # (). Consider the following example. Let H C [0, 1]
be a set containing exactly one point of each interval contiguous to the Cantor
ternary set C. Let F' = C' U H. Then F is closed, and F + F = C + C = [0,2]. The
set H is a residual (moreover, dense open) subset of F, but H + H, being countable,
is not residual in any interval.

Petruska’s theorem was generalized by S. Solecki as follows. Let F be an arbi-
trary system of closed subsets of R, and let F,, denote the family of all sets that
can be covered by countably many elements of F. Solecki proved in [4, Theorem
1] that if H is an analytic set with H ¢ F,, then H contains a Gs set U such
that U ¢ F,. Let F = {F C R : F is closed, and each portion of F' contains two
portions, A; and As, such that A; + As is nowhere dense}.

If we combine Solecki’s theorem with Lemma 2, then we obtain the following
statement: every proper analytic subgroup of R can be covered by countable many
closed sets belonging to F.

This result motivates the following question: is it true that every proper analytic
subgroup of R can be covered by countably many closed sets, Fi, Fs, ... such that
F,, + F,, is nowhere dense for every n? Our next aim is to show that the answer is
negative, even for Borel subgroups.

Theorem 3. There exists a proper Borel subgroup G C R that cannot be covered by
countably many sets A; such that A;+A; is nowhere dense for every i. Consequently,
if an F, set E covers G then int(E + E) # 0.
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We shall prove this through the following result.

Theorem 4. There exists a Gs set A C R such that the elements of A are linearly
independent over the rational numbers, and A cannot be covered by countably many
sets A; such that A; + A; is nowhere dense for every i.

First we infer Theorem 3 from Theorem 4. Let A be the set given by Theorem
4, and let G be the group generated by A. It is enough to show that G is Borel and
G # R. Let k € N be fixed, and put

Ap ={(x1,... ,x) : x1,... ,x are distinct elements of A}.

It is easy to see that A is a Gs subset of R*. Let ny,...,n; be fixed nonzero
integers, and let f : Ay — R be defined by

flze, ... ,zk) =nmx + ...+ gz (21, ,28) € Ag).

Then f is continuous and, as the elements of A are linearly independent over Q,
f71(y) is finite for every y € f(Ax). This implies that the set Gy ny. .n, = f(Ak)
is Borel (see [1, Corollary 5, p. 498]). Since

G = {0} U H{Guinany s 11, i € Z\{0}},

it follows that G is Borel.

Each Gpyn,...n, is a null set, since otherwise G ny..n, + Gnins...n, would con-
tain an interval, contradicting the condition that the elements of A are linearly
independent over Q. This proves that G is also null, and thus G # R.

We remark that A+ A, being a subset of G, is of first category. Thus we obtain
the following corollary.

Corollary 5. There exists a Gs set A C R such that A+ A is of first category, but
A cannot be covered by countably many sets A; such that A; + A; is nowhere dense
for every i.

We shall use the following notation. For every compact set K C R we shall
denote by K the convex hull of K; that is, the interval [min K, max K]. Clearly,
the components of K \ K are the bounded intervals contiguous to K. Let K be a
system of nowhere dense perfect subsets of R. We shall say that IC is regular, if the
elements of I are pairwise disjoint, and for every K € K and for every component
I of K\ K there is L € K with L C I.

Lemma 6. Let K be a countable and regular system of nowhere dense perfect sub-
sets of R, and put A = l(UK) \ (UK). If A = U;2, A;, then there is an index i
and a set K € K such that K C cl A;.

Proof. Let K1, Ks,... be an enumeration of the elements of K. Suppose that the
statement of the lemma is false. Then K; ¢ cl A, and we may choose a point
x1 € K1\ cl A;. Since K, is perfect, there is a component Iy = (ay, b1) OfE\ Ky
for which I; C (z1—1,21+1), and cl I1NA; = 0. By the regularity of K we can choose
an index ny such that K,,, C I;. Then K, ¢ cl A2 (since otherwise the statement
of the lemma would be true) and we can choose a point zo € K, \ cl As. Since K,
is nowhere dense and perfect, and the elements of I are pairwise disjoint, there is
a component Iy = (ag,bs) of K,, \ K,, such that Iy C (z2 — (1/2),x2 + (1/2)),
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cll, N Ay =0, and
n1—1

(dl)n | J Ki=0.
i=1

Then we choose an element K,,, € K with K,,, C I and a component Is = (as, bs)
of K,,,\ K, such that |I3| < 2/3 and cl I3 is disjoint from the sets A3 and Uzl_l K;.
Repeating this process, we can define the sets K,,; and the intervals I; = (ay, b;) for
every j = 1,2,... . Let ;2 clJ; = {z}. Thenz € cl (JK), since a; € Ky, , C UK
and a; — x. On the other hand, z ¢ |JK, since ¢l I; N{J[“7* "' K; = ) for every j.
Therefore z € ¢l (JK) \ (UK) = A, and hence = € A; for some i. However, cl I;N
cl A; = () implies x ¢ A;, a contradiction. O

Lemma 7. Let K be a countable and regular system of nowhere dense perfect sub-
sets of R, and suppose that int(K + K) # 0 for every K € K. Let

(1) A=\ (JK).
If A= U;’il A;, then there is an index i such that A; + A; is dense in an interval.
Proof. Since
cl(4; + A;) D (clA;) + (cl 4;)
for every i, the statement is immediate from the previous lemma. O

In the sequel we shall construct a system /C satisfying the conditions of Lemma 7
such that the elements of the set A defined by (1) are indepentent over the rationals.
Since A is G, this will prove Theorem 4.

We shall say that a set H C R is a figure, if H is the union of finitely many
closed segments.

Lemma 8. Let I and J be closed intervals, and let F C R be a nowhere dense
closed set not containing the endpoints of I and J. Then there are figures A C I\ F
and B C J\ F such that A+ B =1+ J.

Proof. Let I = [a,b] and J = [¢,d]. First we show that for every « € I + J there
are numbers x; € I\ F, o € J\ F with = 21 + 5. This is clear if z = a + ¢ or
x =b+d,since a,b,¢c,d ¢ F.If x € I+ J is not of this form, then a+¢ < x < b+d.
In this case (x — b,z — a) N (¢, d) is a nonempty open interval, and thus the set

D={z-bz—a)n(cd]\[(-F)+z)UF]

is nonempty. If o € D then z9 € (¢, d)\F C J\F and 11, € (a,b)\F C I\F.
Let
Ap ={z el :dist(x,F) > 1/k}, Bp={x € J:dist(z,F) > 1/k}.

By the preceding argument we have

oo

I+J= U(Ak+Bk).
k=1
Since the sets Ay + By, are relatively open in the compact interval I+ J, this implies
that Ax + By = I + J for some k. Fix a k with this property, and put

A={xel:dist(z,F)>1/k}, B={xeJ:dist(z,F)>1/k}.
Then A+ B =1+ J, and it is easy to see that A and B are figures. |
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Lemma 9. Suppose that H C R is a figure and F' C int H is nowhere dense and
closed. Then there is a figure H' C H\ F such that H' + H' = H + H.

Proof. Let H = J;—,[ai, b;]. By Lemma 8, for every 1 < i,j < n there are figures
Ai,j C [ai, bl] \F and Bi,j C [aj, bJ] \ F such that

A; j + Bij = [ai, bi] + [a;, bj].

Let
H=JJAi;uBi).
i=1j=1
Then H' is a figure, H' C H\ F, and H'+ H' = H + H. |

Lemma 10. If A C (a,b) is a set of first category, then there is a nowhere dense
perfect set K C [a,b] \ A such that K + K = [2a, 2b)].

Proof. We may assume that A is dense in (a,b), and A = |, F,, where F,, C
(a,b) is nowhere dense and closed for every n. We define a sequence of figures H,
as follows. Put Fy = () and Hy = [a,b]. Let n > 0 and suppose that the figure H,
has been defined in such a way that the endpoints of the components of H, do not
belong to A. Applying the previous lemma, we can find a figure B C H,, \ F,, such
that B+ B = H,, + H,. By enlarging the components of B, we may assume that
the endpoints of the components of B do not belong to A. Also, by adding new
intervals to B if necessary, we can suppose that each component of H,, contains
at least two components of B. Then we put H,+; = B. In this way we define the
figures H,, for every n so that H,41 C H,\ F,, (n=1,2,...), and

[2@,2b]=H0+H0=H1+H1=....

Let K = (\,_, Hy. It is easy to see, using the fact that each H, is compact, that
K + K = [2a,20b]. Since A is dense in [a,b] and K N A = (, it follows that K is
nowhere dense. Finally, the condition that each component of H,, contains at least

two components of H, 1 implies that K is perfect. O
Let A be a system of subsets of R. Suppose that, whenever A;,..., A, are
distinct elements of A, and r1,...,7, are nonzero rational numbers, then

0¢7"1A1 + ..+ A,.
In this case we shall say that the system A is linearly independent over Q.

Lemma 11. Let Ky, Ks,... be nonempty compact sets such that the system
{K1, K3, ...} is linearly independent over Q. Then for every sequence of intervals
[a;,b;] (i =1,2,...) there are nowhere dense perfect sets P; C [a;, b)) (i =1,2,...)
such that int(P; + P;) # 0 for every i, and the system {K1,Ks,... ,P1, P, ...} is
also linearly independent over Q.

Proof. Clearly, 0 ¢ K; for every i. Also, if 41,...,4, are distinct indices and
r1,...,mn € Q\ {0}, then the set F = r K;, + ...+ r,K;, is nowhere dense.
Indeed, F' is compact, and thus, if F' is not nowhere dense, then its interior is
nonempty. In this case we can choose an index i,41 distinct from iy, ... ,i,, and a
nonzero rational number r,; such that

0e TlKil 4+ ...+ TnKin + Tn+1Kin+17
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since K;,,, contains a nonzero element. This, however, contradicts the condition
that the system {K7, Ko, ...} is linearly independent over Q, and thus F must be
nowhere dense.

Let A denote the union of all sets of the form ri K;, + ...+ r,K;,, where
r1,...,mn € Q\ {0} and 41,... 4, are distinct indices. Then A is of the first
category. Let ¢,d € [a1,b1] \ A, ¢ < d. By the previous lemma, there is a nowhere
dense perfect set P; C [c,d] \ A such that Py + P; = [2¢,2d]. It is easy to see, using
Py N A = (), that the system {K;, Ka,..., P} is linearly independent over Q. Re-
peating this argument, we find a nowhere dense perfect set Py C [ag, bo] such that
int (Py + P2) # 0, and the system {K, K>, ..., P, Py} is linearly independent over
Q. Continuing this process, we find the sets P; with the required properties. O

Now we turn to the proof of Theorem 4. We shall construct a system K with
the properties described in Lemma 7 such that the elements of the set A defined
by (1) are linearly independent over the rational numbers. Let ¥ denote the set of
those finite sequences

(no,nl,... ,nj,rl,... ,Tj)

in which ng,...,n; € N, ny,...,n; are distinct, and r1,...,7; € Q\ {0}. Let
01,02,... be an enumeration of the elements of ¥. By Lemma 11, we can find
nowhere dense perfect sets K! C [0,1] (n = 1,2,...) such that int(K} + K}) # 0
for every n, the system { K, K3, ...} is linearly independent over Q, and the convex
hulls K} are pairwise disjoint. We also put S; = 0.

Let £ > 1, and suppose that we have defined the finite set Sy C X and the
nowhere dense perfect sets K! (i = 1,...,k, n = 1,2,...) with the following
properties:

(i) int(K! + K!)#0 forevery i <k and n=1,2,...;

(ii) the system K = {K! :i=1,...,k, n =1,2,...} is linearly independent
over Q;

(i) for every i < k, the intervals K! (n = 1,2,...) are pairwise disjoint and are
shorter than 1/3;

(iv) whenever ¢ < k, n € N and I is a component of K_}I \ K¢, there is exactly
one index m such that K:F' C I;

(v) for every i < k and n € N, there is m € N such that K!™! is contained in
one of the components of K \ K ; finally,

(vi) if (no,n1,...,n4,71,...,75) € Sk, then ng < k and

0¢rFok 4. 4 Fok,

where
Fpok =| {KE: Kf C Ki?} (meN).
Let 11,15, ... be an enumeration of those intervals that are components of any

of the sets Kk \ K* (n=1,2,...). By Lemma 11, there are nonempty sets P; C I;
such that the system KC, U{P1, P», ...} is linearly independent over Q. Let y; € P;
for every j. Let o, = (no,n1,... ,nj,71,...,r;) be the first element of the sequence
01,09, ... for which ng < k and o, ¢ Si. Then we define Si1 = Sk U {op}. Let

H;ozU{K;;nogigk, K_,chgf}u{yj:yjeK::p}.
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It is easy to check, using (iv) and (v), that H° is compact for every m. This implies
that the set
H:TlH:ZLf —|——|—7‘3ng0

is also compact. Since Ky U {Py, Py, ...} is linearly independent over Q, it follows
that 0 ¢ H, and thus there is § > 0 such that H N (—6,8) = (). Let

= min 1 6
= k+ 1 rl+.. +r])

Applying Lemma 11, we obtain nowhere dense perfect sets Kt C (y,,, y, +n)N 1,
such that int(K**! + K*+1) £ () for every n, and the system

Kepr={K!:i=1,... ,k+1, n=1,2,...}

is linearly independent over Q. Then
0 ¢ mBFpoRtt 4 gy Fpokt

follows from the choice of 7. Since FiF*+1 € FiF for every i < k and m € N, (vi)
remains valid for k+1. It is clear from the construction that (i)-(v) are also satisfied
by Kp+1.

In this way we have defined, by induction, the sets Sy and K* for every k,n € N.
Clearly, K = {K! :i,n € N} is a countable and regular system of nowhere dense
perfect sets such that int (K + K) # () for every K € K. In order to complete the
proof, we have to show that the elements of the set A defined by (1) are linearly
independent over the rationals. First we remark that the set

MF = GK_Q
n=1

contains A for every k =1,2,... . Indeed, the set

k—1 oo

r=mrulJ K}

i=1 n=1
is closed and contains |J K. Thus we have cl ((JK) C L*F and
A=d( o\ K c LF\[ K c M*.

Let z1,... ,z; be distinct elements of A and let r1,...,7; € Q\ {0}. We show that
121 + ...+ rjz; # 0. Choose a positive integer ng with

1/no < min{|z;, — x| 1 1 <id1 < i < j}.

Since A C M™, there are indices n1, ... ,n; such that x; € K7;? (i=1,...,j). By
the choice of ng and by (iii), the indices n1, ... ,n; are distinct. Let
(no,nl,... ,nj,rl,... ,Tj) = Up.

We put k = ng + p; then it follows from the construction that o, € S;. We have
v € K NACK N MF=Fpro*

for every ¢ = 1,...,j. Therefore, by (vi) we obtain mz1 + ... 4+ rjz; # 0, which
completes the proof. O
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