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ABSTRACT. Georgakis (1988) obtained the norm of the transformation
(n)
(Ta)(y) = Z( g (y) an, y >0,

considered as an operator from the sequence space (P, with weights
T'(n+s+1)/n! to LP[0,00), with weight y®, s > —1. As corollaries he obtained
inequality statements for Borel and generalized Abel transformations. He also
obtained the best constants possible for several weighted norm inequalities of
Hardy and Littlewood. In this paper Georgakis’ results are extended to the
Endl generalized Hausdorff matrices.

Let {u,} denote a real or complex sequence. The difference operator A is defined
by Apk = pg — pirs1, A" = A(A"uy). The Endl generalized Hausdorff matri-
ces, developed mdependently by Endl [1] and Jakimovski [4], are lower triangular
matrices with nonzero entries (th) A" Fpu, 0<k<n, a>0.

From [4], page 22, the Endl Hausdorff transformation generated by a completely
monotone function g, or, what is equivalent, the Laplace transform of a finite
positive Borel measure o on [0,00), is given by

Ta(y) = i (=D"(y + )" (y)

Ap,y
— P'n+a-+1)
where
o) = [ et

0
Then

y+O[ ( (y+a))" —t(y+a)
1) Z / )
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1770 B. E. RHOADES

Let £P5 and LP>*[0,00) denote, respectively, the space of sequences a = {a,} and
functions f(y), y > 0, such that

||a||p7s = Z lanP(n +a+1)s < oo,

n=0
wm,=é|ﬂMquw@<m,

where (n+a+1);:=T(n+a+s+1)/T'(n+ a+1). Let p’ denote the conjugate
index of p.

Theorem 1. Let o be a positive Borel measure of finite variation on [0,00) such
that o ({0}) =0 and T be the transformation given by (1), where

(2) Clp.s) = / e P glol(1), s> —1, a >0,
0

and a is a sequence in P°. Then (a) T is a bounded transformation of (P into
LP#5[0,00) and

3) ITal

ps S C(p,8)||a||p7s

for 1 <p<oo. (b) (i) |Tal|} s < Cp,s)llallh s for 1 < p < oo unless the sequence
{an} is null; (ii) | T|| = C(p,s) for 1 < p < oo; (i) The condition C(p,s) < oo is
also necessary for T to be bounded.

Proof. For p = oo the result is clearly true, and for p = 1, it follows by Fubini’s
theorem. Let 1 < p < 0o, a € /P° and define the transformation F;, ¢ > 0, by

= (ty + o)

(Bra)(y) =)

—t(y+a)|an|
«t°L(n+a+1)

s n+a 1/p n+a 1/p’
= i E (t(y + a)) " e—t(y+a) |a |p (t(y + a)) i e—t(y+a)
Fn+a+1) " Fn+a+1)

n=0
oo 1/p'
Z (t(y + Oé)) —t(y+a)
= Lln+tatl)
Define
s un-i—a
h = -
() gr(n+a+1)

Then h/(u) = u*~1/T(a) + h(u), which is a first order linear differential equation
with general solution

@) h(u) = e /0 ' %dfg et
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Since h(0) = 0 for @ > 0, ¢ =0 and h(u) < e*. Therefore

oo n+ao
Sl e <
and
1/p
1 G+ o)™ ia p
(6) (Eva)(y) < (; Tngare " lan ) :

Ift >0, y > —a, and we have equality in (5), then
lan|? (t(y + )" T et W+ )P (n + o + 1)
=M (t(y + )" e W T(n+ a+1)

for n > 0, and for some positive constant M. This implies that |a,|P = M for n > 0,

and hence that [|a||b ;= MP Y ((n + a + 1), which is divergent for s > —1, a

contradiction. Therefore we have strict inequality, unless a is a null sequence.
Now

|(Ta)( |—|/ (Ta)( Y)(y+ ) dy|

< / FW)(y + )dy / " (Ba)(y)dlo] (1)

[e%e} a n—+a 1/p
/ / Ny + @) ;z <Z_;) (;((iia)iu 1) e_t(y+a)|an|p> d|o|(t)dy

n+a 1/p
l/ / Z lan|Pe™ t(y+o)y—at+(1+s)/p’ %(y + oz)sd|cr|(t)dy1

U / y) Uy 4 a)dlo|(t)d ]W:AXB,

say.

00 , 00 1/p L
B= [ |1 o aray [ t-a—<l+s>/Pd|a|<t>] |l (€)Y
0 0

A= /Oo j—a+(149) /1 |an]”
0

—T(n+a+1)

1/p

: {/OOO (t(y +a)) T e W) (y Oz)sdy} d|0|(t)]

The quantity in braces is dominated by t=*~'T'(n + a + s + 1). Thus

o0 o 1/p
A< S+ at 1ol / f‘“+“+s)“/”‘1>d|a|<t>] = lallps (Cp.5) "7

n=0
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Therefore
|(Ta)(f)] < Clp.s)llallp,s |l fllp.s;
and (3) is satisfied. |
Now let a,, := (n+a+8+1)_1/p‘5(n+04+1)5_1/p, 1>e>0,8>-1, a>0.
lallb s = Z(n +a+1)in+a+1) (n+a+s+1)"Vre
n=0

= Z(n—l—a—i—s—i— 1)"Yr=e,

n=0
Lemma 1. (a) If u,v > 0, then
<u'’ for0<wv<l1, and
>’ forv>1,

T(u+v)/T(u) {

M) (n+a+1)s<(n+a+1)*TH/(n+a+s+1) forn>0, —-1<s<0,
() (m+a+l)s<(n+a+s+1)° forn>0, s>0.

Part (a) is part (a) of Lemma 1 of [2]. The other parts are proved in the same
way as their counterparts in [2].
From Lemma 1, for —1 < s <0,

n+a+s+1 )Up
(n+a+1)5+1
=(m+ats+)E(n+a+1) VP> (n oy 1)-EHD/Pe
Again from Lemma 1, for s > 0,
an > (n4a+s+1)"s"6FD/P,
Define s* = max(s,0), v =1/T((1+s)/p+¢). Then

T

oo
an > (n+a+s* + 1) EF/P = 7/ L(1H8) /pte—1 = (n+ats +1)o g
0

(Ta)(y) = 7/000 da—w/()wx<1+s>/p+s—1

to
. i e—t(y+a) (t(y + a))"+04 e—(n+a+s*+1)m dr
o F'n+a+1) '

Using (4),

i (t(y + a))n+04 e—(n+a)1 = et(y+a)e’z /t(y—’—a)eaE ua_le—“ du.
'n+a+1) 0 ()

n=0

Then, since e™* — 1 > x for = > 0,

IITGHZ,SE/O (y+a)° 7/0 /O p(UFs)/pte—lo—(s"H1ttlyta)s)

N do(t)
X/o o) du dzx o dy.
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By the mean value theorem for integrals, there exists a number £,0 < £ < oo, such
that

0o 0o t( -l-oz)e75 —a—1
I = 7/ / x(l-{-s)/p+€—le—(s*+l+t(y+o¢))w/ v u dudajda(t)
o Jo 0

I'a) te
0o oo tHy+a)e ™ | —a—1
(7) :7/ / x(l-{-s)/p+€—le—(s*+l+t(y+o¢))w/ Y u dudxdo(t)
0 [(a) t
tly+a)e™ L a—1,—u do(t)
2 du(s* 1 ¢ —(1+s)/p—s_'
/ / Ry e+ 144y + ) 4

Again by the mean value theorem for integrals there exists a number {,0 < ¢ < oo,
such that

Clyta)e™ a—1,—u 00
L= / udu/ 19 (5% 41 + £y + )~ do (1),
0 ['(a) 0

Since ¢ and 7 depend on the variables x and ¢, it is necessary to show that

C(y+a)e ™ a—1 e~ U
Aim / L
['(a)

is bounded away from zero, independent of €. To this end it will be sufficient to
show that I; is uniformly bounded away from zero, independent of €.

Since o is a positive measure, either there exists an interval [3,y] over which o
is positive, or ¢ consists of point masses.

Define

. tlyte)e™ L a-1,—u
f(x,t,y) — t—ax(l—i-s)/p-i—a—le—(s +1+t(y+a))m/ du.
0 [(e)

Since the integrand is positive, there exists a rectangle R = [3,7] x [z1,22], through-
out which f is bounded away from zero. By reducing the size of the interval, if
necessary, we may assume that either zo < 1 or z; > 1. In the first case replace
g(H8)/pre—1 by p(1+5)/p=1 and in the second replace it by x(179)/P=2 In either
case call the resulting function g(z,t,y).

Then
Il>7// g(x,ty)dudx

> (v = B)(x2 — x1)m,

where m is the minimum of g over R.

If o consists of point masses, simply select one that is positive, and repeat the
above argument. It cannot be the case that ¢ is a point mass concentrated at zero,
for this would contradict (2).

Let B = sup; inf¢ inf. A. By the above argument B > 0.

For any N > 2,

p

/ (5" + 1+ t(y +a)) " AF)/p=e do(t) dy.
1/(N+s) t

ITallz,, > / BP(y + a)°

N+s




1774 B. E. RHOADES

Fix 0 < n < 1. Since B is an increasing function of y choose N large enough so
that B > 1 —1n. Then

(8) .
Tall, = 1=y [ ra) o

N+s
o0 * —(1+s)/p—¢ 4
1
: / <S i +t) t=%o(t)| dy
1/(N+s) \Y T«

>1-np [ et

N+s
o0 * —(14s)/p—e P
1
/ <—8 - + t) t=%do(t)| dy
1/(N+s) \ IV + 5+

> (1—mn)? Z (n+a+s+1)" 1+
n=N

o0 * 1 q —(1+s)/p—¢ p
1/(N+s) \V + 5+

oo 14 s* —(1+s)/p 00
lim <7 + t) do(t) = / t_(1+5)/pd0(t),
N—oo Ji/(nys) \ N +5+a 0

Since

there exists an integer N such that

© 1/ 14s* (14s)/p S
il e do(t) > (1 — / o) /2oy
9) /1/(N+s) te <N+s+a ) (t)>(1—mn) i (t)

= (1 =nC(ps)-

14 s* -
li — 1+t =1,
6%(N+s+a+ )

there exists an €1 > 0 such that, for 0 < e < 1,

o0 * —(1+s)/p—e
1 1
/ — (—+ = 4 t) do(t)
1/(Nt+s) 1Y \N +s+a

Since

(10) N ) e s
> (1= 7l vl do(t).
( n)z/(N+S)ta (N+S+Oé ) U()
Finally,
0 N—
Z(n+s+1 —(14¢ep) _ Zn+5+1 1+sp)+2n+s+1) (1+ep)
n=0 n=N

The ratio of > -,/ >>° \ tends to 1 as & — 0. Therefore there exists an e > 0
such that, for 0 < € < &9,

oo

(11) D s+ )T S (1) Y (0t s+ 1),
n=N n=0
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Substituting (9)—(11) into (8) yields, for e = min {1, 2},

|Tallp, > (1 =n)P > (n+a+s+1)"0+
n=N
00 * —(1+4ep) P
1 1+s
- — =+t do(t
l( n)/l/(N+s) A <N+S+a ) 0( )‘|
0 p
Py (ntats+ 1) (1 - p)C(s,p)
> (1=n)*(C(s,p)P > (n+a+s+ 1))
n=0

= (1 =) (C(s,p)")llall} .

and the finiteness of C(p,s) is necessary for the norm of the operator T to be finite.
Moreover, C(p,s) is the norm.

To prove (iii), suppose that T is bounded and consider the transformation T
generated by restricting o to [§, 00) for some positive 6.

From (a) T is bounded. From (b) (ii),

[ Ts|| =t~ F/Pdo(t).
Moreover, |(Tsa)(y)| < (Tsla|)(y) < (T|a|)(y) for y > 0. Therefore || Ts|| < || Tl
which implies that C(p,s) < ||T|| < oo as § — 0.
Corollary 1. For s> —1, 1 <p < oo,

y+a 7’L+Oée (y+a) P s >
/ ‘ Tnta+t1) " (y+0)*dy <) _lan”(n +a+1).,

n=0

where the constant is best possible, and for 1 < p < oo the strict inequality is valid
unless the sequence a is null.

Proof. In Theorem 1 choose the measure o to be the unit mass at t = 1.

Define a new generalized Abel mean A+ (z) of order v, involving the parameter
a > 0, of a sequence {a,}, and the modified moments AP >0, a>0,ofa
function a(x), a/(1+a) <z <1, by

Ala) ($) _ (1 — x)y i (n—:-l&j-j;gl 1) a.x"te
S Tlat+l) & (M) T
1 (n+v+a—l) 1
ASL”’O‘) = vta—l / 2"t (x)dz.
F(a + 1) (nl—a) H»La
For a = 0, these reduce to the standard generalized Abel means and moments.
If also v = 1, then one has the ordinary Abel means and moments. O

Corollary 2. Forl1<p<oo, v>0, >0, and -1 <s<vp—1,
1
@ [ ACO@PQ -2 s
T _
§ l ((pv =5 = 1)/p) ]

T+a
(v + «)

Z|an|pn+a+1)

n=0
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b) Y AV P(n 4 a+ 1)L

n=0

F((p/U—S—l)/p/) " ! p 2—v)p—s—2_.sta
< [ T+ o) ] / la(z)|P(1 — 2)*) w5t dz,

Tha
and, for 1 < p < oo, strict inequality is valid unless the sequence {an} is null, or
a(x) is null a.e., and the constants are best possible.

Proof. For (a) use the gamma probability density do(t) = t"T2~te~tdt/T'(v + ).
Then

L((pr —s—1)/p)

C(p,s) = T+ a) for -1<s<vp—1,
/ ty + o))" " e—t(y+a) trrete dt
to‘l"n—i—a—i—l) v+ a)

72 any+04)"+°‘
'n+a+1)I'(v+«

oo
) / tn+u+a—1e—t(y+a+1)dt
0

‘Z an(y + )"t C(n+v+a)
Fn+a+1I'v+a) (y+a+1)ntvte

_ n+ao
Wyt at+) i (e ( y+a )

INa+1) — (”Zo‘) y+a+1

Now set z = (y + «)/(y + @ + 1). Then [0,00) gets mapped onto [a/(1 + «), 1),
(y + a)*dy = °(1 — 2)~*~2dz, and the result follows from Theorem 1.

To prove (b), let o be a finite positive measure such that C(p’,s) < co. Then
the transformation T* for f € LP*[0,00), given by

[e'e] [e'e] e-t(y a) a n+aoa o
=/ f(y)(y+0<)sdy/ Gy ta) do(d)
0 0

toT’(n+s+a+1)

is the adjoint of the transformation 7" in Theorem 1. Therefore T* is a bounded
transformation from L”*[0,00) into £7°, and ||T*fl,.s < C(P',9)| fllp,s unless f is
null a.e. Let o be the gamma probability density function from part (a). Then

T((p'v—s— 1>/p>r
v+ a) ’

Cp',s) = [

and
-1
(ntat1) (e

(T* )n Fai T ”(lg;)l
o0 + n—+o
-/0 (%) fW)y+a)(y+a+1)""dy.

Let AV be the generalized moments as defined above, for the function a(z),
a/(l1+a) <z < 1. Make the change of variable y + @+ 1 = 1/(1 — x), which maps
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[a/(14), 1) onto [0,00) so that dy = dx/(1—x)? and (y+a)*dy = (1—z)~*2x°dx.
Then

AV J(n+a+1)s = (T"fn,

where f(y) = (y + o+ 1) %a((y + o) /(y + a + 1)). O

Theorem 2. Consider the transformation Ty defined by

—t(y-l—a) y + a))n+a

(Tra)(y) := y+a“2/ MHQH) w(t)dt

where
COupir) = / @D GG, e =1/p+ A 1.
0

Then T is bounded transformation from (P to LP[0,00) for 1 < p < r < oo, and
|Thall, < C(A\p,r)*Mall,. Moreover, if ¥ >0, then ||Thall, < C(A,p,r)*||al, unless
a is a null sequence.

Proof. Let feL”[0,00), 0 <A <1, 1 <p<r<oo. Let E(a) be as in Theorem 1.
Then, using Holder’s inequality with 1/r +1/p'+1 - X =1,

‘/OOO(Tw)(y)f(y)dy‘ S/OOO /OOO|(Eta)(y)|(y—|-a)1_>‘|f(y)|dy
L

: [If(y)IT’t‘(”‘“/”/AI‘If(t)ll/A

1/r

Ito‘(Eta)(y)It_(o‘_l/”/)“l\l’(t)ll“]

1/p’

1-X

|t (Bea) ) Plp@)|" (y + )| dt dy

00 oo 1/r
< [ [ [ e @amee e s a dy]
0 0

1/p
[/ / r a+1/r)/A|\I/( )|1/)\dt dy]
[/0 /0 [t (Ewa) ()P ()] (y + a)dt dy]

_ Pl/rQl/p'Rl—)\'
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Using (6) and Holder’s inequality,

t(y+a)( ( +a))n+a
pP< t—(a— 1/17)/)\\1; 1/>\§ n:D Y dt d
/ / % [an] F'n+a+1) 4

_ [T a1 g L/we—twa) Hy + a))edy dt
/ (1) ;m -/ (1y + )

+a+1
*  la1/p - P F'n+a+1)
< (= 1/0') /A i ) [/ lanl” it
—/0 @) Zr(n+a+1) t
n=0
- / @MY@ all2 di = COp, )l
Q / / 7‘ —(a+1/7) /quj( )ll/)\dt
0 0
= C()\,p, 7n)”f”r’v
and
R <l Nallb.
Therefore
| / () ) W)dy] < COp, ) lally 11l
and

I Taallr < C(A,p,m)*allp.

Corollary 3. If l<p<r<oo, 1/r=1/p+A—1, v>a+1/p, then
(12)

1 1/17
l |A(”’O‘)(x)|T(1 —x)_r/p_le/p_ldx]
e

1

< v+ a)

1/p
e s (]

unless the sequence a is null.

Proof. In Theorem 2 replace ¥ with [t*+*~1e~!/T'(v+a)]. One immediately obtains
the left-hand side of (12), after changing the variable from y in terms of x.

1 o0
— —(a+1/r) /A (pr+a—1_—t\1/X
C(Ap,r) OFRE /0 t (t e YAt
— 1 00 —t/ A (v—1=1/7)/X
_F(I/—I—Oz)l/)‘/o e t dt
_ AT ((vp — 1) /pX)
v+ a) '
Define
(1,a)
A(a) (J?) _ F(Oé + 1)A (17) Agla) — F(Oé + 1)A$ll,a)'

(1—-2) ’
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Theorem 3. For 1 <p<r <oo, ¢ >0, we have

(a) [/1 ‘ianx”’m

a

T+a n=0

1/r
(1—x)/at d;v]

= 1/p
< K(p.r.)| Y laal (n -+ ) 0rar/a]

n=0

00 1
(b) [nz_o’/ﬁx toq(z)dx

1

‘ T

1/r
(n+ 1)“11

1/p
< K(r'pq) l / la(x)[P(1 - x)—<p+q—pq>/qd4 ;
Tha
unless the sequence a,, is null or a(x) is null a.e., respectively, and where
K(p,q,r)" = max(T'(p'/q), 1)(T—p)/p’
: [max(r(a +1),1) max(1/T(v + ), 1)r(1/q)r.

Moreover, the constant in (a) is best possible for r = p, ¢ > p', and in (b) for
r=p, qg>p,1—-1/p—1/g<a<l1.

Lemma 2 ([2, Lemma 2]). If C,,, := ("jﬁ;l), n is an integer and v is real, then
we have

(a) Cpy > (n+ 1)1/ max(T'(v),1) forn >0, v >0,

() Cry < (n+1)*"Y/ min (T'(v),1) forn >0, v>1,

(c) Cny <07 1T(v) forn>1, 0<v < 1.

Proof. Forp=r, v=1/p+1/q, s =0, we have, from Corollary 2(a),

1

(13) / |AW) (2)|P(1 — x) " 2da < l%} 3 Janl? -

(o3
T+o n=0

With a, = |an|(n +1)177,
[e%) (n-l—l/—i—a—l)

v, _ (1_$)U v+a—1
AW () = r(a+1)n§ (:I“)

|an|(n 4 1)1_U$n+a .

From Lemma 2(a),

n+v+a—1 (n+1)vta-t
v+a-—1 ~ max(T'(v + «),1)”
From Lemma 2(b),
1 min(T'(a+1),1)
>
(") — (n+ 1)

Thus

(1) (5 (1 —2z)” min(T(a+1),1)A® ()
A @) 2 T T o) D@ + 1)
But

min(T'(a +1),1)

TasD =i (/T(et1)1) = max (Ko + 1), 1)



1780 B. E. RHOADES

Substituting into (13) yields

1 1/p
[ [, a@@pra- x)p/q-ldx]

JRe .
+1

< max(I'(a +1),1) max (1/T'(v + «), )I'((pr — 1)/p)
oo 1/
(14) . [Z lan|P(n + 1)—(p+q—pq)} p.
n=0
For the general case, with C' :=p'/q, v = 1/p+1/q we have, using Lemma 2(a),

A (@) <Y lanla"te

o0

= Z n+ D) ay,|(n + 1)V et
n=0
o

1/p
< [S ) aglranee]
n=0

[ ane]

[Z n+1)P0- ”)|an|p} [i n+ 1)1 ”r/p,

< 8, max ([(c),1)"/? [Z <n +c— 1) x”] 1/p/

= c—1
= max (['(c), 1)/? (1 — x) 7S,

where
o

S, = Z(n + 1P g, P,

n=0

. 1
< (max(L(c),1)) » S;77 |A@ (2)|P(1 — 2)P/9  da
5T

< (max(I'(c), 1)) ="/7" St =P[max(D( + 1), 1) max(1/T (v + ), 1)I(1/q)]PSE,

1 1
[, D@yt = [ AQ @A @) (- o)1

and (a) is proved.

Part (b) is derived from part (a) by the same duality argument that Hardy
and Littlewood use in [3] to prove Theorem 4 from Theorem 3. In fact a duality
argument yields (a) from (b). Therefore, to show that the constant is best possible,
it is sufficient to show that the constant is best possible in (a) when r = p and
g < p', in which case the constant is kI'(1/q), where

k= max(T'(a+1),1) max(1/T(1/p+1/q+ «),1).
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Note that k > 1. When0 < a <land1<1/p+1/¢g+a<2,ie,1-1/p—1/¢<
a<l, k=1.

With k =1, for 0 < e < 1/q < 1, define {a,} by ag = I'(v), a, =n""1, n >0,
where v :=1/q —¢.

Using the same argument as the one on page 54 of [2],

SP—T(w)? = Z nP@=D (4 1)~ ta—ra)/a

P
n=1
< ! +0(1)
— Ep )
which implies that
1 SP
(15) —>—2r
ep — 1+0(1)

as € — 0, where o(1) > 0. Using Lemma 2(c),
A (@) = 2° L)+ > a"
n=1

> 2°T(v)[1+ n; <n ;LZI 1)33”}

=Tw)z*1—2)7".

Then

1 1
/ |A@) (2)|P(1 — x)P/7= dx > T (v)P 2P (1 — z)P*~dx

—
a+1 a+1

= F(y)p[/ol 2P*(1 — )P lde — /OHLQ xP(1 —a:)p‘s_lda:}
>F<”[%%M‘i(lfa)m(1—ﬁﬂ

TR s DIGer D) () (- L))

The quantity in brackets is 1 — o(1) as € — 0. Using (15),

! a P p/q— Lv)? p(l _ 0(1))55
/ |A@) (2)|P(1 — 2)P/9  de > —pe (7o) =T(/q) 1+ (o(1))

—
a+1

ase — 0.
It is an open question whether kI'(1/q) is the best constant when k > 1.
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The analogues to inequalities Ay, By, Cy, and Dy in [2] are

0 [ [t

ita n=0

p(l — )17 P2y < {—F(art:fs)/p/)r Z lan|?,
n=0

1 o0

(Bo)/ ‘ anz" e
< n=0

a+1

de < [max(D(a +1),1) (1/T(2/p+a), 1)r(1/p)r

S JanlP(n + 1772,
n=0

(Co) i‘/l x”+°‘a(x)d;v‘p<[maX(I‘(a—l—1),1)max(1/I‘(2/p/+a),1)F(1/p’)r
n=0 a+1

la(@)[P(1 — 2)"~2da,

(Do) 2 \ /; e a(z)dz|” < [%r /; la(2)[P(1 — 2)P 22" da.

(Ao) and (Dg) are obtained from Corollary 2 by setting v — 1, s = 0. Similarly,
(Bo) and (Cy) are obtained from Theorem 3 by setting r = p, ¢ = p in (a), and
r=p, ¢=p in (b).

Setting o = 0 in the results of this paper yields the corresponding results from
[2]. O
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