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EVADING PREDICTORS WITH CREATURES

OTMAR SPINAS

(Communicated by Andreas R. Blass)

Abstract. We continue the theory of evasion and prediction which was in-
troduced by Blass and developed by Brendle, Shelah, and Laflamme. We
prove that for arbitrary sufficiently different f, g ∈ ωω, it is consistent to have
eg < ef , where ef is the evasion number of the space

∏
n<ω f(n). For this we

apply a variant of Shelah’s “creature forcing”.

Introduction

In [B], Blass introduced the concept of evasion and prediction in order to study
a certain property of subgroups of (Zω ,+), called the Specker phenomenon. A
predictor for the space ωω is a family Π = (πn : n ∈ D) such that D ∈ [ω]ω and
πn : nω → ω. Then Π is said to predict x ∈ ωω if for all except finitely many n ∈ D,
πn(x � n) = x(n); otherwise x evades Π. The evasion number e is defined as the
minimal cardinality of a set X ⊆ ωω such that for every predictor Π, some x ∈ X
evades Π. It is easy to see that ω1 ≤ e ≤ c holds. Blass proved various relations
between e and the standard cardinal invariants of the continuum.

In [Br], Brendle continued this investigation, and he discovered that this concept
is related to yet another algebraic phenomenon, namely the existence of Gross
spaces, i.e. a certain kind of vector spaces which are equipped with a bilinear form,
which had previously been studied extensively (see [Sp], [ShSp1]). Brendle also
started to develop a more general theory of evasion and prediction. Given any
f ∈ ωω, we can analogously define a predictor for the space

∏
n<ω f(n) = {x ∈ ωω :

(∀n)x(n) < f(n)} as a familiy (πn : n ∈ D) such that πn :
∏

i<n f(i) → f(n). The
corresponding evasion number ef is then defined as the minimal cardinality of a set
X ⊆ ∏n<ω f(n) with the property that every predictor for

∏
n<ω f(n) is evaded

by some x ∈ X . By
∏

i<n f(i) above we meant the cartesian product of natural
numbers taken as sets of their predecessors. However, below we will sometimes use
the same notation for the arithmetic product.

It is clear that for f ≤ g we have that e ≤ eg ≤ ef . Brendle (see [Br, Lemma 2,
p.525]) proved that for constant f , ef is constant, and he denoted the common value
by efin. Moreover, he defined eubd, the unbounded evasion number, as min{ef : f ∈
ωω}. In [Br, p. 526], Brendle proved the consistency of e < eubd and of eubd < efin.
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It is natural to continue this work and try to distinguish between ef and eg for
f, g which are not constant. Note that unless limn→∞ f(n) = ∞ we have ef = efin.
This follows from the following easy fact.

Fact. If f, g ∈ ωω and there exists some injective π ∈ ωω with g = f ◦ π, then
eg ≤ ef .

It is also clear that for every k < ω we have ef+k = ef , where f+k(n) = f(k+n).
In this paper we build models for eg < ef for arbitrary f, g, supposing that g
grows sufficiently faster than f , that is, in our terminology defined in Definition 1.5
below, g runs away from P (f), where P (f) is a certain function definable from and
larger than f . For this we apply a certain kind of forcing which was invented by
Shelah and which was used by him and his coauthors to produce a number of very
delicate consistency proofs (see [Sh1], [Sh2], [GSh], [RSh1], [RSh2]). Conditions in
these forcings are trees carrying logarithmic measures, objects which Shelah likes
to call “creatures”. We use a standard countable support iteration of length ω2 and
therefore get c = ω2, and so only two possible values for eg and ef .

In [GSh], certain cardinal invariants c(f, g) are investigated which are in a sense
dual to the cardinals b(f, g) defined in Definition 1.2 below. By using a countable
support product the authors can make the continuum arbitrarily large and produce
ℵ1 different cardinals of the form c(f, g) (by an unpublished result of Shelah, even
continuum many). The question arises whether a similar approach can be taken
to produce many different b(f, g)’s and, since these are related to evasion numbers
(see Theorem 1.4 below), many different evasion numbers ef . Although there exist
uncountable families (fα : α < κ) such that either fα runs away from P (fβ) or
conversely, whenever α 6= β, it seems to be a difficult problem. The main difference
from [GSh] is that the logarithmic measures used here are more difficult to handle
than those in [GSh], which are essentially counting measures. What seems to be
necessary for applying a product construction instead of an iteration are certain
Ramsey properties of the measures, which are shared by counting measures but not
ours.

1. Slaloms producing predictors

Definition 1.1. Given f ∈ ωω with f(n) > 0 for all n < ω, an f -slalom is a
function S : ω → [ω]<ω such that |S(n)| = f(n) for all n < ω.

Definition 1.2. Let f, g ∈ ωω with 0 < f(n) < g(n) for all n < ω. Define cardinal
invariants as follows:

b(f, g) =min{|X | : X ⊆
∏
n<ω

g(n) ∧ (∀S)(S is an f -slalom

⇒ (∃x ∈ X)(∃∞n)x(n) 6∈ S(n))},
b0(f, g) =min{|X | : X ⊆

∏
n<ω

g(n) ∧ (∀S)(S is an f -slalom

⇒ (∀A ∈ [ω]ω)(∃x ∈ X)(∃∞n ∈ A)x(n) 6∈ S(n))}.
It is easy to see that ω1 ≤ b(f, g) ≤ b0(f, g) ≤ c holds.

Definition 1.3. Let In = [n(n+1)
2 , n(n+1)

2 + n]. For f ∈ ωω define P (f) ∈ ωω by

P (f)(n) =
∏

i∈In f(i). Let d̄ ∈ ωω be the diagonal, i.e. d̄(n) = n.
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Note that (In : n < ω) is a partition of ω into adjacent intervals such that the
nth interval In has size n + 1. Note that if f(n) ≥ 2 always, then P (f) > n for all
n < ω. The following theorem is essentially proved in [B].

Theorem 1.4. b0(d̄, P (f)) ≤ ef , for all f ∈ ωω with f(n) ≥ 2 for all n < ω.

Proof. Let X ⊆ ∏n<ω f(n) with |X | < b0(d̄, P (f)). We have to find a predictor
which predicts X . Let In be as in Definition 1.3. For x ∈ X let x̄ = (x � In : n < ω).
Then x̄ ∈ ∏n<ω P (f)(n). Since |{x̄ : x ∈ X}| < b0(d̄, P (f)), there exist a d̄-slalom
S and A ∈ [ω]ω such that for all x ∈ X , for almost all n ∈ A, x̄(n) ∈ S(n). We
may interpret S(n) as a subset of the (n + 1)-dimensional Q-vector space QIn .
Since |S(n)| = n, there exists a non-zero linear functional cn : QIn → Q which
annihilates every vector in S(n). For i ∈ In let ei ∈ QIn be the unit vector defined
by ei(j) = δij (Kronecker), let cni = cn(ei), and let dn = max{i ∈ In : cni 6= 0}.
It is then clear that for every x ∈ X and n ∈ A with x̄(n) ∈ S(n), rewriting
cn(x̄(n)) = 0, we have

x(dn) = − 1

cndn

∑
i∈In∩dn

cni · x(i).

Therefore, if we define a predictor Π = (πd : d ∈ D) by D = {dn : n < ω} and

πdn(σ) = − 1

cndn

∑
i∈In∩dn

cni · σ(i),

then Π predicts X .

Definition 1.5. For functions f, g ∈ ωω with f(n) ≥ 2 for all n < ω, we say that g
runs away from f if there exists A ∈ [ω]ω with increasing enumeration (an : n < ω)
such that the following holds: If we let

N1(n) = [
∏

0<i≤n

(
f(ai)

ai

)
]n

2

,

N2(n) = 1 + g(an)
∏
i<an

g(i),

N3(n) = 2
∏

0<i≤n (f(ai)
ai

),

and C(n) = N2(n)n·N1(n) ·N3(n)n, then for all d, n < ω the following hold:
(i) logC(n) an+1 > n;

(ii) if an < d ≤ an+1, then
∏

i<d g(i) ·
∏

i≤n+1

(
f(ai)
ai

)an
< g(d).

Remark 1.6. For every f ∈ ωω with f(n) ≥ 2 for all n < ω there exists g which
runs away from f . (See the introduction for a stronger result.)

Definition 1.7. Assuming that f, g, A and C(n) are as in Definition 1.5, we define
a logarithmic measure || ||n+1 on [f(an+1)]

an+1 as follows: For X ⊆ [f(an+1)]
an+1

let

||X ||n+1 = max{k ∈ ω : (∀s ⊆ f(an+1))(|s| = C(n)k ⇒ (∃t ∈ X)s ⊆ t)}.
Remark 1.8. (1) Note that || ||n+1 is C(n)-complete, i.e., if X =

⋃
i<C(n) Xi, there

exists i < C(n) such that ||Xi||n+1 ≥ ||X ||n+1 − 1.
(2) By 1.5(i) we conclude that if f(n) ≥ n always, then ||[f(an+1)]

an+1 ||n+1 ≥ n
for all n < ω.
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Our main result is the following theorem:

Theorem 1.9. Let f, g ∈ ωω be such that f(n) ≥ 2 for all n < ω and g runs away
from P (f). Then there exists a model of ZFC where eg < ef .

Remark 1.10. Note that by the remarks before and after the Fact from the Intro-
duction, by Theorem 1.9, for every f ∈ ωω we can get g ∈ ωω such that consistently
eg < ef .

The proof of Theorem 1.9 will be given in the following two sections. We will
construct a forcing Q(P (f), g, A), where A witnesses that g runs away from P (f),
such that if we force over a model V for CH with a countable support iteration
of Q(P (f), g, A) of length ω2, then in the extension b0(d̄, P (f)) = ω2 is true, but
on the other hand there is no predictor for the space

∏
n<ω g(n) which predicts∏

n<ω g(n) ∩ V , and therefore eg = ω1. By Theorem 1.4, this suffices. The forcing

Q(P (f), g, A) will add a generic d̄-slalom S with domain A such that for every
x ∈ ∏n<ω P (f)(n) ∩ V , for almost all n ∈ A, x(n) ∈ S(n).

2. Creating creatures

Definition 2.1. Given f, g ∈ ωω such that f ≥ d̄ and g runs away from f , as
witnessed by A = {a0 < a1 < a2 < . . . }, define a forcing Q(f, g, A) as follows:
Conditions are subtrees p of the tree

T = (
⋃
n<ω

∏
0<i<n

[f(ai)]
ai ,⊆),

such that
(1) There exists σ ∈ p such that for every τ ∈ p with σ ⊆ τ , succp(τ) has at least

two elements, but succp(σ � n) has one element for all n < |σ|. Here, by succp(σ)
we denote the set of all x such that σˆ〈x〉 ∈ p.

(2) For every branch x of p we have that limn→∞ ||succp(x � n)||n+1 = ∞.

The order on Q(f, g, A) is inclusion.
Note that σ as in (1) is unique. It will be denoted by stem(p). The collection of

τ ∈ p which extends stem(σ) will be denoted by p−. As usual, the set of branches
of p is denoted by [p]. The set of nodes of p of length j will be denoted by p � j.
Given σ ∈ p, let p(σ) be the set of τ ∈ p which either extend σ or are contained in
σ.

Remark 2.2. It is easy to see that a filter which is Q(f, g, A)-generic over V deter-
mines a slalom S : A→ [ω]<ω with |S(an)| = an for all an ∈ A such that for every
x ∈ ∏n<ω f(n) ∩ V , for almost all an ∈ A, x(an) ∈ S(an). Moreover, from Lemma
2.4 below it easily follows that Q(f, g, A) is proper. By standard results from [Sh3]
it follows that a countable support iteration of Q(f, g, A) of length ω2 has the ℵ2-
c.c. Therefore, if we iterate forcing with Q(f, g, A) ω2 times, b0(d̄, f) = ω2 will
hold, and hence, if f = P (h) for some h with h(n) ≥ 2 always, then by Theorem
1.4, eh = ω2 will hold. Hence we are left with proving that this iteration does not
add a predictor for the space

∏
n<ω g(n) which predicts all x ∈ ∏n<ω g(n) ∩ V .

This will be proved in Corollary 3.7 below.

Definition 2.3. Let p, q ∈ Q(f, g, A) and j, k,N < ω with j ≤ k. Define:
(1) q ≤∗ p if q ≤ p and in addition, for all σ ∈ q−,

||succq(σ)|||σ|+1 ≥ || succp(σ)|||σ|+1 − 1;
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(2) q ≤∗[j,k] p if q ≤∗ p and for all σ ∈ q− with |σ| 6∈ [j, k] we have

succq(σ) = succp(σ);

(3) q ≤∗[j] p if q ≤∗[j,j] p;
(4) q ≤∗

N p if q ≤ p, for all σ ∈ p with ||succp(σ)|||σ|+1 ≥ N we have

||succq(σ)|||σ|+1 ≥ N,

and for all σ ∈ p with ||succp(σ)|||σ|+1 < N we have

succp(σ) = succq(σ).

For the rest of this paper we fix f, g ∈ ωω such that g runs away from f , as
witnessed by A ∈ [ω]ω, and we denote Q(f, g, A) by Q.

Lemma 2.4. Suppose p ∈ Q and τ is a Q-name for an element of V and N < ω.
Then the following hold:

(1) There exist q ≤∗
N p and j < ω such that for every σ ∈ q � j, q(σ) decides τ .

(2) If there are no more than C(n) possibilities for τ , for some n < ω, and if q, j
are as in (1), then for every n ≤ i ≤ j there exists q1 ≤∗[i,j] q such that for every
σ ∈ q1 � i, q1(σ) decides τ .

Proof. (1) is proved in the proof of [Sh2, Lemma 2.21]. (2) follows from the proof
of [Sh2, Lemma 3.7]; in fact, the argument (decide a finite disjunction by shrinking
levels of a condition in a downwards process, dropping norms by at most 1, as
long as the completeness of the logarithmic measures permits it) is one of the main
features of “creature forcing”, and it will used and explained in detail at many
places throughout this paper.

Lemma 2.5. Let ḋ, πḋ be Q-names such that 
Q “ḋ ∈ ω∧πḋ :
∏

i<ḋ g(i) → g(ḋ)”.

Let p ∈ Q and j < ω be such that for every σ ∈ p � j, p(σ) decides ḋ and πḋ,
say as d(σ) and π(σ). Let n∗ be minimal such that an∗ ≥ min{d(σ) : σ ∈ p � j}.
Then there exists q ≤∗[n∗,j−1] p such that for each σ ∈ q � j it is true that if we let
i∗ = min{j,min{i : ai ≥ d(σ)}}, then q(σ � i∗) decides ḋ and πḋ (and so clearly as
d(σ) and π(σ)).

Proof. Fix ν ∈ p � j − 1. For each d ≤ aj−1 and π :
∏

i<d g(i) → g(d) let
A(d, π, ν) = {σ ∈ succp(ν) : d(σ) = d∧π(σ) = π}, and let B(ν) = {σ ∈ succp(ν) :

d(σ) > aj−1}. Since || ||j is (
∑

d≤aj−1
(
∏

i<d g(i))
g(d) + 1)-complete, we may shrink

succp(ν) to either B(ν) or A(d, π, ν) for some (d, π), dropping the norm by at most

1. We do this for all ν ∈ p � j − 1 and thus obtain a tree pj ≤∗[j−1] p. We repeat
this process at level j − 2 of pj , as follows. Let ν ∈ pj � j − 2. Note that for each

σ ∈ succpj (ν), either pj(σ) 
 “ḋ > aj−1”, or else pj(σ) decides ḋ and π, say as
d(σ), π(σ). For each d ≤ aj−2 and π :

∏
i<d g(i) → g(d) let A(d, π, ν) ⊆ succpj (ν)

be as defined above, and let B(ν) = {σ ∈ succpj (ν) : pj(σ) 
 “ḋ > aj−2”}. As

before we may shrink succpj (ν) for each ν ∈ pj � j − 2 to obtain pj−1 ≤∗[j−2] pj
with the property that for every ν ∈ pj−1 � j− 2, succpj−1 (ν) equals either B(ν) or

A(d, π, ν) for some d, π, and therefore we have that either pj−1(ν) 
 “ḋ > aj−2”

or else pj−1(ν) decides ḋ and πḋ. In this fashion we continue until we obtain

pn∗+1 ≤∗[n∗] pn∗+2 by shrinking level n∗ of pn∗+2 such that for all σ ∈ pn∗+1 � n∗,
either pn∗+1(σ) 
 “ḋ > an∗”, or else pn∗+1 decides ḋ and πḋ.
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Now let q = pn∗+1. It follows immediately from the construction that q ≤∗[n∗,j−1]

p. Now let σ ∈ q � j and let i∗ be defined as in the Lemma. By construction we have
that for every i∗ ≤ i ≤ j, either q(σ � i) decides ḋ and π, or else q(σ � i) 
 “ai < ḋ”.
But the second alternative is impossible for i∗.

Corollary 2.6. Let ḋ, πḋ, p, j, q, d(σ) and π(σ) be as in Lemma 2.5. Then for
each d ∈ {d(σ) : σ ∈ q � j} there is k(d) ∈ g(d) such that for all σ ∈ q � j, if
d(σ) = d, then k(d) 6∈ ran(π(σ)). Therefore there exists x ∈ ∏n<ω g(n) in V such

that q 
 “πḋ(x � ḋ) 6= x(ḋ)”.

Proof. Let d = d(σ) for some σ ∈ q � j, and let i∗ = min{j,min{i : ai ≥ d}}. By

Lemma 2.5, there are at most
∏

0<i≤i∗
(
f(ai)
ai

)
many functions π :

∏
i<d g(i) → g(d)

such that π = π(σ) for some σ ∈ q � j. Since by Definition 1.5(ii) we have that∏
i<d g(i) ·

∏
0<i≤i∗

(
f(ai)
ai

)
< g(d), we can choose k(d) ∈ g(d) not in the range of

any π(σ) with σ ∈ q � j and d(σ) = d. It is now easy to find x as desired.

3. Iterating creatures

Let (Pα, Q̇β : α ≤ ω2, β < ω2) be a countable support iteration of Q = Q(f, g, A).

Definition 3.1. Let p, q ∈ Pω2 , F ∈ [dom(p)]<ω, j, k,N < ω. Let σα ∈ T , for
α ∈ F . Define:

(1) p is (F, j)-determined if for every α ∈ F , p � α decides p(α) � j.
(2) By induction on α∗ = max(F ) we define simultaneously when (σα : α ∈ F )

is p-possible of length j, and p(σα : α ∈ F ): (σα : α ∈ F ) is p-possible of length j
if (σα : α ∈ F ∩ α∗) is p-possible of length j, and p(σα : α ∈ F ∩ α∗) 
 “σα∗ ∈
p(α∗) � j”. In this case let

p(σα : α ∈ F ) = p(σα : α ∈ F ∩ α∗) � α∗ˆp(α∗)(σα∗)ˆp � [α∗ + 1, ω2).

(3) q ≤∗
F p if for every α ∈ F , q � α 
 “q(α) ≤∗ p(α)”, and p(α) = q(α) for

α 6∈ F .

(4) q ≤∗[j,k]
F p if for every α ∈ F , q � α 
 “q(α) ≤∗[j,k] p(α)”, and p(α) = q(α)

for α 6∈ F .
(5) q ≤∗

F,N p if q ≤ p and, for every α ∈ F , q � α 
 “q(α) ≤∗
N p(α)”.

Lemma 3.2. Let p ∈ Pω2 , j, k < ω, and F ∈ [dom(p)]k be such that p is (F, j)-
determined. Let τ be a Pω2-name and X ⊆ V be finite such that p 
 “τ ∈ X”, and
the size of X is restricted as follows:

|X |[
∏

0<i≤j (f(ai)
ai

)]k−1 ≤ C(j).

Moreover, suppose that for some N < ω, for all α ∈ F we have that

p � α 
 “(∀i ≥ j)(∀σ ∈ p(α) � i)||succp(α)(σ)||i+1 ≥ N + 2”.

Then there exists an (F, j)-determined q ≤∗
F,N p such that for every q-possible

(σα : α ∈ F ) of length j, q(σα : α ∈ F ) decides τ , and moreover q � α 
 “q(α) �
j = p(α) � j”, for all α ∈ F .

Proof. We prove it by induction on max(F ). Let α = max(F ). Working in V Pα ,
there exists a Qα-name q1 for a condition in Pα+1,ω2 such that 
Qα “q1 ≤ p �
[α + 1, ω2) ∧ q1 decides τ”. By Lemma 2.4 there exists q(α) ≤∗

N p(α) with q(α) �
j = p(α) � j, such that for every σ ∈ q(α) � j, q(α)(σ) decides how q1 decides τ . So

in V we have a Pα-name for a function from
∏

0<i≤j
(
f(ai)
ai

)
into X whose restriction
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to q(α) � j describes these decisions. There are no more than |X |
∏

0<i≤j (f(ai)
ai

) such
functions, and

[|X |
∏

0<i≤j (
f(ai)
ai

)]
[
∏

0<i≤j (
f(ai)
ai

)]k−2

= |X |[
∏

0<i≤j (
f(ai)
ai

)]k−1 ≤ C(j).

Therefore, by induction there exists some (F ∩ α, j)-determined q0 ≤∗
F∩α,N p � α

such that for every β ∈ F ∩ α, q0 � β 
 “q0(β) � j = p(β) � j”, and moreover for
every q0-possible (σβ : β ∈ F ∩α) of length j and every σ ∈ q(α) � j as determined
by q0(σβ : β ∈ F ∩ α), q0(σβ : β ∈ F ∩ α) decides how q(α)(σ)ˆq1 decides τ . Now
let q = q0ˆ〈q(α)〉ˆq1. Then q is as desired.

Lemma 3.3. Let p ∈ Pω2 , j0, N < ω, F ∈ [dom(p)]<ω, and let τ be a Pω2-name
for an element of V . Then there exist j1 ≥ j0 and an (F, j1)-determined q ≤∗

F,N p

such that for every q-possible (σα : α ∈ F ) of length j1, q(σα : α ∈ F ) decides τ ,
and, moreover, for all α ∈ F we have that

q � α 
 “(∀i ≥ j1)(∀σ ∈ q(α) � i)||succq(α)(σ)||i+1 ≥ N”.

Proof. By induction on max(F ). Let α = max(F ). Work in V Pα first. There
we have a Qα-name q1 for a condition in Pα+1,ω2 below p � [α + 1, ω2) such that

Qα “q1 decides τ”. By Lemma 2.4, there exist q(α) ≤∗

N p(α) and j2 ≥ j0 such
that for every σ ∈ q(α) � j2, q(α)(σ) decides how q1 decides τ , and moreover for
all i ≥ j2 and σ ∈ q(α) � i, ||succq(α)(σ)||i+1 ≥ N . By the induction hypothesis
there exist j3 ≥ j0 and (F ∩ α, j3)-determined q2 ≤∗

F∩α,N p � α such that for every

q2-possible (σβ : β ∈ F ∩ α) of length j3 the following hold:
(1) q2(σβ : β ∈ F ∩ α) decides j2, say as j2(σβ : β ∈ F ∩ α),
(2) q2(σβ : β ∈ F ∩ α) decides q(α) � j2,
(3) q2(σβ : β ∈ F ∩α) decides the decision made about τ by q(α)(σ)ˆq1, for any

σ ∈ q(α) � j2.
Let j4 be the maximum over all the j2(σβ : β ∈ F ∩ α). Now we may apply

(part of) the induction hypothesis once more to obtain j1 ≥ max{j3, j4, |F | − 2}
and (F ∩ α, j1)-determined q3 ≤∗

F∩α,N q2 such that for all β ∈ F ∩ α we have that

q3 � β 
 “(∀i ≥ j1)(∀σ ∈ q3(β) � i)||succq3(β)(σ)||i+1 ≥ N + 2”.

Finally we apply Lemma 3.2 with p = q3, F = F ∩ α, j = j1, and τ = q(α) � j1,
to obtain (F ∩ α, j1)-determined q0 ≤∗

F∩α,N q3. For this, note that there are less

than N3(j1) possibilities for τ , and by Definition 1.5 and the choice of j1 we have

N3(j1)
[
∏

0<i≤j1 (f(ai)
ai

)]|F |−2 ≤ N3(j1)
[
∏

0<i≤j1 (f(ai)
ai

)]j1 ≤ C(j1).

Then j1 and q = q0ˆq(α)ˆq1 are as desired.

Lemma 3.4. Suppose p ∈ Pω2 , i
∗ < j < ω, F ∈ [dom(p)]<ω, p is (F, j)-determined

and |F | = i∗. Then there exists q ≤∗[i∗,j−1]
F\{max(F )} p such that q is (F, i)-determined

for every i ∈ [i∗, j].

Proof. Let F = {α0 < α1 < · · · < αi∗−1}. Fix some p-possible (σαi : i < i∗ − 1) of
length j, and let ν = σαi∗−2

� j − 1.
By N3(j − 1)-completeness of || ||j we may shrink succp(αi∗−2)(ν), dropping

the norm by at most 1, to some set S such that p(αi∗−1) � j, as determined by
p(σα0 , . . . , σαi∗−3

, σ) � αi∗−1, is constant as we vary σ ∈ S. We do this shrinking
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for each succp(αi∗−2)(ν), where for some p-possible (σα0 , . . . , σαi∗−2
) of length j,

ν = σαi∗−2
� j − 1, thus obtaining some pi∗−2 ≤∗[j−1]

{αi∗−2} p.
Now fix some pi∗−2-possible (σαi : i < i∗ − 2) of length j, and let ν = σαi∗−3

�
j− 1. We want to shrink succp(αi∗−3)(ν), dropping the norm by at most 1, to some
set S such that

(1) p(αi∗−2) � j − 1, as determined by p(σα0 , . . . , σαi∗−4
, σ) � αi∗−2, is constant

as we vary σ ∈ S, and
(2) p(αi∗−1) � j − 1, as determined by p(σα0 , . . . , σαi∗−4

, σ, ρ), is constant as we
vary σ ∈ S, for every ρ ∈ p(αi∗−2) � j − 1.

For this we need N3(j−1)(
∏

0<i≤j1
(
f(ai)
ai

)
N3(j−1))-completeness of || ||j , which

we have by Remark 1.8. By doing this shrinking for all succp(αi∗−3)(ν) as above we

obtain pi∗−3 ≤∗[j−1]
{αi∗−3} pi∗−2.

Continuing similarly, finally we obtain p0 ≤∗[j−1]
{α0} p1. For this last step we will

need that || ||j is

N3(j − 1)(
∏

0<i≤j1

(
f(ai)

ai

)
N3(j − 1)) . . . ([

∏
0<i≤j1

(
f(ai)

ai

)
]i
∗−2N3(j − 1))-complete.

Hence we need

N3(j − 1)i
∗−1(

∏
0<i≤j1

(
f(ai)

ai

)
)

(i∗−2)(i∗−1)
2 -completeness.

But this holds by Remark 1.8.
Let pj−1 = p0. Then pj−1 is (F, i)-determined for i ∈ {j, j − 1}, and we have

pj−1 ≤∗[j−1]
F\{max(F )} p. Continuing similarly, we construct

pj−1 ≥∗[j−2]
{αi∗−2} p

j−1
i∗−2 . . . p

j−1
1 ≥∗[j−2]

{α0} pj−1
0

and let pj−2 = pj−1
0 . Then pj−2 is (F, i)-determined for i ∈ {j, j − 1, j − 2}, and

pj−2 ≤∗[j−2]
F\{max(F )} p

j−1.

Continuing similarly, we obtain a descending chain of conditions

p ≥∗[j−1]
F\{max(F )} p

j−1 ≥∗[j−2]
F\{max(F )} p

j−2 . . . pi
∗+1 ≥∗[i∗]

F\{max(F )} p
i∗ .

Note that in the process of constructing pi
∗

from pi
∗+1 we need that || ||i∗+1 is

N3(i
∗)i

∗
(
∏

0<i≤i∗

(
f(ai)

ai

)
)
i∗(i∗+1)

2 -complete.

This is true by remark 1.8. We let q = pi
∗
. Then q is as desired. We displayed the

completeness of || ||i∗+1 needed to get pi
∗

rather than the general case (completeness
of || ||i+1 needed to get pi), since it is here that we need |F | ≤ i∗, whereas in the
general case we only need |F | ≤ i.

Corollary 3.5. Let Π = (πd : d ∈ Ḋ) be a Pω2-name for a predictor for the

space
∏

n<ω g(n). Let (ḋ(n) : n < ω) be the increasing enumeration of Ḋ, and let
p ∈ Pω2 . There exist q ≤ p and sequences (Fn : n < ω) and (jn : n < ω) such that
the following hold:

(1) |Fn| = n, Fn ⊆ Fn+1 and
⋃
n<ω Fn = dom(q);

(2) q is (Fn+1, i)-determined for every i ∈ [ajn , jn+1], for every n;
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(3) for every q-possible (σα : α ∈ Fn+1) of length jn+1, q(σα : α ∈ Fn+1) decides

ḋ(ajn) and πḋ(ajn ), say as dn(σα : α ∈ Fn+1), π
n(σα : α ∈ Fn+1);

(4) jn < jn+1, and jn+1 > max{dn(σα : α ∈ Fn+1) : (σα : α ∈ Fn+1) is q-
possible of length jn+1}.
Proof. Using Lemma 3.3 and a standard bookkeeping, it is straightforward to con-
struct sequences (Fn : n < ω), (jn : n < ω), (Nn : n < ω) and (qn : n ∈ ω) such
that the following hold:

(1)′ |Fn| = n, Fn ⊆ Fn+1, and for every α ∈ dom(qn) there exists m with
α ∈ Fm;

(2)′ qn is (Fn, jn)-determined and qn+1 ≤∗
Fn+1,Nn+1

qn;

(3)′ for every qn+1-possible (σα : α ∈ Fn+1) of length jn+1, qn+1(σα : α ∈ Fn+1)

decides ḋ(ajn) and πḋ(ajn ) as dn(σα : α ∈ Fn+1) and πn(σα : α ∈ Fn+1);

(4)′ jn < jn+1, and jn+1 > max{dn(σα : α ∈ Fn+1) : (σα : α ∈ F ) is qn+1-
possible of length jn+1};

(5) (∀α ∈ Fn)q � α 
 “(∀i ≥ jn)(∀σ ∈ qn(α) � i)||succqn(α)(σ)||i+1 ≥ Nn”;
(6) Nn+1 > Nn is large enough such that qn+1 ≤∗

Fn+1,Nn+1
qn implies qn+1 � α


 “qn+1(α) � jn = qn(α) � jn”, for all α ∈ Fn.
It is then easy to see that (qn : n < ω) has an infimum, which we call q0.

Next we construct (qn0 : n < ω) such that q0
0 = q0, q

n+1
0 ≤∗[ajn ,jn+1−1]

Fn+1
qn0 , and

qn+1
0 is (Fn+1, i)-determined for every i ∈ [ajn , jn+1], for every n < ω. This is

possible by Lemma 3.4, using that |Fn+1| = n+1 < ajn for all n. Since by (3)′ and
(4)′ we have that jn+1 ≥ ajn > jn for all n, we conclude that (qn0 : n < ω) has an
infimum, which we call q. Then q is as desired.

Lemma 3.6. Let ḋ, πḋ be Pω2-names such that 
Pω2
“ḋ ∈ ω ∧ πḋ :

∏
i<ḋ g(i) →

g(ḋ)”. Suppose p ∈ Pω2 is (F, j)-determined and for every p-possible (σα : α ∈ F )

of length j, p(σα : α ∈ F ) decides ḋ and πḋ, say as d(σα : α ∈ F ), π(σα :
α ∈ F ). Let n∗ be minimal such that an∗ ≥ min{d(σα : α ∈ F ) : (σα : α ∈
F ) is p-possible of length j}. Moreover assume that p is even (F, i)-determined for

all i ∈ [n∗, j], and that |F | ≤ n∗. Then there exists q ≤∗[n∗,j−1]
F p such that for every

q-possible (σα : α ∈ F ) of length j, if i∗ = min{j,min{i : ai ≥ d(σα : α ∈ F )}},
then

q(σα � i∗ : α ∈ F ) 
 “ḋ = d(σα : α ∈ F ) ∧ πḋ = π(σα : α ∈ F )”.

Proof. Let F = {α0 < α1 < · · · < αn∗−1}. The case |F | < n∗ is similar. By apply-

ing Lemma 2.5 to p(αn∗−1) in V
Pαn∗−1 we obtain q(αn∗−1) ≤∗[n∗,j−1] p(αn∗−1) as

there. Moreover, since p is (F, j)-determined, for each p-possible (σαi : i < n∗ − 1)
of length j we may perform the shrinking of p(αn∗−1) � j as determined by
p(σαi : i < n∗ − 1) � αn∗−1 in V . Hence we may obtain q(αn∗−1) such that
pn∗−1 := p � αn∗−1ˆ〈q(αn∗−1)〉ˆp � [αn∗−1 + 1, ω2) is (F, j)-determined.

Now suppose that for some r < n∗−1 we have already obtained (F, j)-determined

pr+1 ≤∗[n∗,j−1]
{αr+1,...,αn∗−1} p, such that for every pr+1-possible (σα : α ∈ F ) of length j

the following holds:
(1) If i∗ = min{j,min{i : ai ≥ d(σα : α ∈ F )}}, then

pr+1(σα0 , . . . , σαr , σαr+1 � i∗, . . . , σαn∗−1
� i∗)


 “ḋ = d(σα : α ∈ F ) ∧ πḋ = π(σα : α ∈ F )”.
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Note that i∗ ≥ n∗; hence p and so also pr+1 is (F, i∗)-determined. Therefore

pr+1(σα0 , . . . , σαr , σαr+1 � i∗, . . . , σαn∗−1
� i∗)

is well-defined. Fix some pr+1-possible (σαi : i ≤ r) of length j and let ν = σαr �
j − 1. Since pr+1 is (F, j − 1)-determined, there are no more than N1(j − 1) many
(ναr+1 , . . . , ναn∗−1

), each νi being of length j − 1, such that

(σα0 , . . . , σαr , ναr+1 , . . . , ναn∗−1
)

is pr+1-possible. For each n∗ ≤ k ≤ j − 1 we label (ναr+1 � k, . . . , ναn∗−1
� k) either

with ∗ in the case that

pr+1(σα0 , . . . , σαr , ναr+1 � k, . . . , ναn∗−1
� k) 
 “ḋ > ak”,

or else with (d, π) such that d ≤ ak and

pr+1(σα0 , . . . , σαr , ναr+1 � k, . . . , ναn∗−1
� k) 
 “ḋ = d ∧ πḋ = π”.

By (1), every (ναr+1 � k, . . . , ναn∗−1
� k) gets labelled in this way. Moreover, there

are no more than N2(j − 1) possible labellings of (ναr+1 � k, . . . , ναn∗−1
� k).

Therefore, using the N2(j − 1)(j−1)N1(j−1)-completeness of || ||j we may shrink
succpr+1(αr)(ν), by dropping the norm by at most 1, to some set S such that the
label of any fixed pr+1(σα0 , . . . , σαr−1 , σ)-possible (ναr+1 , . . . , ναn∗−1

) of length k,
n∗ ≤ k ≤ j − 1, is constant as we vary σ ∈ S.

By doing this shrinking for each succpr+1(αr)(ν), for ν ∈ pr+1(αr) � j − 1 as de-
termined by (σα0 , . . . , σαr−1 ), and for every pr+1-possible (σα0 , . . . , σαr−1) of length

j, we obtain pjr+1 ≤∗[j−1] pr+1. Note that then for every pjr+1-possible (σα : α ∈ F )
of length j the following holds:

(1)j if i∗ is minimal such that ai∗ ≥ d(σα : α ∈ F ), then i∗ ≤ j − 1 implies that

pjr+1(σα0 , . . . , σαr−1 , σαr � j − 1, σαr+1 � i∗, . . . , σαn∗−1
� i∗) decides ḋ and πḋ (as

d(σα : α ∈ F ) and π(σα : α ∈ F ).

Completely analogously we continue to shrink level j − 2 of pjr+1(αr) to obtain

pj−1
r+1, and so on, until we obtain pn

∗+1
r+1 such that for every j ≥ i ≥ n∗, (1)i holds,

where (1)i is (1)j with j replaced by i. Then let pr = pn
∗+1

r+1 . In this way, finally
we obtain p0, which we call q. Then q is as desired.

Corollary 3.7. Let Π = (πd : d ∈ Ḋ) be a Pω2-name for a predictor for the space∏
n<ω g(n), and let p ∈ Pω2 . Then there exist q ≤ p and x ∈ ∏n<ω g(n) in V such

that q 
 “Π does not predict x”.

Proof. Let (ḋ(n) : n < ω) increasingly enumerate Ḋ, and let the sequences (Fn :
n < ω) and (jn : n < ω), and q0 ≤ p be obtained by Corollary 3.5.

By applying Lemma 3.6 repeatedly we shall construct a sequence (qn0 : n < ω)
such that the following hold:

(1) q0
0 = q0,

(2) letting m∗(n) be the least m such that am ≥ min{dn(σα : α ∈ Fn+1) : (σα :
α ∈ Fn+1) is q0-possible of length jn+1}, we have

qn+1
0 ≤∗[m∗(n),jn+1−1]

Fn+1
qn0 ,
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(3) for every qn+1-possible (σα : α ∈ Fn+1) of length jn+1, if i∗ = min{jn+1,
min{i : ai ≥ dn(σα : α ∈ Fn+1)}}, then

qn+1
0 (σα � i∗ : α ∈ Fn+1)


 “ḋ(ajn) = dn(σα : α ∈ Fn+1) ∧ πḋ(ajn ) = πn(σα : α ∈ Fn+1)”.

For the construction at step n, clearly we have 
 “ḋ(ajn) > ajn−1”, and hence
m∗(n) > jn− 1. Hence m∗(n) ≥ jn ≥ n+1 = |Fn+1|, so Lemma 3.6 applies to give
qn+1
0 .

Since we have that [m∗(n), jn+1 − 1] ∩ [m∗(n′), jn′+1 − 1] = ∅ for all n 6= n′, it
follows that the sequence (qn0 : n < ω) has an infimum, which we call q.

Now fix n, let q-possible (σα : α ∈ Fn+1) of length jn+1 be arbitrary, and let
d = dn(σα : α ∈ Fn+1) and i∗ = min{jn+1,min{i : ai ≥ d}}. Then by construction

there are at most [
∏

0<i≤i∗
(
f(ai)
ai

)
]|Fn+1| many functions π :

∏
i<d g(i) → g(d) such

that π = πn(σα : α ∈ Fn+1) for some q-possible (σα : α ∈ Fn+1) of length jn+1.
Moreover, d ≥ ajn > n + 1. By Definition 1.5(ii) we have that∏

i<d

g(i) ·
∏

0<i≤i∗

(
f(ai)

ai

)n+1

< g(d).

Therefore we can choose k(d) ∈ g(d) not in the range of any of the πn(σα : α ∈
Fn+1) as above. By Corollary 3.5(4), every d < ω is of the form dn(σα : α ∈ Fn+1)
for at most one n. Therefore it is now easy to construct x ∈ ∏n<ω g(n) in V
such that for every d < ω, if d = dn(σα : α ∈ Fn+1) for some n and q-possible
(σα : α ∈ Fn+1) of length jn+1, then x(d) = k(d). By construction we conclude
that

q 
 “(∀n)πḋ(ajn )(x � ḋ(ajn)) 6= x(ḋ(ajn))”.

Then clearly, q 
 “Π does not predict x”.

Definition 3.8. Following [Br], we call an uncountable set X ⊆∏n<ω g(n) a Luzin
set of evading functions, if every predictor for the space

∏
n<ω g(n) predicts only

countably many members of X .

It is clear that the existence of a Luzin set for
∏

n<ω g(n) implies that eg = ω1.
Hence the following theorem is stronger than Theorem 1.9.

Theorem 3.9. If g runs away from P (f), then in the model of Theorem 1.9 there
exists a Luzin set of evading functions for the space

∏
n<ω g(n), whereas ef = ω2,

and hence there exists no Luzin set of evading functions for
∏

n<ω f(n).

Proof. The proof combines the proof of 1.9 with an argument on proper Suslin
forcing in [ShSp2, Section 3]. We only give a sketch. Let V be a model of CH .
Let ((pα,Πα) : α < ω1) list all pairs (p,Π) such that there exists α < ω1 with
p ∈ Pα, Π ∈ V Pα , and p 
 “Π is a predictor for

∏
n<ω g(n)”. We construct

X = {xα : α < ω1} inductively such that for every α < ω1, for every β < α we
have that xα 6= xβ and it is not the case that pβ 
 “Πβ predicts xα”. For this we
only use a variation of the proof of Corollary 3.7.

We claim that X is as desired. Otherwise there exist p ∈ Pω2 and Π a Pω2 -name
for a predictor for the space

∏
n<ω g(n) such that p 
 “Π predicts uncountably

many x ∈ X”. We may assume that p and Π are hereditarily countable. Let
cl(p) ⊆ ω2 be the set of coordinates used for the construction of p, similarly for
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cl(Π). We may assume that cl(Π) ⊆ cl(p). Let a∗ = cl(p). Let δ = o.t.(a∗). So
δ < ω1. Let Pa∗ be a countable support iteration of Q(f, g, A) with domain a∗. So
Pa∗ is isomorphic to Pδ. By arguments similar to those of [ShSp2, Section 3] we
may assume that p ∈ Pa∗ and Π is a Pa∗ -name. Identifying Pa∗ and Pδ, we find
that there exists α′ < ω1 such that (p,Π) = (pα′ ,Πα′). Then clearly the following
claim contradicts the construction of X .

Claim. p 
Pa∗ “Π predicts uncountably many x ∈ X”.

Proof. Otherwise there exist p1 ∈ Pa∗ and α < ω1 such that Pa∗ |= p1 ≤ p and
p1 
Pa∗ “Π predicts no x ∈ {xβ : β > α}”. Choose a countable N ≺ H(χ), χ
large enough, such that p, p1,Π, X, α ∈ N . Then of course N |= α is countable.
By [ShSp2, Lemma 3.11] there exist q ∈ Pa∗ and a Pa∗ -name r′ = (r′ν : ν < ω2)
such that Pa∗ |= q ≤ p1 and, letting ra∗ = (rν : ν ∈ a∗) be a Pa∗ -name for the
Pa∗ -generic reals, we have that

q 
Pa∗ “r′ is Pω2 -generic over N and ∀ν < ω1(r
′
ν = rν).”

Choose Ga∗ Pa∗ -generic over V and let rν = rν [Ga∗ ], r
′
ν = r′ν [Ga∗ ], for every

ν ∈ a∗, ν < ω2 respectively. Then rν = r′ν , for all ν ∈ a∗. Hence if G is the Pω2 -
generic filter over N determined by (rν : ν < ω2), then p ∈ G. By elementarity,
N [G] |= Π[G] predicts uncountably many x ∈ X . Since α is countable in N , this
implies that N [G] |= Π[G] predicts xβ for some β > α. On the other hand, since
p1 ∈ Ga∗ , V [Ga∗ ] |= Π[Ga∗ ] predicts no x ∈ {xγ : γ > α}. But Π[G] = Π[Ga∗ ],
since for the evaluation of Π only coordinates in a∗ are used and there G and Ga∗

essentially agree, i.e. determine the same generic reals. Since N [G] ⊆ V [Ga∗ ], we
have a contradiction.

Remark 3.10. The crucial [ShSp2, Lemma 3.11] is only proved for Mathias forcing.
However it can easily be checked that it carries over to Q(f, g, A).
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