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ABSTRACT. We continue the theory of evasion and prediction which was in-
troduced by Blass and developed by Brendle, Shelah, and Laflamme. We
prove that for arbitrary sufficiently different f, g € “w, it is consistent to have
¢g < ¢y, where ¢; is the evasion number of the space [],, ., f(n). For this we
apply a variant of Shelah’s “creature forcing”.

INTRODUCTION

In [B], Blass introduced the concept of evasion and prediction in order to study
a certain property of subgroups of (Z“,+), called the Specker phenomenon. A
predictor for the space “w is a family Il = (m, : n € D) such that D € [w]* and
7y, "w — w. Then II is said to predict x € “w if for all except finitely many n € D,
7n(z | n) = x(n); otherwise x evades II. The evasion number ¢ is defined as the
minimal cardinality of a set X C “w such that for every predictor II, some z € X
evades II. It is easy to see that w; < ¢ < ¢ holds. Blass proved various relations
between e and the standard cardinal invariants of the continuum.

In [Br], Brendle continued this investigation, and he discovered that this concept
is related to yet another algebraic phenomenon, namely the existence of Gross
spaces, i.e. a certain kind of vector spaces which are equipped with a bilinear form,
which had previously been studied extensively (see [Sp], [ShSpl]). Brendle also
started to develop a more general theory of evasion and prediction. Given any
[ € “w, we can analogously define a predictor for the space [],,_,, f(n) = {z € “w:
(Yn)xz(n) < f(n)} as a familiy (7, : n € D) such that m, : [],_,, f(i) — f(n). The
corresponding evasion number ¢ is then defined as the minimal cardinality of a set
X C II,<o f(n) with the property that every predictor for [, _,, f(n) is evaded
by some x € X. By [],_, f(i) above we meant the cartesian product of natural
numbers taken as sets of their predecessors. However, below we will sometimes use
the same notation for the arithmetic product.

It is clear that for f < g we have that e < ¢, < ¢;. Brendle (see [Br, Lemma 2,
p.525]) proved that for constant f, e is constant, and he denoted the common value
by ¢in. Moreover, he defined ¢,pq, the unbounded evasion number, as min{e; : f €
“w}. In [Br, p. 526], Brendle proved the consistency of ¢ < eypq and of eypa < efin.
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2104 OTMAR SPINAS

It is natural to continue this work and try to distinguish between ¢y and e, for
f, g which are not constant. Note that unless lim,,_.o f(n) = co we have ef = eyip.
This follows from the following easy fact.

Fact. If f,g € “w and there exists some injective 1 € “w with g = f om, then
eg <ey.

It is also clear that for every k < w we have e;+r = ey, where fT#(n) = f(k+n).
In this paper we build models for ¢, < e for arbitrary f,g, supposing that g
grows sufficiently faster than f, that is, in our terminology defined in Definition 1.5
below, g runs away from P(f), where P(f) is a certain function definable from and
larger than f. For this we apply a certain kind of forcing which was invented by
Shelah and which was used by him and his coauthors to produce a number of very
delicate consistency proofs (see [Sh1], [Sh2], [GSh], [RSh1], [RSh2]). Conditions in
these forcings are trees carrying logarithmic measures, objects which Shelah likes
to call “creatures”. We use a standard countable support iteration of length wy and
therefore get ¢ = wy, and so only two possible values for ¢, and ey.

In [GSh], certain cardinal invariants ¢(f, g) are investigated which are in a sense
dual to the cardinals b(f, g) defined in Definition 1.2 below. By using a countable
support product the authors can make the continuum arbitrarily large and produce
N; different cardinals of the form ¢(f, g) (by an unpublished result of Shelah, even
continuum many). The question arises whether a similar approach can be taken
to produce many different b(f, g)’s and, since these are related to evasion numbers
(see Theorem 1.4 below), many different evasion numbers es. Although there exist
uncountable families (f, : @ < k) such that either f, runs away from P(f3) or
conversely, whenever a # (3, it seems to be a difficult problem. The main difference
from [GSh] is that the logarithmic measures used here are more difficult to handle
than those in [GSh], which are essentially counting measures. What seems to be
necessary for applying a product construction instead of an iteration are certain
Ramsey properties of the measures, which are shared by counting measures but not
ours.

1. SLALOMS PRODUCING PREDICTORS

Definition 1.1. Given f € “w with f(n) > 0 for all n < w, an f-slalom is a
function S : w — [w]<¥ such that |[S(n)| = f(n) for all n < w.

Definition 1.2. Let f,g € “w with 0 < f(n) < g(n) for all n < w. Define cardinal
invariants as follows:

b(f,9) =min{|X|: X C J] g(n) A (¥S)(S is an f-slalom
= (3z € X)(3®n)z(n) € S(n))},
bo(f,9) =min{|X|: X C ] 9(n) A (¥S)(S is an f-slalom

nw

= (VA € [w]*)(Fz € X)(3®n € A)z(n) & S(n))}.
It is easy to see that w1 < b(f,g) < bo(f,g) < ¢ holds.

Definition 1.3. Let I, = [@, w +n]. For f € “w define P(f) € “w by

P(f)(n) =[lic;, f(i). Let d € “w be the diagonal, i.e. d(n) = n.
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Note that (I, : n < w) is a partition of w into adjacent intervals such that the
nth interval I, has size n + 1. Note that if f(n) > 2 always, then P(f) > n for all
n < w. The following theorem is essentially proved in [B].

Theorem 1.4. bo(d, P(f)) < ey, for all f € “w with f(n) > 2 for alln < w.

Proof. Let X C [],, ., f(n) with [X| < bo(d, P(f)). We have to find a predictor
which predicts X. Let I, be as in Definition 1.3. Forz € X let Z = (z [ I,, : n < w).
Then Z € [],_, P(f)(n). Since |{Z : z € X}| < bo(d, P(f)), there exist a d-slalom
S and A € [w]“ such that for all x € X, for almost all n € A, Z(n) € S(n). We
may interpret S(n) as a subset of the (n + 1)-dimensional Q-vector space Q.
Since |S(n)| = n, there exists a non-zero linear functional ¢” : Q» — Q which
annihilates every vector in S(n). For i € I, let e; € Q!» be the unit vector defined
by e;(j) = 6;; (Kronecker), let ¢ = ¢"(e;), and let d,, = max{i € I, : ¢} # 0}.
It is then clear that for every x € X and n € A with Z(n) € S(n), rewriting
c"(z(n)) = 0, we have

dn ielnd,
Therefore, if we define a predictor Il = (74 :d € D) by D = {d,, : n < w} and

(@)= —— 3 o),

dn jel,Nd,
then II predicts X. O
Definition 1.5. For functions f, g € “w with f(n) > 2 for all n < w, we say that g

runs away from f if there exists A € [w]* with increasing enumeration (a, : n < w)
such that the following holds: If we let

wie = (7))

a
0<i<n v

NQ(TL) =1+ g(an)ni<an g(i)’

Na(n) = 2llo<izn ("),
and C(n) = Na(n)* M (") . N3(n)", then for all d,n < w the following hold:
(i) loge(ny ant+1 > 1y
(ii) if @, < d < @y, then [T, ., 9(3) - Hi§n+1 (fgii))an < g(d).

Remark 1.6. For every f € “w with f(n) > 2 for all n < w there exists g which
runs away from f. (See the introduction for a stronger result.)

Definition 1.7. Assuming that f, g, A and C(n) are as in Definition 1.5, we define
a logarithmic measure || ||n+1 on [f(ant1)]*+ as follows: For X C [f(an41)]%+?
let

[|[X||ns1 = max{k € w: (Vs C f(ans1))(|s| = C(n)* = (3t € X)s C t)}.

Remark 1.8. (1) Note that || ||n+1 is C(n)-complete, i.e., if X = ) Xi, there
exists ¢ < C(n) such that || X;||lnt1 > || X ||ns1 — 1.

(2) By 1.5(i) we conclude that if f(n) > n always, then ||[f(an+1)]*" " ||nt1 = n
for all n < w.

i<C(n)
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Our main result is the following theorem:

Theorem 1.9. Let f,g € “w be such that f(n) > 2 for alln < w and g runs away
from P(f). Then there exists a model of ZFC where eq < ¢j.

Remark 1.10. Note that by the remarks before and after the Fact from the Intro-
duction, by Theorem 1.9, for every f € “w we can get g € “w such that consistently
eg < €.

The proof of Theorem 1.9 will be given in the following two sections. We will
construct a forcing Q(P(f), g, A), where A witnesses that g runs away from P(f),
such that if we force over a model V' for CH with a countable support iteration
of Q(P(f),g,A) of length wy, then in the extension by(d, P(f)) = ws is true, but
on the other hand there is no predictor for the space ], g(n) which predicts
[I.<. 9(n) NV, and therefore ¢; = w;. By Theorem 1.4, this suffices. The forcing
Q(P(f),g,A) will add a generic d-slalom S with domain A such that for every
€[], P(f)(n) NV, for almost all n € A, 2(n) € S(n).

2. CREATING CREATURES

Definition 2.1. Given f,g € “w such that f > d and g runs away from f, as
witnessed by A = {ag < a1 < az < ...}, define a forcing Q(f, g, A) as follows:
Conditions are subtrees p of the tree

T = U H [f(ai)]aiv g)v
n<w 0<i<n
such that
(1) There exists o € p such that for every 7 € p with o C 7, succ,(7) has at least
two elements, but succ,(o [ n) has one element for all n < |o|. Here, by succ,(o)
we denote the set of all « such that o~ (z) € p.
(2) For every branch z of p we have that lim,,_. ||succ,(z | n)||n+1 = 0.

The order on Q(f, g, A) is inclusion.

Note that o as in (1) is unique. It will be denoted by stem(p). The collection of
7 € p which extends stem(c) will be denoted by p~. As usual, the set of branches
of p is denoted by [p]. The set of nodes of p of length j will be denoted by p | j.
Given o € p, let p(o) be the set of 7 € p which either extend o or are contained in
0.

Remark 2.2. 1t is easy to see that a filter which is Q(f, g, A)-generic over V deter-
mines a slalom S : A — [w]<¥ with |S(a,)| = a, for all a,, € A such that for every
€[], f(n)NV, for almost all a,, € A, x(ay,) € S(an). Moreover, from Lemma
2.4 below it easily follows that Q(f, g, A) is proper. By standard results from [Sh3]
it follows that a countable support iteration of Q(f, g, A) of length wy has the Ny-
c.c. Therefore, if we iterate forcing with Q(f, g, A) wy times, bo(d, f) = wo will
hold, and hence, if f = P(h) for some h with h(n) > 2 always, then by Theorem
1.4, e, = wo will hold. Hence we are left with proving that this iteration does not
add a predictor for the space [], ., g(n) which predicts all = € ], g(n)NV.
This will be proved in Corollary 3.7 below.

Definition 2.3. Let p,q € Q(f,g,A) and j, k, N < w with j < k. Define:
(1) ¢ <*pif ¢ < p and in addition, for all o € ¢~,

[Isuceq (@)[[j141 = |] sucey(@)[[jg141 = 1;
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(2) ¢ <*9kl p if ¢ <* p and for all o € ¢~ with |o| & [4, k] we have
succq(o) = succy(0);

(3) ¢ <*Ul p if g <+l p;
(4) g <y pif ¢ <p, for all o € p with [|succ,(0)]|jo|+1 > N we have

llsuceq(@)lljoj41 = N,
and for all o € p with [[succy(0)|||s+1 < N we have
succy(0) = sucey(0).

For the rest of this paper we fix f,g € “w such that g runs away from f, as
witnessed by A € [w]“, and we denote Q(f, g, A4) by Q.

Lemma 2.4. Suppose p € Q and 7 is a Q-name for an element of V and N < w.
Then the following hold:
(1) There exist ¢ <% p and j < w such that for every o € q | j, q(o) decides .
(2) If there are no more than C(n) possibilities for T, for somen < w, and if q,j
are as in (1), then for every n < i < j there exists q1 <*[b3] ¢ such that for every
oc€aq |1, qi(o) decides T.

Proof. (1) is proved in the proof of [Sh2, Lemma 2.21]. (2) follows from the proof
of [Sh2, Lemma 3.7]; in fact, the argument (decide a finite disjunction by shrinking
levels of a condition in a downwards process, dropping norms by at most 1, as
long as the completeness of the logarithmic measures permits it) is one of the main
features of “creature forcing”, and it will used and explained in detail at many
places throughout this paper. O

Lemma 2.5. Let d,7; be Q-names such thatIFq “d € w AT, : [I;ci9() — g(d)”.
Let p € Q and j < w be such that for every o € p | j, p(o) decides d and T,
say as d(o) and 7(o). Let n* be minimal such that a,- > min{d(c) : 0 € p | j}.
Then there exists ¢ <*" 7= p such that for each o € q | j it is true that if we let
i* = min{j, min{i : a; > d(c0)}}, then q(o | i*) decides d and 7, (and so clearly as
d(o) and (o) ).

Proof. Fix v € p | j —1. For each d < a;_1 and 7 : [[,_,9(i) — g(d) let
A(d,m,v) = {o € succ,(v) :d(o) =dAn(oc) =}, and let B(v) = {0 € succ,(v) :
d(o) > aj_1}. Since || ||; is (ngaj,l (HKdg(z'))g(d) + 1)-complete, we may shrink
succy(v) to either B(v) or A(d, w,v) for some (d, 7), dropping the norm by at most
1. We do this for all v € p | j — 1 and thus obtain a tree p; <*~1 p. We repeat
this process at level j — 2 of p;, as follows. Let v € p; | j — 2. Note that for each
o € succy, (v), either p;(o) I “d > aj_1”, or else pj(c) decides d and T, say as
d(0),m(0). For each d < aj 5 and 7 : [[,.49(i) — g(d) let A(d,7,v) C succ,, (v)
be as defined above, and let B(v) = {0 € succ,,(v) : pj(o) IF “d > aj_o"}. As
before we may shrink succ,, (v) for each v € p; | j — 2 to obtain p;_; <*V=2 p;
with the property that for every v € p;_1 [ j — 2, succy,_, (v) equals either B(v) or
A(d, m,v) for some d, 7, and therefore we have that either p,;_i(v) IF “d > a;—o"
or else p;_1(v) decides d and 7. In this fashion we continue until we obtain
Dn*+1 <*[n7] DPn+2 by shrinking level n* of p,~yo such that for all ¢ € py-41 [ n*,
either pp«41(0) Ik “d > an+”, or else pn-y1 decides d and (g
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Now let ¢ = pp+41. It follows immediately from the construction that ¢ <#*[n™5-1]
p. Now let 0 € ¢ | j and let i* be defined as in the Lemma. By construction we have
that for every i* < i < j, either q(o | i) decides d and =, or else g(o [ i) IF “a; < d”.
But the second alternative is impossible for i*. O

Corollary 2.6. Let d,ﬂ'd‘, D, J, q, d(o) and 7w(o) be as in Lemma 2.5. Then for
each d € {d(o) : o € q | j} there is k(d) € g(d) such that for all o € q | j, if
d(o) = d, then k(d) ¢ ran(n(c)). Therefore there exists x € [],, ., g(n) in V such
that ¢ IF “mj(z | d) # x(d)”.

Proof. Let d = d(o) for some o € ¢ [ j, and let * = min{j, min{i : a; > d}}. By
Lemma 2.5, there are at most [ [, <;- (f(aab)) many functions m : [[;_, 9(i) — g(d)
such that 7 = (o) for some ¢ € ¢ | j. Since by Definition 1.5(ii) we have that
[Lica9(@) - Tloci<ir (f(LlaL)) < g(d), we can choose k(d) € g(d) not in the range of

any m(o) with o € ¢ [ j and d(o) = d. It is now easy to find = as desired. O

3. ITERATING CREATURES
Let (P,, Qg s < wa, B < ws) be a countable support iteration of Q@ = Q(f, g, A).

Definition 3.1. Let p,q € P,,, F € [dom(p)|<¥, j,k,N < w. Let o, € T, for
«a € F. Define:

(1) pis (F, j)-determined if for every a € F, p | a decides p(a) [ j.

(2) By induction on a* = max(F') we define simultaneously when (o, : @ € F)
is p-possible of length j, and p(oq : @ € F): (04 : @ € F) is p-possible of length j
if (04 : @ € FNa*) is p-possible of length j, and p(oy : @ € FNa*) Ik “o4 €
p(a®) | 77. In this case let

p(oa:a€F)=plog:a€ FNa*) [ a* "pla™)(oa)p | [a" +1,ws).
(3) ¢ < pifforevery o € F, q | alF “g(a) <* p(c)”, and p(a) = ¢(a) for
agF.

(4) § *1 p if for every a € F, q | alF “g(a) <*UH p(a)”, and p(a) = q(a)
roaé¢ F.
(5) q<pnpifg<pand, foreverya € F, ¢ [ alr “g(a) <} p(a)”.

Lemma 3.2. Let p € P,,, j,k < w, and F € [dom(p)]* be such that p is (F,7)-
determined. Let T be a P,,-name and X C 'V be finite such that plF “r € X7, and
the size of X is restricted as follows:

|X|[Ho<i§j (P < C(j).
Moreover, suppose that for some N < w, for all o € F we have that
plalk “{Vi>j)(Vo € pla) | i)|[succya)(0)]|iz1 > N +27.
Then there exists an (F,j)-determined q <FnN P such that for every g-possible

(0o : a € F) of length j, q(on : o € F) decides 7, and moreover q [ alF “g(a) |
Jj=pla) [j7, forall o F.

Proof. We prove it by induction on max(F). Let a« = max(F). Working in Vo,
there exists a (Qo-name ¢; for a condition in P,4; ., such that kg, “g1 < p |
[+ 1,w2) A g1 decides 77. By Lemma 2.4 there exists ¢(a) <% p(«) with ¢(a) |
j =p(a) [ j, such that for every o € q(a) | 7, g(a)(c) decides how ¢; decides 7. So

in V we have a P,-name for a function from [, (f{*”) into X whose restriction
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flaq)
to g(a) | j describes these decisions. There are no more than |X|H0<7‘§f (") such
functions, and

fa;)\1k—2 (flai)y k-1 .
(1 To<iss () Mocas; (7N )y Mocess (590 < o).

Therefore, by induction there exists some (F' N a, j)-determined go <pr, v P | @

such that for every 8 € FNa, q | B1F “q(B8) [ 5 =p(B) | 57, and moreover for
every qo-possible (05 : 8 € FNa) of length j and every o € g(a) | j as determined
by qo(os : 8 € FNa), qo(og : B € FNa) decides how g(a)(o) " ¢1 decides 7. Now
let ¢ = qo" {q(a))"q1. Then q is as desired. |

Lemma 3.3. Let p € P,,,, jo.N < w, F € [dom(p)]<*, and let T be a P,,,-name
for an element of V.. Then there exist j1 > jo and an (F, j1)-determined q <FND
such that for every q-possible (oo : a € F) of length j1, (00 : @ € F) decides T,
and, moreover, for all a € F' we have that

qal- “Vi>j1)(Vo € q(a) [ i)|[succya)(0)]liv1 > N7

Proof. By induction on max(F). Let a = max(F). Work in Ve first. There
we have a Qu-name ¢; for a condition in P11 4, below p | [a+ 1,ws) such that
IFg, “qi decides 77. By Lemma 2.4, there exist ¢(a) <} p(a) and jo > jo such
that for every o € ¢(a) [ j2, g(a)(o) decides how ¢; decides 7, and moreover for
all i > jo and o € q(a) | i, [|succyay(o)|[ix1 = N. By the induction hypothesis
there exist j3 > jo and (F' N a, j3)-determined g2 <%, y P [ @ such that for every
ga-possible (o : § € F Na) of length j3 the following hold:

(1) g2(0p : B € FNa) decides ja, say as ja(og : § € FNa),

(2) g2(og : € FNa) decides g(a) | jo,

(3) g2(0p : B € FNa) decides the decision made about 7 by g(a)(c) "¢, for any
o €q(a) [ ja.

Let j4 be the maximum over all the js(og : § € F Na). Now we may apply
(part of) the induction hypothesis once more to obtain j; > max{js, ja, |F| — 2}
and (F'N a, j1)-determined g3 <%, y g2 such that for all 8 € F'N a we have that

3 [ A1 “(Vi 2 51)(Yo € g3(8) | D)][succy(sy(@)lisn = N +27.

Finally we apply Lemma 3.2 with p =q3, F=FNa, j=j,and 7 =q(a) | j1,
to obtain (' N «, ji1)-determined qo <f, v 3. For this, note that there are less
than N3(j1) possibilities for 7, and by Definition 1.5 and the choice of j; we have

f(ai))]\F\*2

(ai) ,
Ny () Mo<isi (74 < Ny(j)Mo<izi (8 < g,

Then j; and ¢ = qo "q(«) "¢q1 are as desired. |

Lemma 3.4. Supposep € P,,, i* < j <w, F € [dom(p)|<¥, p is (F, j)-determined
and |F| = i*. Then there exists q <F[Z\{’rJnaX](F)} p such that q is (F,i)-determined
for every i € [i*, j].

Proof. Let F = {ap < a1 <+ < a;+—1}. Fix some p-possible (0q, : 7 < i* — 1) of
length j, and let v =04, , [ — 1.

By N3(j — 1)-completeness of || [|; we may shrink succya,. ,)(v), dropping
the norm by at most 1, to some set S such that p(a;+—1) | j, as determined by
P(Cags--+10a;_5:0) | ai=_1, is constant as we vary o € S. We do this shrinking
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for each succy(a,. ,)(¥), where for some p-possible (0ay,...,0q,. ,) of length j,

V= 0q,._, | 7 —1, thus obtaining some p;-_» <{[a N ]2} p.

Now fix some p;»_g-possible (04, : i < i* —2) of length j, and let v = 0q,. , |
J—1. We want to shrink succ,(,,. ,)(¥), dropping the norm by at most 1, to some
set S such that

(1) p(ag=—2) | j — 1, as determined by p(dag;---,0a;e_,,0) | Qi=—_2, is constant
as we vary o € S, and
(2) p(ei=—1) | j — 1, as determined by p(caq,--.,0a,._,,0,p), is constant as we

vary o € S, for every p € p(a;«—2) | 7 — 1.
For this we need N3(j —1)([To<i<;, (f(aa:))Ng( —1))-completeness of || ||, which

we have by Remark 1.8. By doing this shrinking for all succy,,. ,)(v) as above we

obtain p;«_3 <{[0JL . ]3} Pix—2.

Continuing similarly, finally we obtain pg gfjg‘}”

need that || ||; is

vt =00 T (") wa =0yt IT (707 )02 - vcompere

a
0<i<j1 v 0<i<jy '

p1. For this last step we will

Hence we need

Ns(j —1)" X H (f(;i)))w—completeness.
0<i<j1 !
But this holds by Remark 1.8.
Let p?~! = pg. Then p’~! is (F,i)-determined for i € {j,7 — 1}, and we have
pIt <;[< {r:l]dx( Py P Continuing similarly, we construct

i1 wx[i-2] 1 1 *[i—2]
PR P 20 P

and let p/=2 = pf)_l. Then p?=2 is (F,i)-determined for i € {j,j — 1,j — 2}, and

j—2 _*[j—2] -1
SF\{max(F)} p

Continuing similarly, we obtain a descending chain of conditions

> *i=1] 1 x[5-2] j—2 i1 k[E7]
p F\{mdx(F}pj —F\{max(F)}p <P 2F\{max(F)}p

p

Note that in the process of constructing p? from p* !

Na(i*)" ( H <f(ai)>)i* iﬂ)—complete.

a
0<i<i* v

This is true by remark 1.8. We let ¢ = p* . Then ¢ is as desired. We displayed the
¢" rather than the general case (completeness
of || ||s+1 needed to get p'), since it is here that we need |F| < i*, whereas in the
general case we only need |F| < 1. |

Corollary 3.5. Let II = (rg : d € D) be a P,,-name for a predictor for the
space [, .., 9(n). Let (d(n) : n < w) be the increasing enumeration of D, and let
p € P,,. There exist ¢ < p and sequences (F, : n < w) and (jn : n < w) such that
the following hold:

(1) |Fu| =n, Fn C Foyy and U, ., Fn = dom(q);

(2) q is (Fy11,1)-determined for every i € [a;, , jn+1], for every n;
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(8) for every q-possible (04 : a € Fy1) of length jni1, q(06 : @ € Fpt1) decides
d(a;,) and Ti(a,, ) SOY aS d"(oq:a € Fhy1), (06 : @ € Fy1);

(4) jn < jn+1, and jpi1 > max{d"(cq : @ € Fyy1) : (040 : @ € Fpy1) 8 q-
possible of length jn11}.

Proof. Using Lemma 3.3 and a standard bookkeeping, it is straightforward to con-
struct sequences (Fy, : n < w), (jn : 1 < w), (N, : n < w) and (g, : n € w) such
that the following hold:

(1) |Fn| = n, F,, C F,4+1, and for every o € dom(g,) there exists m with
a € Fy;

(2) gn is (Fn, jn)-determined and ¢, 41 <1 Nosy @0

(3)" for every gn41-possible (o, : @ € Fi11) of length j,t1, ¢gni1(0a : @ € Fri1)
decides d(aj,) and Ti(a, ) 8 d"(oq :a € Frp1) and 7"(04 : @ € Fry1);

(4)" jn < Jn+1, and Juy1 > max{d™ (o4 : @ € Fui1) : (04 : a € F)iS qni1-
possible of length j,1};

(5) (Va € Fp)q [ alk “(Vi > jn) (Vo € gu(a) [ 1)||succy, @) (0)|[i+1 > Nu”;

(6) Npy1 > N, is large enough such that ¢, 11 <Foi1Nnsy On implies gui1 [ @
IF “gnt1(a) [ jn = qn(a) | 3n7, for all a € F,.

It is then easy to see that (g, : n < w) has an infimum, which we call gp.

Next we construct (g : n < w) such that ¢) = qo, ¢4 S};E?ﬁ Al

qot is (Fpy1,4)-determined for every i € [aj,,jn+1], for every n < w. This is

possible by Lemma 3.4, using that |F,, 11| = n+1 < a;, for all n. Since by (3)" and
(4)" we have that jn4+1 > aj, > jn for all n, we conclude that (¢f : n < w) has an
infimum, which we call ¢. Then ¢ is as desired. O

gy, and

Lemma 3.6. Let d, mj be Po,-names such that IFp,, “dewn mq o [Lcq9(i) —
g(d)”. Suppose p € P,, is (F,j)-determined and for every p-possible (o4 : a € F)
of length j, p(oa : a € F) decides d and T, say as d(oo : a € F), w(o, :
a € F). Let n* be minimal such that a,» > min{d(o, : @ € F) : (04 : a €
F) is p-possible of length j}. Moreover assume that p is even (F,i)-determined for
alli € [n*,j], and that |F| < n*. Then there exists q S;[n*’j_l] p such that for every
q-possible (0o : « € F) of length j, if i* = min{j,min{i : a; > d(oq : @ € F)}},
then

qlog 1" e F)IF “d:d(aa:ozEF)/\ﬂ'd:ﬂ'(aa:ozeF)”.

Proof. Let F = {ap < a3 < -+ < ap+_1}. The case |F| < n* is similar. By apply-
ing Lemma 2.5 to p(a-—_1) in V71 we obtain q(am-—1) <*" 971 play-_1) as
there. Moreover, since p is (F, j)-determined, for each p-possible (oq,; : ¢ <n* —1)
of length j we may perform the shrinking of p(an-—1) | j as determined by
P(0a; 4 < n*—1) | ap+—1 in V. Hence we may obtain g(a,+—1) such that
Prr—1 =P | Qnr—1"{@(Qn—1)) "D | [@nr—1 + 1,w2) is (F, j)-determined.

Now suppose that for some r < n*—1 we have already obtained (F, j)-determined
- SILZ:Z:EM*A} p, such that for every p,,1-possible (o, : @ € F) of length j
the following holds:

(1) If #* = min{j, min{i : a; > d(o4 : @ € F)}}, then

p’r‘-‘rl(oao7 R ] UQTJUQ7~+1 r i*ﬂ MR o'ocn*,l r 7’*)

- “d=d(on:a€F)Amj=m(0q:ac F).
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Note that ¢* > n*; hence p and so also p,4+1 is (F,i*)-determined. Therefore
p’r‘-‘rl(oao7 R ] UQTJUQ7~+1 r Z'*7 LR ] O'O‘n*—l r 7/*)

is well-defined. Fix some p,yi-possible (oq, : i < r) of length j and let v = o, |
j— 1. Since p,41 is (F,j — 1)-determined, there are no more than Ny(j — 1) many
(Vays1s---sVa,«_,), €ach v; being of length j — 1, such that

(Uaoa' '~7Uarayar+1a' '~7V01n*71)

is p,41-possible. For each n* <k < j —1 we label (Var+1 A VN | k) either
with * in the case that

Drt1(Tags s Tams Varsy | KyervsVa,., TR)IF “d > ay”,
or else with (d, ) such that d < aj and
Prt1(Tags s Tars Varyy | Kyeos Vo, TR)IF “d=dAm;=n".

By (1), every (Va, ., [ k,...,Va,. , | k) gets labelled in this way. Moreover, there
are no more than Ny(j — 1) possible labellings of (vo,,, [ k,...,Va,. , [ k).

Therefore, using the No(j — 1)U~DN1G=D_completeness of || ||; we may shrink
SUCCy, . | (ay)(V), by dropping the norm by at most 1, to some set S such that the
label of any fixed pr41(Cag,---»0a,_1,0)-possible (Va, ;... Va,. ) of length k,
n* <k <j—1,1is constant as we vary g € S.

By doing this shrinking for each succ,, , | (qa,)(V), for v € pry1(a.) [ j —1 as de-
termined by (04, - - -, 0a,_, ), and for every p,41-possible (o4, - -, 0q,_, ) of length
4, we obtain pﬁ_H <*U=1 p, 1. Note that then for every pi_H-possibIe (0a:a €F)
of length j the following holds:

(1); if ¢* is minimal such that a;« > d(os : @ € F), then ¢* < j — 1 implies that
pﬁﬂ(oao, Oy 1100, | J— 1,00, [1%,...,0q,. , [ i) decides d and 7 (as
d(co : € F) and w(o, : @ € F).

Completely analogously we continue to shrink level j — 2 of pf; +1(ar) to obtain
pﬂ:}, and so on, until we obtain pfj_‘fl such that for every j >4 > n*, (1); holds,
where (1); is (1); with j replaced by . Then let p, = pf_?{l. In this way, finally
we obtain pg, which we call q. Then ¢ is as desired. O

Corollary 3.7. Let 1 = (w4 : d € D) be a P,,-name for a predictor for the space
[I,,c.9(n), and let p € P,,,. Then there exist ¢ < p and x € [, ., g(n) in V such
that q 1= “II does not predict x”.

Proof. Let (d(n) : n < w) increasingly enumerate D, and let the sequences (F), :
n < w) and (j, : n < w), and go < p be obtained by Corollary 3.5.

By applying Lemma 3.6 repeatedly we shall construct a sequence (¢ : n < w)
such that the following hold:

(1) 48 = qo,

(2) letting m™*(n) be the least m such that a,, > min{d" (o : @ € Fy41) : (04 :
a € F,41) is go-possible of length j,+1}, we have

1 _*[m*(n),jny1—1
61+ <Hm™(n)jn41 ]qn

4 —Fny1 0>
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(3) for every ¢"Tl-possible (04 : a € Fy,41) of length j,41, if i* = min{j,,1,
min{i : a; > d"(0q : @ € F11)}}, then

qf}“(oa it € Fry1)

- “d(a;,) = d" (04 : @ € Fry1) A Ti(a;,) = 7" (0 a0 € Fpy1)”.

For the construction at step n, clearly we have I- “d(aj,) > a;,_1”, and hence
m*(n) > j, — 1. Hence m*(n) > j, > n+1 = |F,41|, so Lemma 3.6 applies to give
q(r)H-l.

Since we have that [m*(n), jn+1 — 1] N [m*(n'), jnry1 — 1] = 0 for all n # n/, it
follows that the sequence (g} : n < w) has an infimum, which we call g.

Now fix n, let g-possible (o, : @ € F,11) of length j, 41 be arbitrary, and let
d=d"(0q: a € Fyt1) and ¢* = min{j,41, min{é : a; > d}}. Then by construction
there are at most [[]j.;<;- (fg?))]‘F"“‘ many functions 7 : [],_, 9(i) — g(d) such
that 7 = 7"(0, : @ € FTnH) for some g-possible (o, : @ € F,41) of length j,41.
Moreover, d > aj, > n+ 1. By Definition 1.5(ii) we have that

n+1

oo II (") <o

i<d 0<i<i* v
Therefore we can choose k(d) € g(d) not in the range of any of the 7™ (0, : @ €
F, 1) as above. By Corollary 3.5(4), every d < w is of the form d"(o, : @ € F,41)
for at most one n. Therefore it is now easy to construct z € [[,.,g(n) in V
such that for every d < w, if d = d"(04 : @ € Fj,41) for some n and g-possible
(0q : @ € Fp41) of length j,41, then x(d) = k(d). By construction we conclude
that

gl “(m)mg,, (@ | d(ag,)) # 2(d(a;,)).
Then clearly, q I- “II does not predict z”. O

Definition 3.8. Following [Br], we call an uncountable set X C [], ., g(n) a Luzin
set of evading functions, if every predictor for the space ], g(n) predicts only
countably many members of X.

It is clear that the existence of a Luzin set for [, g(n) implies that ¢, = w;.
Hence the following theorem is stronger than Theorem 1.9.

Theorem 3.9. If g runs away from P(f), then in the model of Theorem 1.9 there
exists a Luzin set of evading functions for the space [], ., g(n), whereas ef = wa,
and hence there exists no Luzin set of evading functions for [], ., f(n).

Proof. The proof combines the proof of 1.9 with an argument on proper Suslin
forcing in [ShSp2, Section 3]. We only give a sketch. Let V be a model of CH.
Let ((pa,Ils) @ a0 < wi) list all pairs (p,II) such that there exists @ < w; with
p € Py, I € VP and p IF “Il is a predictor for [], ., g(n)”. We construct
X = {z, : @ < w1} inductively such that for every a < wi, for every 8 < a we
have that x, # zg and it is not the case that pg I “IIg predicts z,”. For this we
only use a variation of the proof of Corollary 3.7.

We claim that X is as desired. Otherwise there exist p € F,,, and Il a P,,-name
for a predictor for the space ], g(n) such that p IF “Il predicts uncountably
many ¢ € X”. We may assume that p and II are hereditarily countable. Let
cl(p) C wa be the set of coordinates used for the construction of p, similarly for
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cl(IT). We may assume that cl(II) C cl(p). Let a* = cl(p). Let § = o.t.(a*). So
6 < wj. Let P, be a countable support iteration of Q(f, g, A) with domain a*. So
P,~ is isomorphic to Ps. By arguments similar to those of [ShSp2, Section 3] we
may assume that p € P,« and II is a P,«-name. Identifying P, and Ps, we find
that there exists o’ < w; such that (p,II) = (pas, o). Then clearly the following
claim contradicts the construction of X. O

Claim. plFp_. “II predicts uncountably many z € X”.

Proof. Otherwise there exist py € P,» and o < w; such that P« E p1 < p and
p1 IFp,. “II predicts no z € {z3 : § > «a}”. Choose a countable N < H(x), x
large enough, such that p,p;,II, X, € N. Then of course N | « is countable.
By [ShSp2, Lemma 3.11] there exist ¢ € P,+ and a Py«-name ¥ = (v, : v < wa)
such that P, | q < p1 and, letting Ty« = (r, : v € a*) be a P,--name for the
P,--generic reals, we have that

R

ql-p,. “T'is P,,-generic over N and Vv < wy(r}, =r,)

!, = 1,[Gy+], for every
v € a*, v < wy respectively. Then r, = r}, for all v € a*. Hence if G is the P,,-
generic filter over N determined by (r, : v < ws), then p € G. By elementarity,
N[G] E TO|G] predicts uncountably many = € X. Since « is countable in N, this
implies that N[G] = II[G] predicts zg for some § > a. On the other hand, since
p1 € Gox, V[Go+] = II[Gg-] predicts no = € {z : v > a}. But H[G] = H[G,-],
since for the evaluation of II only coordinates in a* are used and there G and G+
essentially agree, i.e. determine the same generic reals. Since N[G] C V[G,+], we
have a contradiction. |

Choose Gy« P,+-generic over V and let r, = r,[Gq+], 7]

Remark 3.10. The crucial [ShSp2, Lemma 3.11] is only proved for Mathias forcing.
However it can easily be checked that it carries over to Q(f, g, A).
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