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ONCE MORE NICE EQUATIONS FOR NICE GROUPS

SHREERAM S. ABHYANKAR AND PAUL A. LOOMIS

(Communicated by Ronald M. Solomon)

Abstract. In a previous paper, nice quintinomial equations were given for
unramified coverings of the affine line in nonzero characteristic p with the pro-
jective symplectic isometry group PSp(2m, q) and the (vectorial) symplectic
isometry group Sp(2m, q) as Galois groups where m > 2 is any integer and
q > 1 is any power of p. Here we deform these equations to get nice quinti-
nomial equations for unramified coverings of the once punctured affine line in
characteristic p with the projective symplectic similitude group PGSp(2m, q)
and the (vectorial) symplectic similitude group GSp(2m, q) as Galois groups.

1. Introduction

Let m > 2 be any integer, let q > 1 be any power of a prime p, and con-
sider the polynomial F = F (Y ) = Y n + T qY u + XY v + TY w + 1 in indetermi-
nates T,X, Y over a field k of characteristic p, where n = 1 + q + · · · + q2m−1,
u = 1+ q+ · · ·+ qm, v = 1+ q+ · · ·+ qm−1, w = 1+ q+ · · ·+ qm−2, and consider its
Galois group Gal(F, k(X,T )) and the Galois group Gal(Φ, k(X,T )) of its subvecto-
rial associate Φ = Φ(Y ) = F (Y q−1). Also consider the deformation F ] = F ](Y ) =
Y n + T qY u + XY v + Sv−wTY w + Sv of F together with its subvectorial asso-
ciate Φ] = Φ](Y ) = F ](Y q−1), where S is another indeterminate, and their Galois
groups Gal(F ], k(X,S, T )) and Gal(Φ], k(X,S, T )). In the “More Nice Equations”
paper [A06] it was shown that if k is algebraically closed, then Gal(F, k(X,T )) =
the projective symplectic isometry group PSp(2m, q) and Gal(Φ, k(X,T )) = the
(vectorial) symplectic isometry group Sp(2m, q).1 By modifying the proof given in
[A06], we shall show that if GF(q) ⊂ k, then Gal(F ], k(X,S, T )) = the projective
symplectic similitude group PGSp(2m, q) and Gal(Φ], k(X,S, T )) = the (vectorial)
symplectic similitude group GSp(2m, q).2 The said proof given in [A06], as well as
the proofs of the corresponding unitary and orthogonal group equations given in
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[A05] and [A07] respectively, involved very intricate factorizations for some multi-
variate polynomials. At the end of [A08] these factorizations were codified into a
Mantra. By invoking this Mantra, we shall give here a very short and transparent
derivation for the factorization of [A06] and its generalizations needed for the GSp
equations.

As a by-product of the present modified proof, we shall show that the above
results about the Galois groups of Φ and F continue to hold when we replace
the assumption of k being algebraically closed by the weaker assumption that
GF(q) ⊂ k. As another by-product of the present modified proof, we shall show that
if GF(q) ⊂ k, then, for every divisor d of q−1, upon letting Φ(d) be obtained by sub-
stituting Sd for S in Φ] we have Gal(Φ(d), k(X,S, T )) = GSp(d)(2m, q) where we de-
fine GSp(d)(2m, q) by the condition that Sp(2m, q)/GSp(d)(2m, q)/GSp(2m, q) with
GSp(2m, q)/GSp(d)(2m, q) = Zd,

3 and upon letting F (d) be obtained by substitut-
ing Sd for S in F ] we have Gal(F (d), k(X,S, T )) = PGSp(d)(2m, q) where we define
PGSp(d)(2m, q) = the image of GSp(d)(2m, q) under the canonical epimorphism of
GL(2m, q) onto PGL(2m, q), and we note that then PGSp(d)(2m, q) = PSp(2m, q)
or PGSp(2m, q) according as d is even or odd.4 As noted in [A06], the polyno-
mials Φ and F are specializations of more general polynomials φe and fe whose
Galois groups are Sp(2m, q) and PSp(2m, q) respectively, and which are special
cases of the families of polynomials giving unramified coverings of the affine line
in characteristic p written down in [A02]. In Section 2 we shall formulate the cor-

responding more general deformations φ]e, φ
(d)
e , f ]e , f

(d)
e whose Galois groups, under

certain conditions, will turn out to be GSp(2m, q), GSp(d)(2m, q), PGSp(2m, q),
PGSp(d)(2m, q) respectively, and which may be regarded as giving unramified cov-
erings of the once punctured affine line.

In addition to factorization, as in [A03] to [A07], here the basic techniques of
calculating Galois groups will be MTR (= the Method of Throwing away Roots)
and RTG (= Recognition Theorems for Groups). On the RTG side we shall again
use Kantor’s characterization of Rank 3 groups in terms of their subdegrees [Kan],
supplemented by the Cameron-Kantor Theorem IV [CaK] on antiflag transitive
collineation groups. Note that Kantor’s Rank 3 characterization depends on the
Buekenhout-Shult characterization of polar spaces [BuS] which itself depends on
Tits’ classification of spherical buildings [Tit]. Recall that the Rank of a transitive
permutation group is the number of orbits of its 1-point stabilizer and the sizes of
these orbits are called subdegrees. It is a pleasure to thank Nick Inglis and Ganesh
Sundaram for stimulating conversations concerning the material of this paper.

2. Notation and outline

Let kp be a field of characteristic p > 0, let q > 1 be any power of p, and let
m > 0 be any integer.5 To abbreviate frequently occurring expressions, for every

3Since Sp(2m, q) /GSp(2m, q) with GSp(2m, q)/Sp(2m, q) = Zq−1 (see 2.1.2, 2.1.B and 2.1.C

of [KLi]), this uniquely characterizes the intermediate group GSp(d)(2m, q). Note that, as usual,
< and / denote subgroup and normal subgroup respectively, and Zd denotes a cyclic group of
order d.

4In view of the previous footnote, this follows from the fact that PGSp(2m, q)/PSp(2m, q) = Z2

or Z1 according as q is odd or even (see 2.1.D of [KLi]). Note that if q is even, then PSp(2m, q) =
PGSp(2m, q).

5In the Abstract and the Introduction we assumed m > 2. But in the rest of the paper, unless
stated otherwise, we only assume m > 0.
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integer i ≥ −1 we put

〈i〉 = 1 + q + q2 + · · ·+ qi (convention: 〈0〉 = 1 and 〈−1〉 = 0).

Let

f [ = f [(Y ) = Sr(m)XY 〈m−1〉 +

m∑
i=1

(
Sr(m+i)T qi

i Y
〈m−1+i〉 + Sr(m−i)TiY

〈m−1−i〉
)

where r = (r(0), . . . , r(2m)) is a sequence of nonnegative integers with

r(2m) = 0(*)

such that for some nonnegative integer t we have

qir(m− i) = r(m+ i) + tqm〈i− 1〉 for 0 ≤ i ≤ m(**)

and note that then f [ is a polynomial of degree 〈2m− 1〉 = 1+ q+ q2 + · · ·+ q2m−1

in Y with coefficients in the polynomial ring kp[X,S, T1, . . . , Tm] and in it the

coefficient of the highest Y -degree term is T qm

m . Let φ[ and φ̂[ be the subvectorial
and vectorial associates of f [ respectively, i.e., let

φ[ = φ[(Y ) = f [(Y q−1)

= Sr(m)XY qm−1 +

m∑
i=1

(
Sr(m+i)T qi

i Y
qm+i−1 + Sr(m−i)TiY

qm−i−1
)

and

φ̂[ = φ̂[(Y ) = Y φ[(Y )

= Sr(m)XY qm +

m∑
i=1

(
Sr(m+i)T qi

i Y
qm+i

+ Sr(m−i)TiY
qm−i

)
.

For 0 ≤ e ≤ m − 1, let f ]e be obtained by putting Tm = 1 and Ti = 0 for
e < i < m in f [, i.e., let

f ]e = f ]e(Y ) =Y 〈2m−1〉 + Sr(0) + Sr(m)XY 〈m−1〉

+

e∑
i=1

(
Sr(m+i)T qi

i Y
〈m−1+i〉 + Sr(m−i)TiY

〈m−1−i〉
)

and note that then f ]e is a monic polynomial of degree 〈2m−1〉 = 1+ q+ q2 + · · ·+
q2m−1 in Y with coefficients in the polynomial ring kp[X,S, T1, . . . , Te]. Now the

constant term of f ]e is Sr(0) and the Y -exponent of every other term in f ]e is 1 modulo

p, and hence f ]e − Y f ]eY = Sr(0) where f ]eY is the Y -derivative of f ]e . Therefore6

DiscY (f ]e) = Sr(0)q〈2m−2〉 where DiscY (f ]e) is the Y -discriminant of f ]e , and hence
the Galois group Gal(f ]e , kp(X,S, T1, . . . , Te)) is well-defined as a subgroup of the
symmetric group Sym〈2m−1〉, and the equation f ]e = 0 gives an unramified covering

of the once punctured affine line over kp(X,T1, . . . , Te). Since f ]e is linear in X , by
the Gauss Lemma it follows that f ]e is irreducible in kp(X,S, T1, . . . , Te)[Y ], and

6See the formulas on page 104 of [A03]. As a misprint correction, in line 13 of page 2979 of

[A06] DiscY (φ) =DiscY (φe) = 1 should be changed to DiscY (φ) =DiscY (φe) = (−1)q
2m−1.
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hence its Galois group is transitive. Let φ]e and φ̂]e be obtained by putting Tm = 1

and Ti = 0 for e < i < m in φ[ and φ̂[ respectively, and note that then

φ]e = φ]e(Y ) = f ]e(Y
q−1) =Y q2m−1 + Sr(0) + Sr(m)XY qm−1

+

e∑
i=1

(
Sr(m+i)T qi

i Y
qm+i−1 + Sr(m−i)TiY

qm−i−1
)

and

φ̂]e = φ̂]e(Y ) = Y φ]e(Y ) =Y q2m + Sr(0)Y + Sr(m)XY qm

+

e∑
i=1

(
Sr(m+i)T qi

i Y
qm+i

+ Sr(m−i)TiY
qm−i

)
are the subvectorial and vectorial associates of f ]e respectively. By a similar cal-

culation, DiscY (φ]e) = (−1)q
2m−1Sr(0)(q2m−2) and DiscY (φ̂]e) = Sr(0)q2m , and hence

the Galois groups Gal(φ]e, kp(X,S, T1, . . . , Te)) and Gal(φ̂]e, kp(X,S, T1, . . . , Te)) are
well-defined as subgroups of the symmetric groups on q2m − 1 and q2m letters re-

spectively, and the equations φ]e = 0 and φ̂]e = 0 give unramified coverings of the
once punctured affine line over kp(X,T1, . . . , Te). For every divisor d of q − 1,

let f
(d)
e , φ

(d)
e , φ̂

(d)
e be obtained by substituting Sd for S in f ]e , φ

]
e, φ̂

]
e respectively

and note that then, as above, the Galois group Gal(f
(d)
e , kp(X,S, T1, . . . , Te)) is a

well-defined transitive subgroup of Sym〈2m−1〉, the Galois groups

Gal(φ(d)
e , kp(X,S, T1, . . . , Te)) and Gal(φ̂(d)

e , kp(X,S, T1, . . . , Te))

are well-defined subgroups of the symmetric groups on q2m − 1 and q2m letters re-

spectively, and the equations f
(d)
e = 0, φ

(d)
e = 0, φ̂

(d)
e = 0 give unramified coverings

of the once punctured affine line over kp(X,T1, . . . , Te).
For 0 ≤ e ≤ m − 1, let φe and fe be obtained by putting S = 1 in φ]e and f ]e

respectively. Note that, for 1 ≤ e ≤ m− 1, these φe and fe are the same as those
considered in [A06], and if m > 1, then φm−1 and fm−1 respectively coincide with
φ and f of [A06]. For 0 ≤ e ≤ m− 1, let Ke = kp(X,T1, . . . , Te), let Ge and PGe

be the Galois groups of φe and fe over Ke respectively, and let G]
e and PG]

e be the
Galois groups of φ]e and f ]e over Ke(S) respectively. Likewise, for 0 ≤ e ≤ m − 1,

and for every divisor d of q − 1, let G
(d)
e and PG

(d)
e be the Galois groups of φ

(d)
e

and f
(d)
e over Ke(S) respectively.

In Section 3, we apply the Mantra of [A08] to the twisted derivative of f [ and
thereby we prove the Symplectic Rank Theorem (3.6) which says that PG]

e is a Rank
3 group with subdegrees 1, q〈2m− 3〉 and q2m−1. By again applying the Mantra of
[A08] in the Root Extraction Theorem (3.12) of Section 3 we show that, for 0 ≤ e ≤
m− 1, the splitting field of φ̂]e over Ke(S) contains a (q− 1)-th root of its modified
constant term Stqm ; this is an analogue of the (q− 1)-th root extraction trick given
in (2.5)(iii) of [A04] which was used there to go from an SL (= special linear group)
covering to a GL (= general linear group) covering. In Section 4, from Theorems
(3.6) and (3.12) we deduce Theorem (4.2), which says that if m > 2 and GF(q) ⊂ kp
and GCD(t, q−1) = 1, then, for 1 ≤ e ≤ m−1 and for every divisor d of q−1, in a

natural manner we have Sp(2m, q) = Ge /GSp(d)(2m, q) = G
(d)
e /G]

e = GSp(2m, q)
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and PSp(2m, q) = PGe / PGSp(d)(2m, q) = PG
(d)
e / PG]

e = PGSp(2m, q). Note
that {

if r(i) = 〈2m− 1〉 − 〈i− 1〉 for 0 ≤ i ≤ 2m,

then conditions (*) and (**) are satisfied with t = qm + 1
(′)

and {
if r(m + i) = 0 and r(m− i) = qm−i〈i − 1〉 for 0 ≤ i ≤ m,

then conditions (*) and (**) are satisfied with t = 1.
(′′)

Case (′) arises when we homogenize fe, i.e., when we put f ]e(Y ) = S〈2m−1〉fe(Y/S),
and so we may call it the homogeneous case; we shall deal with this in greater detail
elsewhere. By analogy, case (′′) may be called the twisted homogeneous case. In the
twisted homogeneous case (′′), if m > 2 and GF(q) ⊂ kp, then by taking k = kp and

T1 = T in φ]1 and f ]1 we get Φ] and F ] respectively, and hence by the above result
we have Gal(Φ], k(X,S, T )) = GSp(2m, q) and Gal(F ], k(X,S, T )) = PGSp(2m, q),
and for every divisor d of q − 1 we have Gal(Φ(d), k(X,S, T )) = GSp(d)(2m, q) and
Gal(F (d), k(X,S, T )) = PGSp(d)(2m, q). By applying the above result to case (′′)
we also see that if m > 2 and GF(q) ⊂ kp, then for 1 ≤ e ≤ m − 1 we have Ge =
Sp(2m, q) and PGe = PSp(2m, q) which shows that the results of [A06] remain
valid without assuming kp algebraically closed.

3. Twisted derivative and its factorization

Solving the equation f [ = 0 we get

Sr(m)X =

∑m
i=1

(
Sr(m+i)T qi

i Y
〈m−1+i〉 + Sr(m−i)TiY

〈m−1−i〉
)

−Y 〈m−1〉

and substituting this in f[(Z)−f[(Y )
Z−Y we get

f ′[(Y, Z) =
f [(Z)− f [(Y )

Z − Y
(def of the twisted derivative f ′[ of f [)

=

∑m
i=1

(
Sr(m+i)T qi

i Y
〈m−1+i〉 + Sr(m−i)TiY

〈m−1−i〉
)

−Y 〈m−1〉

× Z〈m−1〉 − Y 〈m−1〉

Z − Y

+
m∑
i=1

(
Sr(m+i)T qi

i

Z〈m−1+i〉 − Y 〈m−1+i〉

Z − Y

+Sr(m−i)Ti
Z〈m−1−i〉 − Y 〈m−1−i〉

Z − Y

)
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and therefore

g[ = g[(Y, Z) =Y 〈2m−1〉−1f ′[(1/Y, Z/Y ) (def of polynomial g[ obtained

by dividing roots of f ′ by Y and then changing Y to 1/Y )

=

m∑
i=1

Sr(m+i)T qi

i

(
Z〈m−1+i〉 − 1

Z − 1
− Z〈m−1〉 − 1

Z − 1

)
Y 〈2m−1〉−〈m−1+i〉

−
m∑
i=1

Sr(m−i)Ti

(
Z〈m−1〉 − 1

Z − 1
− Z〈m−1−i〉 − 1

Z − 1

)
Y 〈2m−1〉−〈m−1−i〉.

By simplifying g[ we get

g[ =

m∑
i=1

Sr(m+i)T qi

i

(
Z〈m−1+i〉 − Z〈m−1〉

Z − 1

)
Y 〈2m−1〉−〈m−1+i〉

−
m∑
i=1

Sr(m−i)Ti

(
Z〈m−1〉 − Z〈m−1−i〉

Z − 1

)
Y 〈2m−1〉−〈m−1−i〉

=
m∑
i=1

Z〈m−1〉 (Zqm〈i−1〉 − 1
)
Y qm+i〈m−1−i〉Sr(m+i)T qi

i

Z − 1

−
m∑
i=1

Z〈m−1−i〉
(
Zqm−i〈i−1〉 − 1

)
Y qm−i〈m−1+i〉Sr(m−i)Ti

Z − 1

=

m∑
i=1

Z〈m−1〉 (Z〈i−1〉 − 1
)qm

Y qm+i〈m−1−i〉Sr(m+i)T qi

i

Z − 1

−
m∑
i=1

Z〈m−1−i〉 (Z〈i−1〉 − 1
)qm−i

Y qm−i〈m−1+i〉Sr(m−i)Ti

Z − 1

=

m∑
i=1

G
qi〈m−1−i〉
i Hqi

i

(
Z(Z − 1)q−1

)〈i−1〉
Y qm〈m−1+i〉Sr(m+i)T qi

i

Y (1+qm)qm〈i−1〉

−
m∑
i=1

G
〈m−1−i〉
i HiY

qm−i〈m−1+i〉Sr(m−i)Ti

where for 1 ≤ i ≤ m we have

Gi = Z
(
Z〈i−1〉 − 1

)q−1

and Hi =
Z〈i−1〉 − 1

Z − 1
= 1 + Z + Z2 + · · ·+ Z〈i−1〉−1.

Hence in view of (**) we see that

g[ =

m∑
i=1

(
A∗〈i−1〉B∗qi

i −B∗
i

)
where A∗ =

Z(Z − 1)q−1

(Y qm+1St)
qm

and for 1 ≤ i ≤ m we have

B∗
i = G

〈m−1−i〉
i HiY

qm−i〈m−1+i〉Sr(m−i)Ti
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and therefore by the Mantra on page 19 of [A08] we get

g[ = A∗Γ∗q − Γ∗ = Γ∗(A∗Γ∗q−1 − 1) where Γ∗ =
m∑
i=1

i−1∑
j=0

A∗〈j−1〉B∗qj
i .

Now, for 0 ≤ j < i ≤ m, we clearly have

G
qj〈m−1−i〉
i Hqj

i

(
Z(Z − 1)q−1

)〈j−1〉
= G

〈m−1−i+j〉
i Hi.

Hence upon letting

g′[ =
Γ∗

(Y qm+1St)
qm−1

we get

g′[ =

m∑
i=1

i−1∑
j=0

G
〈m−1−i+j〉
i HiY

a(i,j)Sb(i,j)T qj

i

where, for 0 ≤ j < i ≤ m, the integers a(i, j) and b(i, j) are given by
a(i, j) = qm+j〈m− 2− j〉+ qm−i+j〈i− j − 2〉
and

b(i, j) = qjr(m− i)− tqm〈j − 1〉 − tqm−1

(3.1)

and out of these a(i, j) is obviously nonnegative and b(i, j) is also nonnegative
because by (**) we have

b(i, j) = qj−ir(m + i) + tqm+j−i〈i − j − 2〉 ≥ 0.

It follows that

g′[ ∈ GF(p)[Z, Y, S, T1, . . . , Tm]

and hence upon letting

g′′[ = Z(Z − 1)q−1(g′[)q−1 − Y (qm+1)qm−1

Stqm−1

we have

g′′[ ∈ GF(p)[Z, Y, S, T1, . . . , Tm]

and, in view of the defining equations of A and g′[, by the factorization g[ =
Γ(AΓq−1 − 1) we get the factorization

g[ = g′[g′′[.

By the definitions of Gi and Hi we see that

degZG
〈m−2〉
m Hm = q〈2m− 3〉 > q〈m− 2 + j〉 = degZG

〈m−1−i+j〉
i Hi

for 0 ≤ j < i ≤ m with (i, j) 6= (m,m− 1), and also a(m,m − 1) = 0, and by (*)
and (**) we have b(m,m− 1) = 0, and hence by the double summation expression
for g′[ we see that g′[ is a polynomial of degree q〈2m − 3〉 in Z with coefficients
in GF(p)[Y, S, T1, . . . , Tm] and in it the coefficient of the highest Z-degree term is

T qm−1

m . By the definition of g′′[ it now follows that g′′[ is a polynomial of degree
1+(q−1)+(q−1)q〈2m−3〉 = q2m−1 in Z with coefficients in GF(p)[Y, S, T1, . . . , Tm]

and in it the coefficient of the highest Z-degree term is T
(q−1)qm−1

m . Now, upon
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letting g]e, g
′]
e, g

′′]
e be obtained by putting Tm = 1 and Ti = 0 for e < i < m in

g[, g′[, g′′[ respectively, we see that
for 0 ≤ e ≤ m− 1 we have

g]e = g′]eg
′′]
e where g′]e and g′′]e are monic polynomials

of degrees q〈2m− 3〉 and q2m−1 in Z

with coefficients in GF(p)[Y, S, T1, . . . , Te].

(3.2)

By uniqueness the above factorizations must match with the factorization ob-
tained in [A06].7 To get an explicit match, by splitting the first summation in the
expression of g′[ into two pieces 1 ≤ i ≤ m− 1 and i = m, and then putting Ti = 0
for e < i < m in the first piece and putting Tm = 1 and j = m − 1 − µ in the
negative of the second piece, we see that

for 0 ≤ e ≤ m− 1 we have

g′]e = E′
e −N ′

where E′
e =

∑e
i=1

∑i−1
j=0G

〈m−1−i+j〉
i HiY

a(i,j)Sb(i,j)T qj

i

and N ′ = −∑m−1
µ=0 G

〈m−2−µ〉
m HmY

(qm+1)qm−1−µ〈µ−1〉Sb(m,m−1−µ).

(3.3)

Substituting g′′]e and g′]e for g′′[ and g′[ in the defining equation of g′′[ we see that

g′′]e = Z
(
(Z − 1)g′]e

)q−1 − Y (qm+1)qm−1

Stqm−1

.

Upon letting E′′
e = (Z − 1)E′

e and N ′′ = (Z − 1)N ′/
(
Z〈m−1〉 − 1

)
, by the first

equation in (3.3) we get (Z − 1)g′]e = E′′
e −

(
Z〈m−1〉 − 1

)
N ′′, and hence by the

above equation for g′′]e we see that

g′′]e = Z
(
E′′
e −

(
Z〈m−1〉 − 1

)
N ′′
)q−1

− Y (qm+1)qm−1

Stqm−1

.

Using the geometric series identity

(X − Y )q−1 = (Xq − Y q)/(X − Y ) =

q∑
l=1

Y l−1Xq−l

with X = E′′
e and Y =

(
Z〈m−1〉 − 1

)
N ′′, by the above equation for g′′]e and the

equations for E′
e and N ′ given in (3.3) we see that

for 0 ≤ e ≤ m− 1 we have

g′′]e =
(∑q

l=1 Z
(
Z〈m−1〉 − 1

)l−1
N ′′l−1E′′

e
q−l
)
− Y (qm+1)qm−1

Stqm−1

where E′′
e =

∑e
i=1

∑i−1
j=0G

〈m−1−i+j〉
i

(
Z〈i−1〉 − 1

)
Y a(i,j)Sb(i,j)T qj

i

and N ′′ = −∑m−1
µ=0 G

〈m−2−µ〉
m Y (qm+1)qm−1−µ〈µ−1〉Sb(m,m−1−µ).

(3.4)

If m > 1, then the values of g′ and g′′ given in (3.2) to (3.6) of [A06] visibly coincide
with the values obtained by putting e = m−1 and S = 1 in g′]e and g′′]e respectively.
Since, for 1 ≤ e ≤ m − 1, the polynomials g′e and g′′e of [A06] were obtained by
putting Ti = 0 for e < i < m in the polynomials g′ and g′′ respectively, it follows
that g′e and g′′e can also be obtained by putting S = 1 in g′]e and g′′]e respectively.

7As a misprint correction, in (3.3) on page 2985 of [A06] the exponent of
(
Z〈m−1〉 − 1

)
should

be changed from q−1 to l−1, and the exponent of Y should be changed from (qm +1)(qm−1−1)
to (qm + 1)qm−1.
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Therefore by the irreducibility of g′e and g′′e proved in (4.5) of [A06] we conclude
that {

for 1 ≤ e ≤ m− 1,

the polynomials g′]e and g′′]e are irreducible in kp(Y, S, T1, . . . , Te)[Z].
(3.5)

For 1 ≤ e ≤ m − 1, as we have noted, f ]e is irreducible in Ke(S)[Y ] where
Ke = kp(X,T1, . . . , Te), its twisted derivative is f ′]e(Y, Z), and g]e is obtained by
dividing the Z-roots of f ′]e(Y, Z) by Y and then changing Y to 1/Y ; therefore by
(3.2) and (3.5) we get the following:

Symplectic Rank Theorem (3.6). For 1 ≤ e ≤ m − 1, the Galois group PG]
e

of f ]e over Ke(S) is a transitive permutation group of Rank 3 with subdegrees 1,
q〈2m− 3〉 and q2m−1.

In view of Proposition (3.1) of [A04] we get the following:

Theorem (3.7). If GF(q) ⊂ kp, then, for 0 ≤ e ≤ m − 1, for the respective
Galois groups G]

e and PG]
e of φ]e and f ]e over Ke(S), in a natural manner we have

G]
e < GL(2m, q) and Θ2m(G]

e) = PG]
e < PGL(2m, q) where Θ2m is the canonical

epimorphism of GL(2m, q) onto PGL(2m, q).

Recall that

φ̂[(Y ) = Sr(m)XY qm +

m∑
i=1

(
Sr(m+i)T qi

i Y
qm+i

+ Sr(m−i)TiY
qm−i

)
is the vectorial associate of f [(Y ), and let

ψ[(Y, Z) = Y qm φ̂[(Z)− Zqm φ̂[(Y ).

Then in view of (**) we see that

ψ[(Y, Z) =
m∑
i=1

(
A[〈i−1〉B[

i (Y, Z)q
i −B[

i (Y, Z)
)

where A[ =
1

Stqm

and for 1 ≤ i ≤ m we have

B[
i (Y, Z) =

(
ZqmY qm−i − Y qmZqm−i

)
Sr(m−i)Ti.

Therefore again by the Mantra on page 19 of [A08] we get

ψ[(Y, Z) = A[Γ[(Y, Z)q − Γ[(Y, Z) where Γ[(Y, Z) =

m∑
i=1

i−1∑
j=0

A[〈j−1〉B[
i (Y, Z)q

j

.

Substituting the values of A[ and B[
i in the defining equation for Γ[ we get

Γ[(Y, Z) =
m∑
i=1

i−1∑
j=0

(
Zqm+j

Y qm−i+j − Y qm+j

Zqm−i+j
)
Sb(i,j)+tqm−1

T qj

i

and hence we see that Γ[ is a polynomial of degree q2m−1 in Z with coefficients
in GF(p)[Y, S, T1, . . . , Tm] and in it the coefficient of the highest Z-degree term is

(Y StTm)
qm−1

.

Recall that, for 0 ≤ e ≤ m− 1, the vectorial associate of f ]e(Y ) is φ̂]e(Y ) and let

ψ]
e(Y, Z) = Y qm φ̂]e(Z)− Zqm φ̂]e(Y ).(3.8)
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Then ψ]
e can be obtained by putting Tm = 1 and Ti = 0 for e < i < m in the

defining equation of ψ], and hence by putting Tm = 1 and Ti = 0 for e < i < m in
the above expression of ψ[ in terms of Γ[ we get

ψ]
e(Y, Z) = S−tqmΓ]

e(Y, Z)q − Γ]
e(Y, Z)(3.9)

where

Γ]
e(Y, Z) =

e∑
i=1

i−1∑
j=0

(
Zqm+j

Y qm−i+j − Y qm+j

Zqm−i+j
)
Sb(i,j)+tqm−1

T qj

i

+
m−1∑
j=0

(
Zqm+j

Y qj − Y qm+j

Zqj
)
Stqj〈m−j−1〉.

(3.10)

Again, Γ]
e is obtained by putting Tm = 1 and Ti = 0 for e < i < m in Γ[, and hence

for 0 ≤ e ≤ m− 1 we have that

Γ]
e is a polynomial of degree q2m−1 in Z

with coefficients in GF(p)[Y, S, T1, . . . , Te] and in it

the coefficient of the highest Z-degree term is (Y St)
qm−1

.

(3.11)

For 0 ≤ e ≤ m− 1, since degY φ̂
]
e(Y ) = q2m and DiscY φ̂

]
e(Y ) = Sr(0)q2m , in view

of (3.8), (3.9) and (3.11), we see that there exists a nonzero root ye of φ̂]e(Y ) in any

splitting field L]
e of φ̂]e(Y ) over Ke(S) where Ke = kp(X,T1, . . . , Te), and given any

such ye there exists a root ze of φ̂]e(Y ) in L]
e such that Γ]

e(ye, ze) 6= 0, and for every
such ze we have Γ]

e(ye, ze)
q−1 = Stqm . Clearly GCD(tqm, q − 1) = GCD(t, q − 1),

and hence for any divisor d of (q− 1)/GCD(t, q− 1), we can find integers σ, τ with
σtqm+τ(q−1) = (q−1)/d, and for any such roots ye, ze and any such integers σ, τ ,

upon letting Λ̂e = Γ]
e(ye, ze)

σSτ we see that Λ̂q−1
e = S(q−1)/d with Λ̂e ∈ L]

e. If also

GF(q) ⊂ kp, then we can find λ ∈ GF(q) ⊂ kp such that upon letting Λe = λΛ̂e we
have Λd

e = S with Λe ∈ L]
e, and now, because L]

e is also a splitting field of φ]e over
Ke(S), by the Substitution Principle on page 98 of [A03], for the Galois groups

G
(d)
e and G]

e of φ
(d)
e and φ]e over Ke(S) respectively, in a natural manner we have

G
(d)
e = Gal(φ]e, Ke(Λe)) / G

]
e with G]

e/G
(d)
e = Gal(Ke(Λe), Ke(S)) = Zd.

For 0 ≤ e ≤ m − 1, let R = ke[X,S, T1, . . . , Te] and R = kp[X,T1, . . . , Te], and

let α : R → R be the unique R-epimorphism which sends S to 1. Then Ke(S)
and Ke are the quotient fields of R and R respectively, and for every divisor d of

q − 1 we have that φ
(d)
e is a monic polynomial in Y with coefficients in R, and by

applying α to the coefficients of φ
(d)
e we get the polynomial φe which is such that

DiscY (φe) 6= 0, and therefore, for the Galois group Ge of φe over Ke, in a natural

manner we have Ge < G
(d)
e .8

8Here we are using the Specialization Principle which follows from the material of Section 2 of
[A01] and which says that if U is a monic polynomial in Y with coefficients in a normal integral
domain R which is a localization of an affine ring over a field or a pseudogeometric Dedekind
domain, and if α : R → R is an epimorphism of R onto an integral domain R such that for the
polynomial U obtained by applying α to the coefficients of U we have DiscY (U) 6= 0, then, in a

natural manner, the Galois group of U over the quotient field of R is isomorphic (as a permutation
group) to a subgroup of the Galois group of U over the quotient field of R. The Specialization
Principle is also true when, instead of the above assumptions on R, we assume R to be a UFD;
see page 190 of [Wae].
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Thus we get the following Theorem which may be considered analogous to part
(8) of the Composite Polynomial Lemma (2.4) on pages 13-14 of [A04].

Root Extraction Theorem (3.12). For 0 ≤ e ≤ m − 1, there exists a nonzero

root ye of φ̂]e(Y ) in any splitting field L]
e of φ̂]e(Y ) over Ke(S) where Ke =

kp(X,T1, . . . , Te), and given any such ye there exists a root ze of φ̂]e(Y ) in L]
e

such that Γ]
e(ye, ze) 6= 0, and for every such ze we have Γ]

e(ye, ze)
q−1 = Stqm

(note that for any ye ∈ L]
e and ze ∈ L]

e we obviously have Γ]
e(ye, ze) ∈ L]

e).
Moreover, for every divisor d of (q − 1)/GCD(t, q − 1), there exist integers σ, τ
with σtqm + τ(q − 1) = (q − 1)/d, and if GF(q) ⊂ kp, then, given any such
roots ye, ze and any such integers σ, τ , there exists λ ∈ GF(q) ⊂ kp such that
for Λe = λΓ]

e(ye, ze)
σSτ we have Λe ∈ L]

e with Λd
e = S, and for the respective

Galois groups Ge, G
(d)
e , G]

e of φe, φ
(d)
e , φ]e over Ke, Ke(S), Ke(S) respectively, in a

natural manner we have Ge < G
(d)
e / G]

e with G]
e/G

(d)
e = Zd.

4. Galois groups

By 2.1.2, 2.1.B and 2.1.C of [KLi] we have

Sp(2m, q) /GSp(2m, q) with GSp(2m, q)/Sp(2m, q) = Zq−1(4.0)

and hence in view of (4.6), (4.7), (5.1), (5.6) and (5.8) of [A06], by our Theorems
(3.6), (3.7) and (3.12) we get the following:9

Theorem (4.1). If m > 2 and GF(q) ⊂ kp, then, for 1 ≤ e ≤ m− 1 and for every
divisor d of (q − 1)/GCD(t, q − 1), in a natural manner we have

Sp(2m, q) / Ge / G
(d)
e / G]

e /GSp(2m, q) with G]
e/G

(d)
e = Zd

and

PSp(2m, q) / PGe / PG
(d)
e / PG]

e / PGSp(2m, q)

where we recall that Ge, G
(d)
e , G]

e, PGe, PG
(d)
e , PG]

e are the Galois groups of φe, φ
(d)
e ,

φ]e, fe, f
(d)
e , f ]e over Ke, Ke(S), Ke(S), Ke, Ke(S), Ke(S) respectively with Ke =

kp(X,T1, . . . , Te).

In view of (3.7) and (4.0), by taking d = q − 1 in (4.1) we see that{
if m > 2 and GF(q) ⊂ kp and GCD(t, q − 1) = 1, then for 1 ≤ e ≤ m− 1 we have

Sp(2m, q) = Ge / G
]
e = GSp(2m, q) and PSp(2m, q) = PGe / PG

]
e=PGSp(2m, q)

and therefore again by (4.1) we get the following:

Theorem (4.2). If m > 2 and GF(q) ⊂ kp and GCD(t, q − 1) = 1, then, for
1 ≤ e ≤ m− 1 and for every divisor d of (q − 1), in a natural manner we have

Sp(2m, q) = Ge /GSp(d)(2m, q) = G(d)
e / G]

e = GSp(2m, q)

and

PSp(2m, q) = PGe / PGSp(d)(2m, q) = PG(d)
e / PG]

e = PGSp(2m, q)

9As a misprint correction, in (5.8) on page 2990 of [A06], PSp(2m, q) / δ−1Gδ should be
changed to PSp(2m, q) / δ−1Gδ / PGSp(2m, q). As another misprint correction, in (6.1) on
page 2990 of [A06], Gal(φ, kp(X, T1, . . . , Te)) and Gal(f, kp(X, T1, . . . , Te)) should be changed

to Gal(φ, kp(X, T1, . . . , Tm−1)) and Gal(f, kp(X, T1, . . . , Tm−1)) respectively.
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where we recall that Ge, G
(d)
e , G]

e, PGe, PG
(d)
e , PG]

e are the Galois groups of φe, φ
(d)
e ,

φ]e, fe, f
(d)
e , f ]e over Ke, Ke(S), Ke(S), Ke, Ke(S), Ke(S) respectively with Ke =

kp(X,T1, . . . , Te).

Remark (4.3). By applying (4.2) to case (′′) we see that if m > 2 and GF(q) ⊂ kp,
then, for 1 ≤ e ≤ m− 1, in a natural manner we have Gal(φe, kp(X,T1, . . . , Te)) =
Sp(2m, q) and Gal(fe, kp(X,T1, . . . , Te)) = PSp(2m, q), which is an improvement on
Theorem (6.2) of [A06] as we no longer need the condition that kp is algebraically
closed. We shall discuss the m ≤ 2 case of (4.2) elsewhere.
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