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ABSTRACT. For a space K let K = {(z,y) € K x K|z # y}. Let Zs act on K
and on S™~! by exchanging factors and antipodes respectively. We present a

new short proof of the following theorem by Weber: For an n-polyhedron K

and m > w, if there exists an equivariant map F : K — S™~1 then K

is embeddable in R™. We also prove this theorem for a peanian continuum K
and m = 2. We prove that the theorem is not true for the 3-adic solenoid K
and m = 2.

1. INTRODUCTION AND FORMULATION OF RESULTS

This paper is on a classical problem in topology: find necessary and sufficient
conditions for either a compactum or a polyhedron K to be embeddable in R™ for
a given m (cf. [Wu 65], [RS 96]). All embeddings of polyhedra are assumed to be
PL. Let K = {(z,y) € K x K|z # y} be the deleted product of K. Let Zy act on K
and on S™~! by exchanging factors and antipodes respectively. If f : K — R™
is an embedding, then there exists an equivariant map f : K — §™~1 defined by
flz,y) = % The existence of an equivariant map F : K — S™~! implies

embeddability of K in R™ for a Diff n-manifold or n-polyhedron K and m > 22
[Hae 63], [We 67] (see also [MS 67], [Har 69], [Hu 88], [SS 92], [Sk 97], [SSS 97]).

For a triangulation T of K denote T = {ox7 € TxT |onNt =10} A
map f: K — R™ is called an almost-embedding (w.r.t. T) if fo N fr = ( for each
ox7 € T [FKT 94]. The proof in [We 67] consists of two parts: generalized Whitney
construction (from the existence of F' follows the existence of an almost-embedding
K — R™) and generalized van Kampen construction (from the existence of an
almost-embedding follows the existence of an embedding K — R™). The second
(hardest) part contains a mistake [We 67, p.24, lines 9 and 18] which is seemingly
just a technical one and can be eliminated using the same ideas. We present a
new and shorter proof of this part without relying on Freudenthal’s Suspension
Theorem. It is also a direct proof of a corollary of Weber’s theorem.
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Theorem 1.1 ([We 67]). If K is an n-polyhedron with a triangulation T, m >

w and ¢ : K — R™ is a map such that po N o1 =0 for each o x 7 € T, then

there is an embedding f : K — R™ such that f|T is equivariantly homotopic to @|;.

Corollary 1.2 ([We 74]). For an n-polyhedron K and m > w, if K is quasi-
embeddable in R™ then K is embeddable in R™.

A polyhedron K is called quasi-embeddable in R™ if for each triangulation T’
of it there exists an almost-embedding of K in R™ (w.r.t. 7). This definition is
non-standard, but equivalent to the standard one.

We prove Theorem 1.1 first under the additional assumption that ¢|, is an
embedding for each o € T. Note that in the second part of Weber’s proof we
already have this assumption. At the end of section 2 we show how to drop it.
We use induction on simplices. The induction step is modification of ¢|srusa to
an embedding for some oP,0? € T such that o # 0% and oP No? # (. Using
relative regular neighborhoods [Co 69], we engulf the intersection po? Nyc? into a
PL-ball D™ so that

(D™ N (a? Ua?),dD™ N (P Uo?)) (DP Jpe.op7| BDq> :
Dr Dr

where D" is unknotted in DP and in dD4. Then by [Li 65, th.9 and the discussion
before its statement] and since m — 3 > p, ¢, it follows that 0D? |J . 9D? is un-
knotted in D™. Therefore we can alter ¢ on ¢~ 'D™ to an embedding on oP U o9.
So as not to destroy improvements from previous steps, we need general position

and hence m > 3t Our proof does not use Freudenthal’s Suspension theorem:;

2
however the dimension restriction m > w is still necessary. For m = 2n this is
[FKT 94, 1.5]. For a controlled version of Weber’s theorem and of the above proof,
see [RS 97].

A finite 2-polyhedon is embeddable in R? if and only if it does not contain any
of the three subpolyhedra K5, K33,U (Figure 1) [Ku 30], [HJ 64], [MS 66] (see also
[Th 81], [Sa 91], [Ma 97]). A peanian continuum is embeddable in R? if and only
if it does not contain any of the four subcontinua Ky, K33, P/, Q' (Figure 1; for the
description of P’ and Q' see §3.1) [Cl 34], [C] 37]. We prove a corollary of this

theorem:

Theorem 1.3 (for graphs and 2-polyhedra see [Wu 65], [SSS 97]). For a peanian
continuum K , if there exists an equivariant map F : K — S*, then K is embeddable
in R2.

Example 1.4. For the 3-adic solenoid 3, there exists an equivariant map F' : Y —
S1, but ¥ is not embeddable in R2.

Recall that the 3-adic solenoid is the intersection of an infinite sequence of filled
tori, each of them inscribed into the previous one with degree 3. The construction
of Example 1.4 is based on the inverse limits technique (cf. [RS 97, example 1.5]).

Conjecture 1.5. There exists a non-planar tree-like continuum K for which there
is an equivariant map K — St.
2. PROOF OF THEOREM 1.1

We use the notation of [RS 72]. The upper index of a polyhedron shows its
dimension. Order simplices of T" with respect to increasing dimension. We use
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the lexicographic order on T x T. Suppose first that ¢|, is an embedding for
each a € T. Theorem 1.1 follows from Proposition 2.1 below for ¢ = ¢7 =
(the last simplex of T).

Proposition 2.1. For each oP x 0?7 € T' x T such that oP > o there exists a PL
map f : K — R™ such that

(2.1.1) fan fB8=0 for each ax BeT;

(2.1.2) fla is an embedding for each o € T';
(2.1.3) flz is equivariantly homotopic to @|z;
(2.1.4) fan fB= flanp) for (a,B) < (o?,07).

Proof. The map ¢ already satisfies (2.1.1)—(2.1.3). We achieve (2.1.4) by induction
on (o?,07). Base oP = (the first simplex of T') follows by taking f = . Now
assume that f satisfies (2.1.1)—(2.1.4). We may assume that f is in general position.
Suppose that p+ ¢ > m and 07 ¢ oP and 0% UoP is not contained in the boundary
of some simplex of T' (otherwise the inductive step holds either by general position
or by the induction hypothesis). Let D" = f(c? No?). By (2.1.2), D" is a PL-ball.

Ball Lemma 2.2. There are PL-balls DP?, D1, D™ C R™ such that
(2.2.1) DP C D" U fé? and D? C D" U f64;

(2.2.2) Dp =D™nN foP and DY = D™ N fo? are properly embedded in D™ ;
(2.2.3) D" =0DPNIDY;

(2.2.4) D" is unknotted in ODP and in dD?;

(2.2.5) X =Cl((foP N fo?) — D7) c D™uD;

(2.2.6) D"NX C D", where X = fla€T|lano? =0 or a < 04}.
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Proof of Proposition 2.1 modulo Ball Lemma 2.2. Take PL-balls D?, D?, D™ given
by the Ball Lemma. Recall [Li 65, th. 9 and the discussion before its statement]: If
m—32>=p,q, SP,51C S™ and SPNS?= D", where D" is unknotted in SP and in
S9, then SP U S? is unknotted in S™. Hence we may assume that dDP Up- 0D? C
OD™ standardly. By the relative Unknotting Balls Theorem [Ze 66, Corollary 1
to Theorem 9] we may assume that (D?,0D?) C (D™,9D™) standardly. Hence
the embedding 0DP C OD™ can be extended to a new embedding of DP into
(D™ \ D) U&DP. By the relative Unknotting Balls Theorem this new embedding
is ambiently isotopic to DP C D™ rel0D™. So there is an isotopy h; : D™ —
D™ rel D™ such that D9 N hyDP = D". Define a map f: K — R™ as

n hi(f(z)), if f(z) € D™ and x € ~ for some v containing o?,
() = :
f(z), otherwise.

Evidently, f* satisfies (2.1.1)-(2.1.3). Since o U ¢? is not contained in the
boundary of some simplex of T, D? N hyDP = D", and by (2.2.5) and (2.2.6), it
follows that fT satisfies also (2.1.4) for (a,3) < (¢P,0%). The induction step is
proved. O

2.3. Proof of the Ball Lemma.

Preliminary constructions (cf. [We 67, §6a]; see Figure 2). Let us make two con-
ventions on the triangulations. First, for polyhedra M O Z D Y the notation
Ry (Z,Y) means ‘a regular neighborhood of ZrelY in M in some small trian-
gulation of R™’ when it first appears, and ‘the regular neighborhood of Zrel Y
in M’ after the first appearance. Second, regular neighborhoods defining DP DY
and D™ below should be in restrictions of the same triangulation of R™. Also,
Ru(Z) = Ryr(Z,0). Let S be the link of some r-simplex from D" in some small
triangulation of R™. Then S is a PL (m—r—1)-sphere and Rgm (D",0D") = SxD".
By (2.1.2) Rgm(D",0D") N fao = Rya(D7,0D7) goes to (SN fa)* D" under this
homeomorphism for each a € T' (for o p 0P N o each of these three sets is empty).
Also SN fais a PL (dima — 7 — 1)-ball for each o € T, o D 0P N 7.

Take distinct points a € (SN f6P)\ X and b€ (SN fo9)\ X. Sincem—r—1> 2
and (n—r —1)4+1 < m—r — 1, then by general position there exists an arc | C S,
joining a and b, such that INX =0, INfo? = aand [N fo? =b. Let § = Rg(l)+xD".
Then SN foP and BN fo? are PL p- and g-balls.

Collapsing Lemma 2.4 (follows from [Co 69, th. 3.1 and add. 3.4]). If A and F
are regular neigborhoods of a polyhedron Z in a PL-manifold M relY and A C F,
then F \, ArelY.

Construction of DP and D? (Figure 3). By the induction hypothesis, fo?Nfdo? =
focP N fo? = D". Hence ¥ C (foP N fo?) U D". Both foP and (S *x D") N
foP? = (SN foP) x D" are regular neighborhoods of D" reldD" in foP. Then by
Collapsing Lemma 2.4, fo? N\, (SNfoP)*D" rel D™. Both SNfo? and Rgny.»(a) are
regular neighborhoods of a in SN foP. Then by Collapsing Lemma 2.4, SN foP N\
Rsnfor(a). Hence

(SN foP)« D"\, Rsnfor(a) * D" = BN foPrel D".
Let C7 be the trail of ¥ under the above sequence of collapses

faP N\ (SN foP)« D"\, BN foP rel D"
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FIGURE 3

that is in general position. Let D? = Ryor ((BN fo?) U C1,D"). Then (2.2.1) and
(2.2.4) are true for D?, and

(2.3.1) Cy C foP;

(2.3.2) ZC (BN foP)UCh;

(2.3.3) DP is a PL p-ball;

(2.3.4) C1NX = 0;

(2.3.5) D’ N X C D';

(2.3.6) C1 N fol = 3.

Actually, (2.3.1) and (2.3.2) are obvious. Since ¥ C D" U faP, it follows that
Cy C D" U f6P; hence (2.2.1) is true. Since foP is a PL-manifold and fo?P \,
(BN foP)U Crrel D™, then foP is a regular neighborhood of (8N fo?) U Cy in
foPrel D™ [Co 69, th. 9.1]. Then by [Co 69, th. 3.1] there is an isotopy Gt :
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foP — foPrel(BNfoP)UC: between Gy = id and a homeomorphism G; of foP? onto
Drrel(8N foP)UJCy. This implies (2.3.3). Moreover, G1|afo» is a homeomorphism
of OfoP onto ODPrel D". Since D" is unknotted in JfoP, then (2.2.4) is true
for DP. By general position, dim¥ < 2n —m. Then dimC; < 2n —m + 1. By
general position and since n+(2n—m) < m, XNX = (. Again general position and
n+(2n—m+1) < mimply (2.3.4). Since INX = (), it follows that SN foPNX = D".
This and (2.3.4) imply (2.3.5). By definition of relative collapse, C; N D" = XN D".
Therefore, by general position (n 4 (2n —m + 2) < m), we have (2.3.6).

Analogously we can construct polyhedra Cy and D? such that (2.2.1), (2.2.4)
and (2.3.1)-(2.3.6) are true for C; — C3 and p — q.

Construction of D™ (Figure 2). Take a PL (m—r—1)-ball B C S—(IUfoPU fo?).
By [A130], S — B is a PL (m —r — 1)-ball and 0™ = (R™ U co) — Int(B = D") is a
PL m-ball. By (2.3.1), C1N(S*D") C (SN foP)* D". Then C; NInt(B* D") =)
and hence C7; C 6" U D". Analogously, Co C ¢" U D". Then, similarly to the
construction of DP and D9, let C be a trail of C; NCy under a sequence of collapses

™ N o™ N (SxD") = (S —B)x D"\, Rs(l) * D" = Brel D"

that is in general position. Analogously to (2.3.1)-(2.3.3) it is proved that C' C
c™UD",CiUCy C UC and D™ = R,m(BUC, D") is a PL m-ball. Analogously
to (2.3.4), using (2.3.4) and n + (2n — m + 2) < m, we can prove that C' N X = (.
Then (2.2.6) is proved analogously to (2.3.5). (2.3.6) and general position imply

Cﬂfo’qz(01U02)ﬂf0'q202U(Clﬂf0'q)ZCQUEZCQ.

Analogously C N fo? = Cy. Therefore (B U C) N fo? = (BN foP) U Cy and
BuUC)N fol = (BN fo9) UCy. Therefore, since DP, D? and D™ are regular
neighborhoods rel D" of (8N foP)UCh, (BN fo?)UCy and SUC in restrictions of
the same triangulation of R™ to fo?, fo? and o™, we get (2.2.2). By (2.3.2) and
the definitions of DP D1 %,

(ODP — D) (dDY — D") C (f6* —£) N (f67 — %) = 0.

Hence (2.2.3) is true. By (2.3.1) we have ¥ C (8N fo?)UCy € SUC C D™ U D",
so (2.2.5) is true. O

2.5. Dropping the additional assumption. It sufficies to make the following
modifications in section 2. Condition (2.1.2) is altered to ‘f|, is an embedding for
each a < oP’. Actually, in the proof of Proposition 2.1 we used this weaker property
rather than (2.1.2). In the inductive step of Proposition 2.1 we may assume that
0? is not a proper subset of o (otherwise (2.1.4) for (a, 8) = (¢, 0?) follows from
(2.1.2)). The proof splits into two cases.

In the case 09 ¢ oP the proof is as above. Only the following modifications
are necessary. In the proof modulo the Ball Lemma, before construction of fT,
take a function & : K — [0,1] such that £&(DP) = 1, £(z) # 0 only for z €
Ry (DP,D")N f~1D™ and ¢ continuous on K — D". The map f* : K — R™ is
defined as fT(z) = f(z)+ (h1(f(z)) — f(x))&(z). Since D™ C 9D™, then fx = hqz
on f~'D"; hence f¥ is continuous.

In the case ¢ = (the first simplex of T'), we need to achieve condition (2.1.2)
for a = oP. We have (o, 0?) > (0%,07) if aNoP # (. Take a PL ball D™ given
by the Ball Lemma 2.6 below. By the Unknotting Balls Theorem [Ze 63], the
map fls» : 0P — D™ is homotopic rel 9o to an embedding h : o? — D™. Let
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FIGURE 4

N = Rk(oP,d0?), so that fNNX = (. Let f*: K — R™ be any map equal to
fon CI(K — N), to h on o” and such that f*N N X = (. Evidently, fT satisfies
(2.1.1)—(2.1.4). Since o? = (the first simplex of T'), by general position it follows
that (2.1.4) holds for («, 8) = (09, 0P). The induction step is proved. |

Ball Lemma 2.6. There is a PL ball D™ C R™ such that fo? C D™ and D™ N
X =0, where X = fU{a € TlaNo? = 0}.

Proof. Let C; C oP be a collapsible polyhedron of dimension at most 2p —m + 1
containing S(f|s»). Let C' C R™ be a collapsible polyhedron of dimension at most
2p — m + 2 containing fCy. Since (2p — m + 1) + n < m, by general position it
follows that f~*C' = C. From (2.1.1) it follows that fo? N X = (), hence similarly
by general position, C N X = . Since f|,r_c, is an embedding and o? \, C, it
follows that CU foP \, C \ *. Then D™ = Rgpm (C'U foP) is the required ball. [

3. PLANAR CASE

3.1. Construction of Claytor’s continua. Let P and ) be the graphs shown

on Figure 4a, b. Let a, b and S be two points and a simple closed curve in P,

shown on Figure 4a. Let {P,} be a null-sequence of copies of P, converging to
o0

a point 0 ¢ [ P,. Denote elements of P,, corresponding to a, b and S, by ay, b,

n=1
and S,,. Let {I,} be a null—sequence of arcs, joining b, € P, to an+1 € P,4+1 and
converging to the same point 0 ¢ ]_[ I,. Then P’ =[0,1] U U (P, UIL,). Q is
defined similarly, replacing P by Q and Figure 4a by Figure 4b

3.2. Proof of Theorem 1.3. It suffices to prove that there are no equivari-
ant maps P/ — S' and Q' — S'. To prove it for P’ (for Q' the proof is
analogous), suppose to the contrary that F' : P’ — S'is an equivariant map.
Since S,, converges to 0, then for sufficiently great n, F'|s, x1 is ‘close’ to F|ox1 and
hence inessential. Taking a subsequence of {P,}, we may assume that Fl|g, 1 is
inessential for each n. Since F|g, ¢ is a ‘homotopy’ between F|g, xo and F|s, x1,
then F|g, xo is inessential, too. Since S, converges to 0, then for each n and suf-
ficiently great m(n), Fls,xs,,,, is inessential. Taking a subsequence of {P,}, we
may assume that F|g, g, is inessential for each n, m.
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Let J,, be an arc joining a,, to b, and such that J, N P, = {ay,b,}. Then P, U
Jn = Ks3; hence there is no equivariant map Pn/L\J_TTn — S! [Wu 65]. There-
fore F| p. 18 not equivariantly extendable over P,US, X J,UdJ, X S, and hence
F|s, xa, and F|s, xp, are not homotopic. In particular, F|g, xa, and F|s, xs,
cannot be both inessential. But Flg,xs, and F|s,xs, are both inessential. Since
Fls,xas = Fls,xbr = F|s,xa point in 5y, then F|g,xq, is inessential. Analogously,
F|s, b, 18 inessential, which is a contradiction.

3.3. Construction of an equivariant map > — S'. Let S' = {z € C| |z| =
1}. Define p: St — St by p(z) = z3. We have

Z:{(ml,ZIJQ,...) | x; ESl,pxi_H =$Z}

and

S ={(21,y1,22,92,...) | 7i,y; € S*, prit1 = 24,pyis+1 = y; for each i

and z,, # y, for some n }

with the Tikhonov topology. Let S}, = {(z,y) € S' x S' | dist(z,y) > 47" }.
Since for each (21,y1,z2,y2,...) € ¥ and each i we have

1
dist(zig1, yiv1) = 3 dist (2, i),

there is n such that dist(z,,, y,) > 47". Therefore it suffices to construct a sequence
of equivariant maps r,, : S’i,n — S1 such that r,, o p = r,41 over ]5_1(5'41%). Then
we can define an equivariant map r : 2 — S by the formula r(z1, y1, 2, ya,...) =
Tn(Zn, yn) for sufficiently great n. Since PS> S'i,nﬂ and r, op = rp4+1, then r
is well-defined. For each z € ¥ and an open neighborhood U C S* of r(z), take n
such that dist(a,, b,) > 4~". Then { (z,,yn) € S' | dist(z,,yn) > 4~™ } is an open
subset of S, on which r,, is defined. Hence {(z1,y1,22,y2,...) € by | dist(@p, yn) >
47"} is an open neighborhood of z in ¥, going to U under r. Therefore r is
continuous.

We shall construct such maps r,, successively. Let r; : 5’% /1 S! be an arbi-
trary equivariant map. Suppose that r,_1 is already constructed. For M C S!
denote A(M) = {(z,y) € S | argy € M}. If M is an interval with ends a,
b, then A(M) is the annulus with boundary circles A(a), A(b). By the condi-
tion 7, = r,—1 o p the map r,, is already defined on the union of the three annuli
(white on Figure 5)

A 1 .27T 1 U 27T+ 1 .47T 1
3.4n-1’ 3 3. 4n-1 3 3.4n-1’ 3 3.4n—1
41 1 1
UA[?+3~4n—1’27T_3.4n—1]

Since rn|A(4n171) and 7| 427 — 1) are homotopic, then

Prit|azp -1y and rogafazeg 1

are homotopic. Therefore r, is extendable over A [3F — -—— 2% + —+]. Hence

T, is equivariantly extendable over S;_,. We take as r, : Sj_, — S' any such
extension.
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