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CONVEX LINEAR COMBINATIONS OF SEQUENCES
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(Communicated by J. Marshall Ash)

ABSTRACT. For a sequence {®5}§° of monic orthogonal polynomials (SMOP),
with respect to a positive measure supported on the unit circle, we obtain
necessary and sufficient conditions on a SMOP {Q»}§° in order that a convex
linear combination {R,}g® with R, = 8®, + (1 — )Qn be a SMOP with
respect to a positive measure supported on the unit circle.

1. INTRODUCTION

Let 1 be a finite positive Borel measure supported on [0, 27], and let {¢n}5° be
the corresponding sequence of orthonormal polynomials, i.e.,

2
/ 0n(€?)om(e®)du(0) = dnm,  m,m >0,
0

where ¢, (2) = k,2" + lower degree terms, k, > 0.

We denote the sequence of monic orthogonal polynomials (SMOP) associated
with p by {®,}5°, where ®,, = k, '¢,. It is well known that {®,}5° satisfies for
n > 1 the following recurrence relations:

(1.1) D, (2) = 2Pp_1(2) + n(0)P;,_(2),
(1.2) ) (2) = ;1 (2) + @ (0)2Py-1(2),
(1.3) ®u(2) = (1= [84(0)]*)2@n1(2) + 24 (0) @5 (2),
(1.4) (2) = (1= |94(0)]*)®;,_1(2) + 2n(0)®s(2),

where ®7(z) = 2"®,, (27 1) is the reversed polynomial of ®,,(z). For details about
such recurrence relations, see [4], [5], and [9)].
Furthermore, {®,,}3° satisfies the three-term recurrence relation

P (0)Pr+1(2) = (22n(0) + Pry1(0) Pr(z) — 2(1 — |<I>n(0)|2)<1>n+1(0)<1>n_1(z),

n > 0, with initial conditions ®_;(z) = 0 and ®¢(z) = 1.
The values ®,,(0) are called reflection parameters, and they satisfy |®,(0)] < 1
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for n > 1. Conversely, given a sequence of complex numbers a,, such that |a,| < 1,
there exists a unique positive measure p such that a, = ®,(0), where {®,}&
denotes the SMOP with respect to u. In a certain sense, this is the analogue of
Favard’s theorem on the unit circle (see [3]).

On the other hand, if we consider the second order linear difference equation

anYni1 = (2an + ans1)yn — 2(1 = |an)ani1yn_1, n>1,

the linear space of the solutions is two dimensional. Of course, one of the solutions
is our SMOP {®,,}5°, which corresponds to the initial conditions yo = 1 and y; =
zZ4aq.

If ay = 0 for some N > 1, then

AN-1YN = 2aN—1YN—1 and aN{1YN = ZAN{1YN—1-

By convention yny = zyny—1 and yn(0) = ay. Furthermore, if a1 # 0, then yyyo
can be given explicitly in terms of yx and yny41 by

an+1yN+2 = (zan+1 + ans2)yn+1 — 2(1 = lans1]?)ant2yn.

In such a case, we can choose ynyi1 = 2YN + ON41YUN = Z°YN—_1 + ON41YN—1,
because ay+1yn+2(0) = anioyn+1(0). If ayi1 = 0, again yy4+1 = zyny and ynio
cannot be explicitly defined from the recurrence relation. If a; # 0, a second linearly
independent solution {¥,}5° of the above difference equation appears when yo = 1
and y; = z — a;. This means that ¥, (0) = —a, and, as a consequence, {U,}5° is
a SMOP explicitly given in terms of {®,}5° in the following way:

(1.5)

1 [ el 42

U,(z) = Pl e (fbn(eie) —®,(2))du(), n>1, To(z) =1,

where ¢y = OZW du(0). These polynomials {¥,}5° are called polynomials of the
second kind with respect to u.

Since {®,}5° and {¥,}3° constitute a basis in the above linear space, it is
straightforward to deduce that for [A\| = 1 the SMOP {®;}5°, whose reflection
parameters are @, = Aa, for n > 1, can be expressed in terms of {®,}5° and
{,,}Z in the following way:

:1+)\q) 1—-A
2

(16) 2)(2) () + (),

i.e., a linear convex combination of the elements of the above basis (see [5, Section
7).
The aim of this paper is to extend this property of convexity in order to char-

acterize sequences of monic orthogonal polynomials {®,,}3° such that there exist
B € C and a SMOP {Q,,}5° for which the sequence {R,}§° defined by

is a SMOP. We will use the Carathéodory function (or C-function) associated with
the measure p defined by
1 [P e 42
F(z)= — , du(6
@)= | G

in order to obtain the C-function associated with {R,}5° in terms of F. Then the
measure associated with {R,}§° can be easily deduced.
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In [2] the authors considered the problem of finding necessary and sufficient
conditions on a SMOP {®,,}5° and a sequence of complex numbers {ay, }&° so that
{®y, + nPp—1}5° would be a SMOP. This result was extended in [6], where for a
fixed k a finite linear combination

n—1
Q=T+ > Ay

j=n—k

is considered. {€,}5° belongs to the Bernstein-Szegd class (see [9, Theorem 11.2,
p. 289)), and {®,,}&° is a SMOP relative to a positive trigonometric rational weight
function.

2. MAIN RESULTS

Lemma 1. Let {®,}° and {¥,}5° be the SMOPs defined in (1.1) and (1.5) re-
spectively and 3 € C.
i) If 126 — 1| = 1, then the sequence {R,}§° given by

(2.1) R, =p®, + (1 - B)¥,
is always a SMOP.
ii) If |28 — 1| # 1, (2.1) is a SMOP if and only if

1
®,(2) = 2" Yz +a) for n > 1, with |a| < min{i, 1},
26 —1|
or
Do(2)=2" 1<n<N and ®,(z)=2""VHENH L) n>N+1,

for some N > 1, with 0 < |b] < min{1/|28 —1]|,1}, i.e., {®,}§° belongs to the
Bernstein-Szegd class.

Proof. =) Because of (1.1), forn >0
Rn1(2) = 2Rn(2) + Rnta(0) Ry, (2).
Taking into account the definition of R, (z), we have for n > 0
BPni1(2) + (1= B)¥nta ()
= B2®,(2) + (1 — )20, (2) + Rut1(0) (BES (2) + (1 — B)¥5(2)) .
Thus,
BPar1(0)2;, — (1= B)Pns1(0)T;, = Ruy1(0) (B2, + (1 - B)T7)

or, equivalently,

(3%151(0) — BRs1(0)) B = (1= B)Rus (0) + (1 — B),41(0)) ¥}
Using
in the above relation, we obtain for n > 0

(8-B(28 —1)) @n41(0)2;, = (1 = B)(28 — 1) + (1 = B)) Pnr1(0)T;,.
That is,

(8+8-281") @0s1(0)@; = (8+ 5~ 281°) @0s2(0)¥;,
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from which it follows that
(1= 11— 28")®p41(0) (B}, — ¥},) =0,
or, equivalently,

(1—1=28*®n1(0) (®p, — ¥,,) =0, n>0.
Therefore, either [1—28| = 1 or, if |1—-203| # 1, then ®,,11(0) (®,, — ¥,,) =0 for n >
0. In this second case, either ®,.1(0) = 0 for every n > 0, or there exists at most
one & with N > 1 such that ®x(0) # 0. To prove this, suppose ®(0) # 0 and
(I)M(O) 75 0 with M > N > 1. Then ®p;_1 = ¥y, i.e., (I)M_l(O) = 0. Thus, if
we use the recurrence relation (1.1), then ® ;o = W5, After a finite number of
steps, we get dy = Uy, ie., Py(0) =0, and this yields a contradiction.
We conclude that

either ®,11(0) =0 for n > 1,ie., ®,(2) = 2" (2+a) for n > 1, where |a| < 1,
or there exists a unique N > 1 such that ®x41(0) # 0 and ®,,(0) = 0 for n # N+1.
Then ®,,(2) = 2"~ WN+D® N, 1 (2) for n> N+ 1, and &,(2) = 2" for 1 <n < N.

14+ A

<) If 26— 1] = 1, then 28 = 1+ X with |A] = 1. Thus 8 = —;
R, (z) = ®)(z) follows from (1.6).

If |26 — 1] # 1 and ®,,(z) = 2"~ N+Ddy, 1 (2) for n > N +1 and &, (2) = 2"
for 1 <n < N, it is easy to check that

Ryi1(2) = BPry1(2) + (1 = B)¥nt1(2) = 2 (BPn(2) + (1 — B)¥n(2)) = 2R(2)
when n > N + 1 or n < N. Furthermore, Ry41(0) = (26 — 1)®x4+1(0), and since
[Pn+1(0)] < min{‘gg—l_lpl}v then |[Ry11(0)] < 1. If @, (2) = 2" '@y (2) for n >

and

1, then R,41(2) = zRn(2), n > 1, and since |®1(0)| < min{mﬁl—_ll,l}, then
|R1(0)| < 1. Therefore {R,,}§° is a SMOP. |

Remark 1. Notice that from ii) in the above lemma, we can obtain the sequence
{R,}&° as follows:

o If ®,(2) = 2" 1®y(2) = 2" (2 +a), n>1,then
Ru(2)=3""Yz4+a)+(1-83)2""Hz—a)=2"""(z+(28—1)a), n>1.
o If ®1(0) =0 and ®n41(0) # O for some N > 1, then
R,.(z)=2", n<N,
and
Ry(2) = B2""1 (2 4+ @n11(0)27 ) + (1= B)2" " (2 = @41 (0)27Y)
=2""1(z+ (28 - 1)®Nn11(0)277), n> N+ 1.

Lemma 2. Let {®,} be a SMOP. For X\ # 1, let {®)}° be as in (1.6). Then
the sequence {R,}3° given by

is a SMOP if and only if either
. A 1
o -

1T A"



CONVEX LINEAR COMBINATIONS OF ORTHOGONAL POLYNOMIALS 2327

ii)

1
8+ %‘ # T and {®, }° 1is either of the form

1
O, (2)=2""Yz+a or n > 1, with a<min{771},
() ="z +a) f al T

or of the form

D,(2)=2", 1<n<N, and ®,(z)=z"NVENH 41y, n>N+1,
for some N > 1, with 0 < |b] <min{1/|(1 — )8+ Al,1}.
Proof. By (1.6), (2.2) can be reduced to

1+ A 1-—A

- (5+ 1 —ﬁ)#) o, + 10Ny

According to Lemma 1, {R,}§° is a SMOP if and only if either
DRE+A=0+X) -1 =[1-NF+A =1,
or
ii) [(1 = A)B+ A # 1, in which case {®,,}§° is the corresponding SMOP defined
as in Lemma 1, i3). O

Theorem 1. Let {®,}3° and {Q,}5° be two SMOPs. Let
Ry =f®n+(1—-03)Qn, n=0,
where € C\{0,1}. Then {R,}§° is a SMOP if and only if
Qn(0) = ®,,(0) for n < N, Q,(0) = ®)(0) for n > N +2, withN >0

and either
i) Qn+1(0) = 3 44(0)
or
i) Qn+1(0) # @x1(0), and [BPN41(0) + (1 — B)Qn+1(0)] < 1, with X =
B —-p)/B(1L=0).
Proof. =) Let us suppose that {R,,}$° is a SMOP. Then
BPni1(2) + (1 = B)Qnt1(2)
=2 (BPn(2) + (1 = B)Qu(2)) + Rnp1(0) (627, (2) + (1 = B)@5(2)) -
Using the recurrence relations for {®,,}5° and {Q,}5°, we have
(8®1+1(0) = BR,41(0)) @5, (2) = ((1 = B)Rp41(0) = (1 = B)Qn+1(0)) Q5 (2).
Thus

(B(L = B)Ppns1(0) — B(L — B)Qn+1(0)) P} (2)
= (B(1 = B)Pns1(0) — B(1 — B)Qn+1(0)) Q;(2)

or, equivalently,
(B(l = B)®n11(0) — B(1 — B)Qn+l(0)) (®,(2) — Qn(2)) =0, for n>0.

Let A={n>0 :5(1—p)Pns1(0) # B(1 — B)Qn+1(0)}.

1) If A is a finite set, we will consider two situations:
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1.i) A = & leads to Q,+1(0) = ggiig;@ml(oy that is,
Qr+1(0) =2D,11(0) for n>0 and A= %

1) If A # &, let M = max A. Then ®); = Q) and as a consequence of the
recurrence relation (1.3) we have @Q,, = ®,, for n < M.
On the other hand, since

B(1 —B)®pi1(0) = B(1 — B)Qns1(0) for n> M,
then

Qn41(0) = A®,41(0), where X\ = gg%g;

2) If A is an infinite set, given N > 0 there exists M’ € A such that M’ > N.
Then, as before, @3, = Qp and Q,, = @, for n < M, ie., Q, = P, for n > 0.
<) Straightforward calculations give
Rpi1(2) — 2Rn(2) — Rut1(0) Ry (2)
= (B®141(0) — BRn41(0)) @} (2)

for n>M +1.

+ (1= B)Qu41(0) = (1 = B)Rp41(0)) Qyi(2)
= (B - ) n+1(0) B(L = B)Qu+1(0)) @5, ( )
— (B = B)@p41(0) = B(1 — B)Qn+1(0)) Q
= (B(1- ) n+1(0) = B(1 = B)Qn+1(0)) (P ( ) Qn(2))-

If Q,(0) = ®,(0) for n < N, then @Q,, = ®,, for n < N and the above expression
vanishes for n < N. If Q,,(0) = ®}(0) for n > N + 2, the above expression vanishes
forn > N + 1. O

Remark 2. 1) If 3 € R\{0, 1}, then A =1 and @, (0) = ®,,(0) for n # N + 1. This
is a perturbation of the reflection parameter ® y1(0), while the others remain in-
variant. If Qn41(0) # ®n41(0), then R, (0) = ®,(0)for n # N + 1, and Ry41(0)
= (I)N—i-l(o) + o

On the other hand, R,(z) = ®,(z)for n < N, and Ryi1(z) = Pni1(2) +
a®? (z). For the other terms of the sequence { R, }5°, notice that

RNV (2) = oMV (2), n>0,

where the superscript denotes the (N + 1)th associated polynomial introduced in
[7, Definition 3.1]. But according to [7, Theorem 3.1], we have for n > 0

(I)%N—H)(Z)
_ (Un1(2) + U3 14(2) Prgnvi(2) + (Phga (2) — Pv4a(2) T (2)
dyo12NT1 ;

\IJ’EIN+1)(Z)

C(Pn+1(2) + P (2) Tnan1(2) + (Thga (2) = Uni(2) P (2)

- 3

dn412N
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where
N+1

Ay =2c [J(1- |21(0)[%).
k=1

Then, if {S,,}§° denotes the SMOP of second kind associated with {R,}5°,
(2.3)
(Sn41+Sni1) Rugenst + (Ryvy1 — Bng1) Snens

1—|®n,1(0) + af? .
= 1= 12r1(0) | )((‘I’NH + ¥ N1) Pt N1

=[x (0)
+ (PN — Pn1)Ungntn),
and
(2.4)
(RN+1 + R?\H—l) SntN+1 + (SJ*VH - SN+1) Rpin+1
(1—|®n11(0) +of*) .
= (Pnt1+ PN y1)VUnsnt1
1— @y 41(0)] ( i
+ (\117V+1 - \I}N+1)‘I>n+N+1)-
Denoting
Ry =Rni1 £ Ry = (Pni1 £ Phyy) + (ady £ azdy)
and

Si = SN+1 + S}';/'J’_l = (\I/N+1 + \I/}cv_i_l) — (a\IJ}‘V :EaZ\IJN),

formulas (2.3) and (2.4) may be expressed in matrix form as follows:

Sy —R- Boinver \ _ o (¥ 2 Pri N1
-S- Ry SniyN+1 v o, Voyng1 )

Then
Runir Y _oof S0 B\ (0 =B\ Biv
Sn+N+1 I -v_ Py Vot N1

_ an Ry R- vy -9 Print1
SRy —S_R_\ S-S -v_ oy Vnint1 )

Therefore,
anN

SR, - S I (Re¥y —R_V_ )Py Nt

Roiny1 =

— (R4 ®- — R_®1) ¥y n41)
and

«
SntNt1 = m«s—‘lﬂ =S40 ) @y N1

+(S+@4 — SO )Ty nt1).
Thus, the relation between the corresponding C-functions is
~ A+ BF
- C+DF’
where A =S, V_-S ¥, B=®,5, —S & C=R, ¥, —R VY_and D =
®_R, — R_®, are self-reciprocal polynomials.

(2.5)
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Hence, as in [7, Theorem 2.3] we can obtain the measure i associated with F.
2) If B € C\R, then {Q,,(0)}5° is a perturbation of the sequence {®}(0)}&° given
by
Qn(0) = ®,(0), n<N, and Qn4+1(0)# (I)?v-',-l (0)

for some N > 0. Using arguments similar to those employed above (taking into

account that Q%NH)(z) = (®))(N+1)(2)), we obtain a relation between the corre-
sponding C-functions analogous to (2.5).
3) For both cases

R,(0) = ®,(0), for n <N,
and

Ry (0) = 88, (0) + (1 — B)®)(0) = (8 + AL — B)) @, (0)

BB B
—(m—ﬁ )«bn<o> Z0,(0) = 1, ).

for n > N + 2, with |u| = 1.
Thus, we have proved

Corollary 1. Under the assumptions of Theorem 1, the sequence {R,}3° given by
Rn = ﬂq)n + (1 - B)Qn
is a SMOP if and only
R, =®,, n<N, andR,(0)=®%(0) = pu®,(0), n>N+2,

with N >0 and p = ﬁ/ﬁ
Thus, {Rn}° is a finite perturbation of {®¥}5°, and the first N + 1 reflection
parameters are given by {®,(0)}2 with the convention that ®¢(0) = 1.

Such perturbations were introduced in [7]. For more details, see [8]. Notice that
the C-function associated with {®#}5° (see [1]) is

o W=D+ @+ DF
(k+1)+ 1 —pF
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